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December 11, 2025

Chapter 1: The Real and Complex Number Systems

1. If r is rational (r # 0) and z is irrational, prove that r + x and rz are irrational.

Proof. Suppose, for contradiction, that r + x is rational. Then since the rationals are
closed, we see that (r 4+ x) — r = x is rational, a contradiction. A similar argument
holds for rzx.

O

. Prove that there is no rational number whose square is 12.
Proof. Suppose, for contradiction, that there is a rational number whose square is 12.

2
Then, we can write <§) = 12 for integers p, q¢ with nonzero q. However, this means

that
p2 — q2 . 22 3

If we consider the unique prime factorization of p?, we see that the left hand side has
an even power of three while the right hand side has an odd power of three. This is
impossible because the factorization is unique.

O

. Prove Proposition 1.15.
Proof.

(a) If x # 0 and 2y = xz, then y = z.

Observe that
1 1 1 1
Yy = <;x>y—;(my)—;(m)— (;‘x)z—z

(b) If z # 0 and xy = z, then y = 1.
Simply take z = 1 and apply (a).
(c) If x #0and zy =1, then y = 1.
By the field axiom M5, there exists % € F such that z - % =1 Sozxy=ux- % and
y =3 by (a).
(d) If  #0, then 1/(1/z) = =.
We know that X -(1/(1/z)) =1=1-z. Hence (1/(1/z)) =z by (a).
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O

4. Let E be a nonempty subset of an ordered set; suppose « is a lower bound of E and
B is an upper bound of E. Prove that a < f.
Proof. Since E is nonempty, we may choose x € E. Then, by the definitions of upper
and lower bound we have a < z < 8. So a < 8 by transitivity.
O

5. Let A be a nonempty set of real numbers which is bounded below. Let —A be the set
of all numbers —z, where x € A. Prove that inf A = —sup(—A).
Proof. Since A is nonempty set of real numbers that is bounded below, inf A exists by
the LUB property. By definition, we have inf A < x for all z € A. Hence, —inf A > —uz,
for all x € A. Thus, —inf A is an upper bound for —A.
Suppose that U is an upper bound of —A. This means that U > —x for all x € A. As
a result, —U < x for all z € A and —U is a lower bound of A. By definition, we see
that —U < inf A, and this implies —inf A < U. Therefore, —inf A is the least upper
bound of —A. Hence.

—inf A = sup(—A)

as desired.
[
6. Fix b > 1.
(a) If m,n,p, q are integers, n > 0,¢ > 0, and r = = = %, prove that
myL L
(™) = (b")

Hence it makes sense to define b" = (b™)x .

Lemma. We have b%v = by for integers x,y and y nonzero.
We consider the case where x,y are positive, the remaining cases are analogous.
In this case

b)Y = by by = (b))

( = —

 times

where the last equality follows from the Corollary to Theorem 1.21.
Proof. Clearly, mq = pn. Hence, b™ = bP". Taking the n'" root and then ¢** root,

1

we have b™)% = b and (b™)n = (bP)s. We can exchange roots and exponents
since b > 1.
0

(b) Prove that b"** = b" - b® if r and s are rational.
Proof. Let r =% and s = § for integers m, n, p, ¢ where n, g are nonzero. Then

B = (PR = (B R = S



(c) If x is real, define B(x) to be the set of all numbers b, where ¢ is rational and
t < z. Prove that
b" = sup B(r)

when r is rational. Hence it makes sense to define
b* = sup B(x)

for every real x.
Proof. Let r and t both be rational and ¢ < r. Since b > 1 and r — ¢ > 0, it
follows that "~ > 1. Hence b" > ' via part (b). This shows that " = max B(r),
so b" = sup B(r) as claimed.

0
One point to note is that if b > 1 and d > 0 for rational d, then b% > 1.

(d) Prove that b*¥ = b*bY for all real x and y.
Proof. We want to show that sup B(z +y) = sup B(z) - sup B(y). Let b* € B(z)
and b' € B(y). Then, s and ¢ are rational and satisfy s < z and ¢ < y. From part
(c), we have b® < b” and b* < b¥. Using part (b), we have

bs . bt — bs-i—t S bw-i-y
Hence, sup B(z + y) is an upper bound of B(x) - B(y). We have
sup B(z +y) = sup(B(z) - B(y)) = sup B(z) - sup B(y)

via Problem 8. Now, choose r € Q such that » < x + y and £ > 0 such that r» <
r+y—e. By Theorem 1.20(b), we may choose q1, g2 € Q such that v — 5 < q; < ,
Yy — 5 < q2 < y. Adding these inequalities, we have

r<r+y—e<qa+@rty

Thus
pro< itz — 0. pa2 c B(SL‘) . B(y)

Hence sup B(z +y) < sup B(z) - sup B(y) and equality follows.
U

7. Fix b > 1, y > 0 and prove that there is a unique real x such that 0® = y, by completing
the following outline. (This z is called the logarithm of y to the base b.)

(a) For any positive integer n, b" —1 > n(b —1).
Observe that

V'—1=b-1D0"+0"+...+b+1) >nb-1)

N

'
n terms

where the last inequality follows since b > 1.
(b) Hence b— 1 > n(b» — 1). This follows since b= > 1.
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(c) Ift>1andn>?:—i,thenb%<t.

From part (b), we have
b1 n(bw — 1)

>
I B |

Dividing by n and multiplying through by ¢ — 1, we have bn < t.

(d) If w is such that b < y, then bt < y for sufficiently large n; to see this, apply
part (¢) with t =y -b~".
Multiplying on both sides by b=, we see that ¢t = -0~ > 1. By the Archimedean
b—1

property, we can choose n > $=;. Applying part (c) yields

bi <y b
from which the desired conclusion follows.

(e) If b > y, then b* = > y for sufficiently large n.
Set t = y~'b¥. Then applying part (c) for an appropriate n, we have

b <y v

Multiplying by b~ on both sides and taking the reciprocal show b > Y.

(f) Let A be the set of all w such that b < y, and show that x = sup A satisfies
b* = .
Suppose, for contradiction, that = = sup A and b* # y. If b® < y, then by part
(d), it follows that b+tu < y for sufficiently large n. Hence x + % € A and z is not
an upper bound of A. On the other hand, suppose that b* > y. By part (e), it
follows that b* = > y for sufficiently large n. But then z — % is an upper bound
for A since )

b* " m >y > b”

Thus, z is not the least upper bound (4). Therefore, we must have b* = y. Note
that we must have x — % > w since b > 1.

(g) Prove that this x is unique.

The supremum of a set must be unique. Therefore, x is unique.
O

. Prove that no order can be defined in the complex field that turns it into an ordered
field.

Proof. Suppose that it is possible to define an order which turns the complex field into
an ordered field. Then, by Proposition 1.18(d), we must have for all nonzero x € C,
that 22 > 0. However, i # 0 and > = —1 < 0 (4). Therefore, we cannot define an

order that makes the complex field into an ordered field.
O

. Suppose z = a + bi, w = ¢+ di. Define z < w if a < ¢ and also if a = ¢ but b < d.
Prove that this turns the set of all complex numbers into an ordered set. (This type of
order relation is called a dictionary order, or lexicographic order, for obvious reasons.)
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10.

Does this ordered set have the least-upper-bound property?

Proof. It is clear that for any z,w € C, we must have z < w, z = w, or z > w based
on this definition, since each of the possible combinations of inequalities and equalities
are considered by dictionary order. Suppose that z,y,z € C and x < y and y < z.
Denote x = x1 + 291, y = y1 + y2t and z = 21 + z9i. We proceed by cases.

o If y; > x1 and z; > yy, then by transitivity of the real numbers we have z; > x;.
Thus z > .

o If y; > x; and 21 = y; but 25 > ¥y, then z; > 1 so z > x again.

e If y; = x; and 2z; > ¥y, then z; > 21 and z > .

e Finally, if y; = x1 and yo > x9 and z; = y; and z5 > ys, then z; = x7 and 25 > ws.

Hence z > z.

This shows transitivity in all cases, so dictionary order turns the set of complex numbers
into an ordered set.
This ordered set does not have the least-upper-bound property. Consider the set

S={l1+bi:beR}

This set is bounded above since 2 is an upper bound. However, it does not have a least

upper bound because the possible values of b are not bounded.
O

Suppose z = a + bi, w = u + v and

Y (]w[—l—u)?, p— (\w\—u)2
2 2

Prove that 22 = w if v > 0 and that (2)? = w if v < 0. Conclude that every complex
number (with one exception!) has two complex square roots.
Proof. We compute directly that

2 .2\ 2
2= (a+bi)?=a®— b+ 2abi = u+ 2i (|w|—u)

4
w2 40?2 —u2\?
:u+2i(T>

=u+tw=w
where V02 = v since v > 0. Also, we have
(2 =u—ivV2=u+iv

since v < 0.

So, given a complex number w with v > 0, there are two square roots of the form a+ bi
and —a — bi. Likewise, if v < 0, the square roots are of the form a — bi and —a + be.
The exception is if z = 0, for which there is only one square root.

O



11.

12.

13.

14.

If 2 is a complex number, prove that there exists r > 0 and a complex number w with
|lw| = 1 such that z = rw. Are w and r always uniquely determined by 2?7

Proof. If |z| # 0, take r = |z[ and w = 5. By direct computation, we see that
z = rw. In the case where r = 0, w is not unique. Otherwise, if  # 0, then w and r
are uniquely determined. First, r must be unique since because r = r|w| = |rw| = |z|.

Then, the relation z = rw shows that w = 2.

O
If z1,..., 2z, are complex, prove that
|21+ 20+ .o 4 z0] < za| + 22| + ..+ |24l

Proof. We proceed by induction. By Theorem 1.33(e), we know that |z+w| < |z|+|w|
for complex z,w. Suppose, for some k£ € N that

k
i—1

k

D

=1

Then, it follows that
(214 .+ 2k) + zraa| <z + oo 2k +zeaa] <zl + o+ 2] + [2raa]

where we have used 1.33(e) first and the inductive hypothesis afterward.

O
If x,y are complex, prove that
|| = Jyl| < |z —y|
Proof. By Theorem 1.33(e), we know that
(@ —y) +yl <le—yl+ 1yl = |zl =yl <z -yl
And a similar argument shows |y| — |z| < |z — y|, so the desired inequality follows.
O
If z is a complex number such that |z| = 1, that is, such that zZ = 1, compute
14+ 2z2+ 1 —2)?
Observe that
T+2P+ 12 =0+2)T+2)+(1-2)(T-2)
=(1+2)1+2)+(1—-2)(1-7)
=l+2+Z+22+1—-2—-Z+2z2=4
OJ



15.

16.

Under what conditions does equality hold in the Schwarz inequality?
Recall the statement of the Schwarz inequality: if a4, ..., a, and by, ...b, are complex
numbers, then

n 2 n n
D agbi| <> agP Y bl
j=1 j=1 j=1
Let us consider when the equation is equal:

n 2 n n
D agby| =Y a? ) [b?
j=1 j=1 j=1

Expanding expressions, we obtain:

(a1by + ...+ anby) @by + ... + @yby) = (a1@1 + . .. GnGy ) (biby + ... byby)
DO (b (@) =Y > (aiw) (bsb;)
i=1 j=1 i=1 j=1
In order for this equality to hold, we must have
aza_]b_,bj = CLZCL_ZbJE — ajbi = aibj

This equality holds when (ay,...,a,) and (b, ...,b,) are vectors which differ only by
a constant.

Suppose k > 3, x,y € R¥, |[x —y| =d > 0 and r > 0. Prove:
(a) If 2r > d, there are infinitely many z € R* such that
z—x[=|z—y|=r

Proof. Without loss of generality, put the midpoint of x and y as the origin. This

means that % =0,orxz; =—y; forall i =1,2,..., k. Without loss of generality,
we may also align the axis of the first coordinate with the line formed by x and y.
Consider points z = (z1, ..., z,) which are at a distance r from x or y. We must
have . i

ZCBZ —a) =1t Z(yz —z)?=r?

i=1 i=1
Since x and y are aligned with the first coordinate, by subtracting these equations
from each other, we see that they reduce to the following:

(:Ul — 21>2 — (yl — 21)2 =0 = 1121 =0

by expanding the binomials and substituting z; = —y;. However, since |x—y| > 0,
we must have x; > 0. Hence z; = 0. Finally, we see that the points z are
determined by the equation
k
Z 2 =723

=2
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17.

18.

There are infinitely points that satisfy this equation, as it describes an (k — 2)-
sphere with positive radius (as |21 — 1| = d, this means |z;| = ¢ < r, since the
origin lies between x; and ).

(b) If 2r = d, there is exactly one such z.
Using the same setup as in part (a), we reach the conclusion that

Hence, the origin is the only point that satisfies this equation.
O

(c) If 2r < d, there is no such z.
Using the same setup as in part (a), we see that r? — 22 < 0. Hence, if a solution
were to exist, then the left side of 31, 22 = 72 — 27 is non-negative while the right

side is negative, which leads to a contradiction. Therefore, there is no such z.
O

How must these statements be modified if & is 2 or 17
If £ = 2, then the case where 2r > d has two points z which satisfy the equality. If
k = 1, then the case where 2r > d has no such z. The other cases remain the same.

Prove that
x+yl+ [x—y|*=2x" +2[y|

If x € R*¥ and y € R*. Interpret this geometrically, as a statement about parallelo-
grams.
Proof. Observe that

202+ 2yl = x> +2x -y + [y* + x| — 2x - y + |y|?
=x+y) X+y)+x-y) x-y)
=x+y+x—yf

Geometrically, this means that adding the squared lengths of the diagonals of the
parallelogram formed by x and y is equal to twice the sum of the squared lengths of

each of the sides.
O

If £ > 2 and x € R¥, prove that there exists y € R* such that y #0 but x-y = 0. Is
this also true if £k =17

Proof. Let x = (z1,...,x,). Arrange the entries of x so that the nonzero entries
come before the zero entries, we can make this rearrangement without loss of generality
because the dot product of the rearrangements and our original two vectors will be the
same. We construct y in the following way. If x; and x;,; are both nonzero, then
Y = —Ti11 and y;41 = —x;. If z; and ;41 are both zero, choose any nonzero values
for y; and y;1. If x; is nonzero and x;,; is zero or i + 1 > k, set y; to zero and y; 1 to
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19.

20.

any nonzero value (if i + 1 > k, do nothing).

This is not true if & = 1. In this case we must have x1y; = 0 and y; # 0. By the field
axioms, we must have z; = 0. Hence, for any nonzero value of x; such a y; will not
exist.

[l
Suppose a € R*, b € R*. Find ¢ € R* and » > 0 such that
|x —a| = 2|x — b|

if and only if |x —c| =r.
Solution. We consider the solution given by Rudin and choose 3¢ = 4b — a and
3r = 2|b — a|. Now we verify the claim. Suppose that |x —a| = 2|x — b|. Observe
that
3lx —c|=3r
|3x —4b + a| = 2|b — a|

Squaring the equation and expanding yields
O9x - x—24x-b+6x-a+16b-b—8b-a+a-a=4b-b—8b-a+4a-a
Combining terms and rearranging, we see that
(-3x-x+6x-a—3a-a)+ (12x-x—24x-b+12b-b) =0
Dividing through by 3, we see that
(x—a)-(x—a)=4(x—Db) - (x—Db)

which simplifies to the desired equality. To show the other direction, we may simply
start from the end and work in reverse, since we are dealing with equalities along the
way.

OJ

With reference to the Appendix, suppose that property (III) were omitted from the
definition of a cut. Keep the same definitions of order and addition. Show that the
resulting ordered set has the least-upper-bound property, that addition satisfies axioms
(A1) to (A4) (with a slightly different zero-element!) but that (A5) fails.

Proof. Let A be a nonempty set of R, where we are using this modified definition of
a cut, which is bounded above by g € R. We define

7::Ua

a€A

To see that v € R, it is nonempty since each a@ € A is nonempty. Further, v # Q
otherwise § C 7. Next, suppose that p € 7. Since p € v, there exists some a € A such
that p € a. Since a € R, ¢ € Q and ¢ < p implies ¢ € a. Since o C 7, we have q € 7.
Now, we show that v = sup A. First, v is an upper bound since we have o C ~ for all
a € A, by the definition of union. Suppose v, is an upper bound for A. Taking any
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p € 7, there exists some o € A such that p € a. Since 75 is an upper bound for A, we
have o C 7, and so p € 7. Hence 7 C 7,. So, 7 is the least upper bound.

Observe that (A1) through (A3) hold based on the same arguments made by Rudin
in the appendix (these arguments do not rely on Property III). Now, if Property III
does not hold, this means that p € a and p > r for all » € « is possible. From this
idea, we define 0* to be the set of nonpositive rational numbers. However, observe that
(Ab), the axiom for the existence of additive inverses, fails because there is no additive
inverse for the set of negative rational numbers. To see this, call the set of negative
rationals a and suppose, for contradiction, that its inverse, 3, exists. Then, we must
have 0 € oo+ 3. Hence, there exist a € a and b € 3 satisfying a + b = 0. Hence, b > 0.
However, since « consists of all negative rationals, § € o and § + b > 0, showing that
a positive number exists in o + . But a + g = 0%, so this is a contradiction.
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Chapter 2: Basic Topology

1. Prove that the empty set is a subset of every set.
Proof. Let S be any set. For all z, x € & is false. Thus, x € @ = 1z € S is true
since the antecedent is false. Therefore, & C S.

2. A complex number z is said to be algebraic if there are integers ay, . . ., a,, not all zero,
such that
a2 +a 2"+ . a1z +a, =0

Prove that the set of all algebraic numbers is countable. Hint: For every positive
integer N there are only finitely many equations with

n+laog| + a1 + ... +]an| = N

Proof. Suppose that z is algebraic. Then there exists an n € N for which z must be
a root to the equation

az" + a2V + . ap1z+a, =0

By the fundamental theorem of algebra, this equation has at most n roots, meaning
it has a finite number of roots. Since 7Z is countable, Theorem 2.13 allows us to
conclude that the set of (n + 1)-tuples of integers Z"™! is also countable. There is an
obvious bijection between Z"*! and equations that z satisfies, which shows that there
are countably many such equations. Since each equation has finite solutions, the set
of algebraic numbers satisfying polynomial equations with n + 1 integer coefficients is
the countable union of sets of finite sets, which is again countable by the Corollary to
Theorem 2.12.

Since this argument applies to each n € N, we see that the set of all algebraic numbers
is the countable union of countable sets, which must again be countable.

O

3. Prove that there exists real numbers which are not algebraic.
Proof. Suppose, for contradiction, that every real number is algebraic. From the
previous proof, we know that the set of algebraic numbers is countable. Since the real
numbers are an infinite set, they are a countably infinite set by Theorem 2.8. However,

from the Corollary to Theorem 2.43, the set of real numbers is uncountable. (4)
O

4. Is the set of all irrational real numbers countable?
No. The set of all irrational real numbers is uncountable. Suppose, for contradiction,
that irrationals are countable. Since R is the union of the rationals and irrationals, it

is the finite union of countable sets, which means R is countable. (%)
O

5. Construct a bounded set of real numbers with exactly three limit points.
Consider the set

1
{i+ﬁ|n€ (2,3,4,...},i € {0,1,2}}
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6. Let £’ be the set of all limit points of a set E. Prove that E’ is closed. Prove that E
and E have the same limit points. Do E and E’ always have the same limit points?
Proof. Suppose that z € (E’)°. Consequently, = is not a limit point of E. So, there
exists a neighborhood N, (x) such that N,(x) N (E\ {z}) = @. Thus, if ¢ € N,(x) and
q # x, then ¢ ¢ E. This means that ¢ € E°. However, since N,.(x) is open, there exists
a neighborhood N, (¢) € N,(z). Hence ¢ is not a limit point of £, so ¢ € (E")°. We
conclude that N,(x) C (E")°. Since (E')¢ is open, by Theorem 2.23, E’ is closed.

It is clear that the set of limit points of F is contained in the set of limit points for E,
since £ C E. Conversely, suppose that z is not a limit point of E. Then, there exists
a neighborhood N,.(z)\ {z} C E°. This neighborhood shows that z is not a limit point
of E. It follows that £’ = (E)’
Lastly, £ and E’ do not always have the same limit points. Consider our construction
in Exercise 5. F has three limit points while £’ has no limit points.

O

7. Let Ay, Ay, Az, ... be subsets of a metric space.
(a) If B, =}, A;, prove that B, = |J_, 4; for n € N.

Proof. If E is some subset of a metric space, then we denote by E’ the set of limit
points of £. We claim that

(Ua) -Ua
=1 =1

Call the left-hand side and right-hand side C' and D, respectively. If x € D, then
x is a limit point of A; for some i € {1,2,...,n}. However, C' includes the set of
all limit points of the union of all A;, which means that it includes the limit points
for our specific A;, hence x € C. On the other hand, suppose that x € C'. Then
for every neighborhood N, (z), we have (|J;_, 4;) N (N, (z) \ {z}) # @. Consider

the set .
Q= {qG (UAZ> ﬂ(N%(:E)\{x}) | ]{:GN}

There must exist an A; such that A; N Q is countably infinite. If not, then @ is
finite and x is not a limit point. It follows that x is a limit point of A; and hence
x€D. Thus, C =D

Observe that

n n /
B,=B,UB, = <UA1) U (U%h)
i=1 =1

(9 (us)

n

-y

=1
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Proof 2. Recall that the finite union of closed sets is cloEd. Since A4; is closed
for all i € {1,2,...n}, it follows that the finite union (J;_, A; is closed. Further, it
is clear that B, C |J;_, A;. Hence, by Theorem 2.27, we have

A;. Then there exists A; such that

On the other hand, suppose that = € [J,
C B,, hence = € B,. The desired equality

x € A;. But since A; C B,,, we have A;

follows.
U
(b) If B =2, Ai, prove that B 2 [J2, A;.
Proof. Let C:=Band D := U2, Ai. Suppose © € D. Then x € A; for some
i € {1,2,...,n}. From Theorem 2.27, we know that B is closed, also, 4; C B C B,

hence by Theorem 2.27 again,

Thus, z € C.
O

. Is every point of every open set £ C R? a limit point of £? Answer the same question
for closed sets in R2.
Yes, every point of every open set is a limit point of E. This is not true for closed sets.
Proof. Let E C R? be an open set. Let 2 € E. Then, z is an interior point,
which means there exists a neighborhood N,.(z) for some r > 0 such that N,.(z) C E.
For any neighborhood N, it is possible to pick an appropriate point p # = such that
p € N,.(x) N N. Hence z is a limit point of E. Next, consider the closed set consisting
of the point (1,1). Since it is a finite set, there are no limit points.

O

. Let E° denote the set of all interior points of a set E. E° is called the interior of F.

(a) Prove that E° is always open.
Let x € E°. Then, x is an interior point of F, which means there exists a neigh-
borhood N,(x) C E. Recall that every neighborhood is an open set. Thus, for all
y € N,(x), there exists a N,,(y) € N,(z). But then y is an interior point of E.
Hence, y € E°. This shows us that N,(z) C E°. Therefore, z is an interior point
of E° and E° is open.
O

(b) Prove that E is open if and only if £ = E°.
Suppose E is open. By the definition of open, if x € E, then z is an interior point.
Hence x € E°. Suppose x € E°. Then there exists a neighborhood N,(z) C E,
namely, z € E. So, E = E°.
Now, suppose that £ = E°. So, if x € F, then x € E°. Hence, F is open.

13



10.

()

(f)

If G C F and G is open, prove that G C E°.
Suppose that x € G. Then there exists a neighborhood N,.(z) C G since G is open.
Since G C F, it follows that N,(z) C E. Hence, z is an interior point of E, so

x € E°. The conclusion follows.
O

Prove that the complement of E° is the closure of the complement of E.

We want to show that (£°)¢ = E¢. By definition, E° C E. Taking the comple-
ments, we have (E°)¢ D E°. Further, since E° is open, (E°)¢ is closed by Theorem
2.23. By Theorem 2.27, we have

(E°) 2 EF

Now, suppose x € (E°)¢. Then, x is not an interior point of E. Suppose = € E°,
it follows that z € E¢ and we are done. Suppose z € E. Since z is not an
interior point of E, this means that for every neighborhood N or x, N ¢ E.
So, there exists some ¢ € N such that ¢ ¢ E. Thus, we may choose points
¢, q2,q3, --- € E° (necessarily distinct from x) corresponding to neighborhoods
Nl(a:),N%(x),N%(x), .... Hence, z is a limit point of £° and z € E¢. Having
shown the forward and reverse inclusion, we conclude that (E°)¢ = Ee.

OJ

Do E and E always have the same interiors? B
No. Consider E = Q. Taking the closure, we have £ = R. However
EP=Q° =g #R=(E)

Do E and E° always have the same closures?

No. Consider E = Z. Then E = Z but (E°) = @.

Let X be an infinite set. For p € X and ¢ € X, define

1 ifp#q
d(p,q) = {0 ifp— g

Prove that this is a metric. Which subsets of the resulting metric space are open?
Which are closed? Which are compact?

Proof. We verify the properties of a metric. By the definition of d, we see that
d(p,q) = 0 if and only if p = ¢q. Otherwise, if p # ¢, then d(p,q) =1 > 0. So d is
positive-definite. Also, d(p,q) = d(q, p) since equality and non-equality are symmetric.
To verify the triangle inequality, we must proceed by cases. Suppose that p = ¢ = r.
Then d(p,r) = 0 = d(p,q) +d(q,r). Suppose that p # ¢ and ¢ = r. Then d(p,r) =1 =

d(p

,q) + d(gq,7). Suppose that p = g and ¢ # r. Then d(p,r) =1 = d(p,q) + d(q, 7).

Suppose that p # ¢ and ¢ # r. Then d(p,r) = 1 < d(p,q) + d(q,r). Hence d is a
metric.

O

11. This question is about checking if functions are metrics. It is answered in HW4
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12.

13.

14.

15.

Let K C R consist of 0 and the numbers % for n € N. Prove that K is compact directly
from the definition (without using the Heine-Borel theorem).

Proof. Let (V,)aeca be an open cover of K. Since it is an open cover, we must have
some open set V; such that 0 € V. Since 0 € V) and Vj is open, 0 is an interior point.
So there exists some neighborhood N,.(0) C Vi. If > 1, then {Vj} is a finite subcover
of K. Now suppose r < 1. By the Archimedean property, there exists some N € N
such that & < r. Hence, for n > N, it follows that £ € N,(0) and so £ € V;. There

are now finitely many points 1,2, ..., 5 left to cover. Since (V,)aea is an open cover
of K, we can find open sets V;,...Vy_q such that 1 € Vl,% € %,...,ﬁ € Vy_1.
Therefore,
{%7 ‘/17 ER VN*l}
is a finite, open subcover of K.
O

Construct a compact set of real numbers whose limit points form a countable set.
Since our set is compact, it must be closed and bounded. So, consider the set

1 1
{O}U{E—Fa.m,nEN}

This set is bounded, with |z| < 3. It is closed because it contains all of its limit points.
So this set is compact. There are a countable number of limit points since every % is
a limit point.

Give an example of an open cover of the segement (0, 1) which has no finite subcover.

Consider the open cover
1
{(—,1) :neNandn>1}
n

For any finite subcover, there is a smallest number m € N such that the open set (%, 1)

is in the subcover. Then m+r1 is an element of (0, 1) which is not covered.

Show that Theorem 2.36 and its Corollary become false (in R, for example) if the word
compact is replaced by closed or by bounded.
Suppose that the word compact is replaced by closed. Then we may consider the
sequence of closed sets

K,={nn+1n+2 ..}

It is clear that K, O K, 1 by construction. The sets are closed because none of the
points are limit points. However,

Ak o
n=1

since no positive integer exists in this intersection. For any positive integer n, it does
not belong to K, ;1. Since Corollary is implied by the theorem, its falsity means shows
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16.

17.

the theorem is false as well.
Suppose that compact is replaced by bounded. Then the sequence of sets

1
K= (0.)
n

satisfies the conditions of the hypothesis. However,
o
(NEK.=2
n=1

Regard Q, the set of all rational numbers, as a metric space, with d(p, q) = |p—q|. Let
E be the set of all p € Q such that 2 < p? < 3. Show that E is closed and bounded in
Q, but that E is not compact. Is E open in Q7
To show that E is bounded, notice that for all z € E, we have |z| < 3. We now show E
is closed. Let € E. Then we have 2 < 22 < 3 and z € Q. Considering the expression
T+ %, we want
1\’ 2 1
(a:+—> =2+ 5 <3
n n o on
2 1
i + - <3 —2a?
n o on
By the Archimedean principle, we can find N; such that 12\f_z1 <3—22—1and N,
such that % < 1. Choose N = max Ny, No. Then, the inequality above is satisfied.
2

However, since it holds for N, it also holds for n > N. It follows that x + % e L.
Thus, E is closed since for any neighborhood of radius r, we can choose % in a way
that satisfies the above inequality while remaining in the neighborhood. Note that we
do not need to check if any irrationals are limit points because QQ is our metric space.

Consider the open cover

{@m (\/i,f—%) :n€{2,3,4,...}}

By the density of rationals, we can always find x € E such that x € (\/_ — %, \/g), SO
any finite cover will not be a cover of E. Hence, F is not compact.
Lastly E is open in Q by Theorem 2.30 since we may write it as Q N (v/2,v/3).

Let E be the set of all x € [0, 1] whose decimal expansion contains only the digits 4
and 7. Is E countable? Is E dense in [0,1]? Is E compact? Is F perfect?

Suppose, for contradiction, that E is countable. We may mimic the construction in
Theorem 2.14. Since E is countable, we may enumerate xq, xs,... € F. Further, each
x; has digits x;1,x;2,2;3,... We may construct a new xy € E such that z¢,; = 4 if
x;; = 7 and vice versa. But then x¢ # z; for all i € {1,2,3,...}. (4)

Hence E must be uncountable.

The set E is not dense in [0, 1]. Notice that the max(E) = § and min(E) = 3. Hence,
between 0 and § there is no member of E. Therefore, it is not dense in [0, 1].
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19.

For the last two questions, we note that E is bounded since, for all x € E, we have
|z| < 1. Now, let z € E. We show that x must be a limit point. Let N,(z) be an
arbitrary neighborhood around x. Since r > 0, by the Archimedean principle, we can
find 10% < r. We choose another element ¢ € E such that ¢; = z; for each digit, except
at n + 1. We flip the digit of x (from 4 to 7 or vice versa) at position n + 1 for the

digit of ¢ at position n 4+ 1. Thus

3 < 1
10+~ 10m

[z —q| = <r

So ¢ € N.(z)NE and x # q. Hence, z is a limit point since our choice of neighborhood
was arbitrary. Since F is closed and bounded in R, by Heine-Borel it is compact. Since
FE is closed and every point of F is a limit point, it is perfect.

Is there a nonempty perfect set in R! which contains no rational number?

Solution. Yes. Let {ry,rq,...} be the set of all rational numbers in Fy = [r, 7 + 1],
construct a subset of Ey as below. Having chosen E, (n > 0) the subsets of Fy such
that £, is a disjoint union of at most 2"*! — 1 intervals with irrational endpoints, each
of positive length at most 37" and F,, does not contain r; for 1 < j < n. Define the set
F, 1 obtained from F,, by removing the middle thirds of all intervals of E,,. Thus F}, 1
is a disjoint union of at most 2”2 — 2 intervals with irrational endpoints (removing the
middle thirds creates two intervals from each existing interval), each of positive length
at most 3=V If v, & F,1, take E,y1 = Foyy. If vy € Flpq, then v, € [a, b]
for some interval [a,b] C F,,+1. Since a and b are irrational, we have 7,41 € (a,b). Let
d > 0 be an irrational number such that 6 < min{r,.; —a,b —r,.1}, and put

Enin=For — (Tnp1 — 0,701 +9)

By doing this, we see that FE,; is a disjoint union of at most 2" — 1 intervals with
irrational endpoints, each of positive length at most 3=+ and E,; does not contain
rjfor 1 < j <n+1. Hence the resulting set P = ﬂf;o FE,, contains no rational number.
Since FE,, is closed for each n > 0, by Theorem 2.24(b), P is closed. Moreover, since
Ey D Ey D Ey---, each E, is bounded (by Ey), i.e. each E, is actually a nonempty
compact set. By Theorem 2.36, P # &. Finally, to show P is perfect, let x € P, then
x € E, for each positive integer n. Let x € [a,b] for some interval [a,b] C E,,, noting
that b—a < 37". If x # a, then put y = a; If x = a, then put y = b. In both cases, we
see that y € P, y # x, and

ly—z|<b—a<3"<2-37"

It follows that x is a limit point of P, and hence P is perfect.
O

(a) If A and B are disjoint, closed sets in some metric space X, prove that they are
separated.
Since A and B are closed, we have A = A and B = B. Then AN B = @ and
AN B = @ since A and B are disjoint. So they are separated.
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21.

(b) Prove the same for disjoint open sets.
Suppose that A and B are disjoint open sets. Let z € A. Since A is open, then z
is an interior point, hence, there exists r > 0 such that N,.(z) C A. Further, x is
not a limit point of B, since N,(z) N B = @. Hence, AN B = @. An analogous
argument shows AN B = @. Hence, A and B are separated.

(¢) Fixp € X, 6 > 0, define A to be the set of all ¢ € X for which d(p, q) < 4, define
B similarly, with > in place of <. Prove that A and B are separated.
Notice that A is a neighborhood of radius ¢ around p, that is A = Ns(p). Since it
is a neighborhood, it is open. Also,

B={qge X :dpq) >} =(A)

Hence, B is open. It is clear that A and B are disjoint. Applying (b), it follows
that A and B are separated.

(d) Prove that every connected metric space with at least two points is uncountable.
Hint: Use (c).
Let z,y € X and let d(z,y) = d > 0. Then, for every § € (0,d), there exists a
point z € X such that d(x, z) = . If not, we can define sets according to (c) which
separate X. Hence, there is a subset of X that can be placed into a bijection with
the interval [0, d], and so X is uncountable.

Are closures and interiors of connected sets always connected? (Look at subsets of R?.)
Suppose X is a connected set. ansider its closure X = X U X', where X’ is the set
of limit points of X. Let A, B C X be two nonempty sets such that AU B = X. Also,
we have

(ANX)U(BNX)=X
Since X is connected, (AN X) and (B N X) must not be separated. So WLOG, there

exists 7 € (ANX)N (BN X) C AN B. The last equality follows since AN X C A and
BN X is a subset of the closed set B, so by Theorem 2.27, so is its closure. Hence, X
is connected.

The interiors of connected sets may not be connected. Let E be the union of two closed

disks which are tangent to each other at a point.

Let A and B be separated subsets of some R*, suppose a € A and b € B, and define
p(t)=(1—t)a+tb

for t € R. Put Ag = p1(A), By = p~}(B). Thus, t € A if and only if p(t) € A.

(a) Prove that Ay and By are separated subsets of R.
Suppose, for contradiction, that Ay and By are not separated. Without loss of
generality, suppose that Ay N By is nonempty. Then, there exists a t € Ay N By
satisfying p(t) € AN B. Since AN B is nonempty, A and B are not separated.

(4)
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23.

(b) Prove that there exists to € (0,1) such that p(ty) € AU B.
Suppose, for contradiction, that for all t € (0, 1), we have p(t) € AU B. Hence
p((0,1)) € AU B. But then

AgUBy=p (A Up ' (B)=p (AUB) 2 (0,1)

From part (a), we know that Ay and By are separated. This shows that (0,1) is
a union of two nonempty, separated sets. (4)

(c) Prove that every convex subset of R¥ is connected.
Recall that a subset E of R* is called convex if for all a,b € E and t € (0,1), we
have (1—t)a+tb € E. We proved previously that if A and B are separated subsets
of some E (the argument for R* applies to any subset), then there exists some t,
such that (1 —tp)a+ tb € E, that is, E' is not convex. By the contrapositive, if
E is convex, then there do not exist separated subsets of E, meaning that E is
connected.

A metric space is called separable if it contains a countable dense subset. Show that
R¥ is separable. Hint: Consider the set of points which have only rational coordinates.
Solution. The set QF is a countable, dense subset of R¥. Since Q is countable, then
Q* is countable by Theorem 2.13: the finite Cartesian product of countable sets is
countable. Pick an arbitrary x = (x1,...,2;) € R*. To show that Q* is dense in
R¥, recall that @ is dense in R. So each z; is a limit point of Q. Given an arbitrary
neighborhood N of x, we can find points ¢; arbitrarily close to x;, for i € {1,2,... k}.
Thus, we can choose q = (q1, - .., qx) € N distinct from x.

A collection {V,} of open subsets of X is said to be a base for X if the following is true:
For every x € X and every open set G C X such that x € G, we have x € V, C G for
some «. In other words, every open set in X is the union of a subcollection of {V,}.
Prove that every separable metric space has a countable base. Hint: Take all neigh-
borhoods with rational radius and center in some countable dense subset of X.
Solution. We use the collection suggested by the hint of all neighborhoods with ra-
tional radii and center in a given countable dense subset, D, of X. Let x € X and let
G be an open set of X such that € G. Since G is open, there exists a neighborhood
N,(z) € G. Suppose z € D. Then by the Archimedean property, we have % <r
for some n € N. Hence Ni(z) C G and Ni(x) is in our proposed base. Suppose
z & D. Since D is dense,  must be a limit point of D. By the Archimedean prop-
erty, we may again choose some n € N so that % < r. Since z is a limit point of D,
there exists y € N 1 (x) N D. The neighborhood N (y) contains z since d(z,y) < 5.
Further N L (y) € G since it is contained in N,.(z). Explicitly, for an arbitrary point

y' € N (y), we have

1 1
+—=—-<r

dlz. ) < d dly.y)) < —
(z,y) < d(z,y) +d(y,y") < o = 1

2n

So ¢y € N,(x). This shows that NV €L (y) works as our V,,. Thus, the suggested collection
of neighborhoods is indeed a countable base.
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25.

Let X be a metric space in which every infinite subset has a limit point. Prove that
X is separable. Hint: Fix 6 > 0, and pick x; € X. Having chosen z4,...,z; € X,
choose ;41 € X, if possible, so that d(z;,z;+1) > 0 for ¢ = 1,...,j. Show that this
process must stop after a finite number of steps, and that X can therefore be covered
by finitely many neighborhoods of radius §. Take § = %, n € N, and consider the
centers of the corresponding neighborhoods.

Proof. We continue from the setup given in the hint. Suppose for contradiction
that the process never terminates and consider the sequence {xz,} resulting from this
construction. By construction, we have d(z;,z;) > ¢ for all distinct 7,7 € N. As a
result, every z,, is an isolated point. But then {z,} is an infinite subset with no limit
points (4). Thus, the process terminates.

For the same reason, X must be a bounded set. If X were not bounded, then for all
real numbers M and for all ¢ € X there exists p € E such that d(p,q) > M. Select an
arbitrary point x; € X. Assume z4,...,x;_1 are chosen already so that d(z;,z;) > ¢
fori=1,...,7 — 1. Since X is not bounded, we may choose z;;; € X so that

d(z1,j11) 2 6 + max{d(z1,z;) i =1,...,5j}
Using the triangle inequality, we see that

(s, xj41) 2 (g0, 21) = d(21, 73)
>0+ max{d(zy,x;):i=1,...,7} —d(z1, ;)
>4

Hence, if X is unbounded, the process does not terminate. So X must be bounded.
Because X is bounded, it is possible to cover by finitely many neighborhoods of radius
0. Take § = % and let F, be the finite set of centers of neighborhoods with radius %
that cover X. We claim that -
D=|JE,
n=1

is a countable and dense subset of X. As the countable union of sets that are at most
countable, D is countable by the Corollary to Theorem 2.12. Now, consider z € X.
If x € D, then we are done. Suppose x ¢ D and let ¢ > 0 be arbitrary. By the
Archimedean property, we can find N € N such that % < e. Since X is covered by the
union of neighborhoods of radius % around centers in Ey, there exists some e € Ey
such that d(z,e) < % Hence, x is a limit point of D and D is dense in X. Therefore,

X is separable.
O

Prove that every compact metric space K has a countable base, and that K is therefore
separable. Hint: For every positive integer n, there are finitely many neighborhoods
of radius % whose union covers K.
Proof. By Theorem 2.37, if F is an infinite subset of a compact set K, then F has a
limit point in K. Hence, K is a metric space in which every infinite subset has a limit
point. By Problem 24, we see that K is separable.

O
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27.

Let X be a metric space in which every infinite subset has a limit point. Prove that
X is compact. Hint: By Exercises 23 and 24, X has a countable base. It follows
that every open cover of X has a countable subcover {G,}, n = 1,2,3,... If no finite
subcollection of {G,} covers X, then the complement F), of G; U...UG, is nonempty
for each n, but () F, is empty. If E is a set which contains a point from each F,,
consider limit point of £, and obtain a contradiction.

Proof. We follow the outline of the hint. From Exercise 24, we know that X is a
separable metric space. From Exercise 23, we know that every separable metric space
has a countable base. Hence, X has a countable base, {G, }. Since this countable base
covers X, we can use it as a countable subcover of any open cover of X.

Suppose, for contradiction, that no finite subcollection of {G,} covers X. Then the
complement F,, of G; U...U G, is nonempty for each n, but () F,, is empty since

ﬁFn: ﬁ(Glu...an)C: (DG") = X¢
n=1 n=1 n=1

Let E be a set which contains a point from each F,,. Then E is an infinite set (if E is
finite, then the intersection of F}, is nonempty) and E has a limit point. But since F,
is the complement of an open set, it is closed. The infinite intersection of closed sets is
closed, so [ F,, is closed. But since it is closed, it must contain all of its limit points,
so () F,, is not empty (4). Therefore, we conclude that X is compact.

OJ

Define a point p in a metric space X to be a condensation point of a set £ C X if
every neighborhood of p contains uncountably many points of F.

Suppose E C R¥, E is uncountable, and let P be the set of all condensation points of
E. Prove that P is perfect and that at most countably many points of E are not in P.
In other words, show that P°N E is at most countable. Hint. Let {V,,} be a countable
base of R¥, let W be the union of those V,, for which £ NV, is at most countable, and
show that P = W¢.

Proof.

(a) Consider the outline and notation provided in the hint. Suppose x € W. Then
x € Vi for some Vi, € {V,}. Since V} is open, there exists a neighborhood N such
that x € N C V}. Since ENYV, is at most countable, £'N N must also be at most
countable since it is a subset. Hence x € P¢ since it is not a condensation point.
On the other hand, suppose that x € P°. Then there exists a neighborhood N of
x that contains at most countably many points of E. Since {V,,} is a countable
base of R, there exists some Vj, satisfying z € Vi, C N. It follows that V, N E
is at most countable and x € W. We have shown that W = P¢. By taking
complements, we arrive at the conclusion that P = W¢.

(b) We show that P°N E is at most countable. Consider that
PrE=wnE=(Jv)nE={JVnE

Thus, P° N E is the countable union of sets that are at most countable. This
union is countable by the Corollary to Theorem 2.12
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29.

(c) Now, we show that P is perfect. Since W is the union of open sets V,, this union
is open. Hence, its complement is closed. Suppose, for contradiction, that x € P
and x is not a limit point of P. Since x is not a limit point of P, there exists a
neighborhood N, (z) such that N,(z) N P = {x}. Since z € P, then N,(x) N E
has uncountably many points. But then uncountably many points in N, (z) are
in E but not in P, which contradicts (b) (4). We have shown that x € P if and
only if x is a limit point of P. Therefore, P is perfect.

U

Prove that every closed set in a separable metric space is the union of a (possibly
empty) perfect set and a set which is at most countable. (Corollary: Every countable
closed set in R¥ has isolated points). Hint: Use Exercise 27.

Proof. Suppose that X is our separable metric space. By Problem 23, every separable
metric space has a countable base. Let E be a closed set. Suppose that E is at most
countable. Then notice that £ = @ U E so that it is a union of a perfect set and a set
which is at most countable. Now, suppose that F is uncountable. Let P be the set of
all condensation points of E. Notice that if z € P, then z € F, since a condensation
point of E is a limit point of £, and F is closed. Hence, P C FE. Also, using the
construction in Exercise 27, we have

E=(ENP)U(ENW)=PU(ENW)=PU(EnJV.)

This shows that E is again the union of a perfect set and a set which is at most

countable.
O

Prove that every open set in R! is the union of an at most countable collection of
disjoint segments. Hint: Use Exercise 22.
Proof. If U is empty, then it is the union of a finite collection of disjoint segments,
namely the empty collection. Let U be a nonempty open subset of R. For each x € U,
define

a, = inf{a : [a,2] CU}

b, =sup{b: [z,b] CU}

where we note that a, is possibly —oco and b, is possibly co. We claim that

U= U (az» ba:)

zeU

It is clear that U is a subset of this union. Suppose that y € (J,.;(asz,b;). Then
y € (ay,b,) for some z € U. Since y € (a,,b,), we know that a, < y < b,. Since a, is
an infimum, there exists a’ € {a : [a,x] C U} satisfying a, < o’ < y. Similarly, there
exists b satisfying y < ¥’ < b,. Hence y € [a/,V/] C U so that y € U. This shows that
U is the union of segments.

Now, we show that the segments are disjoint, that is if z,y € U, then (a,, b,) = (ay, by)
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or (az,b;) N (a y b,) = @. Suppose, for contradiction, that there exists z,y € U such
that (ay,bs) # (ay,by) and (as, b)) N (ay,b,) # @. Let z € (ag,b,) N (ay,b,). Since
€ (ag,b,), it follows that a, = inf{a : [a,2] € U}. The same reasoning shows
= inf{a : [a, 2] C U}. Hence a, = a,. An analogous argument shows b, = b,. But
then (ag,by) = (ay,by,), a contradiction.
Finally, this union of sets is at most countable because a rational number exists in
every interval. Hence, the intervals in the union may be indexed by a subset of the
rational numbers.

O

Imitate the proof of Theorem 2.43 to obtain the following result:

If RF = Uzozl F,,, where each F, is a closed subset of R¥, then at least one F), has
a nonempty interior.

Equivalent statement: If G,, is a dense open subset of R¥, for n = 1,2,3,... then
Mo, G, is not empty (in fact, it is dense in R¥).

(This is a special case of Baire’s theorem; see Exercise 22, Chap. 3, for the general
case.)

Proof. First, we prove the second statement. Let € R* and ¢ > 0. Since G,
are dense open subsets of R¥, we can choose a g; € G, and g; € N.(x). Moreover,
there exists §; > 0 such that Ny, (91) € N:(z) N G;. Next, choose go € G5 such that
g2 € Ns,(g1) and choose d; > 0 such that Ns,(g2) € Ns,(g1) N Go. Continue this

process, the resulting set
n=1

contains a point ¢ € R* by the corollary to Theorem 2.36. Clearly, ¢ € G, for
n=12,...,and so g € [\~ G,. Also, g € Nj,(¢91) € N.(x). Thus (2, G, is dense
in R¥.

All the sets G,, are dense in R*. Note that we can choose such a g, because G5 is dense
in R*. To be explicit, g; is a limit point of Gy, so we can find a point in G, arbitrarily
close to g; (i.e. less than ; away).

Next, we prove the equivalence of the two statements. Suppose the first statement
holds, let G,, be a dense open subset of R¥ for n = 1,2,... Denote the closed set
F, = (G,)¢ for each n. Since G, is dense in R*, for x € F,, and for r > 0, we have
N,(x) NG, # @. This means F),, has an empty interior for each n. Using the first
statement and De Morgan’s Law, we have

(ﬁGn) —GFH%R’“

This shows that ()~ G,, # @. Conversely, suppose the second statement holds, let F,
be a closed set for 1,2,... such that R* = [J7°| F,,. Denote the open set G,, = (F},)°
for each n. Using De Morgan’s law again

o= (08) - e

n=1
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It follows by the contrapositive of the second statement that there is an integer N
such that Gy is not dense in R¥, that is, there exists £ € R¥ and » > 0 such that
N.(z) NGy = @. But then N,(x) C (Gy)® = Fy for some N.

O
One detail regarding the last inclusion, recall that

N,(z) = (N,(z) N Gx) U (N, (z) N GS) = Ny (2) N GS € GS
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Chapter 3: Numerical Sequences and Series

1. Prove that convergence of {s,} implies convergence of {|s,|}. Is the converse true?
Proof. Suppose that s,, — s. Let € > 0 be arbitrary. There exists an /N such that for
all n < N we have

[lsn] = I8l < lsn — s <

where the first inequality follows from the reverse triangle inequality. Thus |s,| — |s|.

0
The converse is not true. Consider that the sequence with terms |a,| = |[(—1)"| con-
verges but the sequence {—1,1,—1,1...} clearly does not.

2. Calculate lim,, (V1% +n —n).

Consider

vn:i+n+n n
Vil n—n=vViZFn-n. -
vVni4+n+n Vn?l4+n4+n

B n % B 1
Virtntn oo 11l
Taking the limit, we see that
) 1 1
lim ==
V| 2

3. If s, = /2, and
Spt1 =1/2+/Sn (n=1,2,3,...)
prove that {s,} converges, and that s, < 2 for n=1,2,3,....

Proof. First, notice that
2=V2V2>V2-1=35
Suppose that s, < 2 for some k € N. Then, since v/2 > /5K, we have

2 =V242> /24 /55 = Sk

Thus, s, < 2 for all n € N holds by induction. Further, observe that {s,} is monoton-
ically increasing. We show this via induction as well. For the base case, we have

51:\/§<\/2+\/§:82

Assume that s, > s;_;. Then we see

Sk =1/2+ VSk1 <2+ V/Sk = Sk

Moreover, it is clear that s, > 0 for all n € N. Hence {s,} is bounded and monotone.
Therefore, it converges by Theorem 3.14
U
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4. Find the upper and lower limits of the sequence {s,} defined by

Som—1
;o Somtl = = 1 Som

:0‘ m: 5
S1 ;o S2 9 5

We compute the first few terms of the sequence manually

1,1
oo L1l gty i+s 1 42 4 1
a2 2 2 T2 2
Simplifying L1337 7
0,0,=,~,>,2 < — .
’727474’8’8716’

Thus, it appears that the lower limit of {s,} is % while the upper limit is 1.
5. For any two real sequences {a,}, {b,}, prove that

lim sup(a,, + b,) < limsup a,, + lim sup b,

n—0o0 n—o0 n—o0

provided the sum on the right is not of the form oo — oco.

Proof. Suppose that limsup,,_,. a, = +00. From our assumption, we must have
lim sup,,_, . b, = 400 or limsup,,_,.. b, = b for some b € R. In either case, the desired
inequality holds. In the cases where limsup,,_,. b, = 400, limsup,,_,., a, = —00, or
limsup,,, . b, = —o0, similar arguments apply. Now, the remaining case is where

limsupa, =a, limsupb, =0
n—oo n—oo

for a,b € R. Let s, = a, + b,. We claim that
Sp,<a+b+e

for all ¢ > 0. By Theorem 3.17(b), we may choose N; for which a, < a + § for all
n > Ni; likewise, we may choose N, for which b, < b+ 5 for all n > N,. Hence, for
N = max{N;, N»}, we have

sSp,<a+b+e
for all n > N. It follows that s,, < a + b. Moreover, for any subsequence s,, — s, we
have s,, <a+bfor all n; > N. Hence s < a+b. Since a+ b is an upper bound on the

set of all subsequential limits, the desired inequality follows.
O

6. Investigate the behavior (convergence or divergence) of Ya,, if

(2) @ = Vi FI— i

Observe that

sn=> Vk+1-Vk=vn+1-1

k=1

Since lim,,_, v/n + 1 diverges, we see that ) a,, diverges as well.
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(b) a, = Y=,
Observe that

R E R, T
" (Vi Lt i) ol

Since the series associated with terms -L converges by the p-test, it follows that
n2
> a, converges by the comparison test.

(¢) a, = ({/n —1)™; Observe that

limsup(/n —1) =0

n—o0

since, by Theorem 3.20, lim {/n = 1. Also, by the Root Test (Theorem 3.33),

n—oo
since lim sup,,_,..({/n — 1) < 0, this series converges.
(d) an = 5357, for complex values of z.
If |z| < 1, then we have |a,| > % for all n € N. Since lim,,_,o a, # 0, it follows
that > a, does not converge for these values of z. If |z| > 1, then # converges

since it is a geometric series with r = é < 1. Hence, by the comparison test ) a,
converges as well.

. Prove that the convergence of ¥a, implies the convergence of

S
if a,, > 0.

Proof. Suppose that Y a,, = A. By Theorem 3.28, we know that Y =5 converges, call
its limit B. Since a,, > 0, it follows that > \/; is monotonic. By Cauchy-Schwarz, we

. IECEDINCRIEE (Z) (i1>é< A7

=0
Hence, > \/TCT" is bounded and so it converges by Theorem 3.14.

=

O

. If " a, converges, and if {b, } is monotonic and bounded, prove that ) a,b,, converges.
Proof. Since {b,} is monotonic and bounded, then it also converges by Theorem 3.14.
Say b, — b. Let ¢ > 0 be arbitrary. Since ) a, converges, it is Cauchy and there
exists Ny € N such that

D

k=n

|b|+€

for n > m > Nj.
Moreover, we can choose Ny € N such that

b, — bl <e = |b,| < |b] +¢
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for n > Ny. Now, take N = max{ Ny, No}. Multiplying, we have

Zm:anbn < Zm:an(lb|+8) <e
k=n k=n

for n > m > N. Therefore, > a,b, converges by Theorem 3.22.

9. Find the radius of convergence of each of the following power series.

(a)
Z n32"

We consider limsup,,_,,, Vn® = 1. Hence, R = 1.

(b) .
> "

We consider the ratio

n+41 n
e | | 2
%z” Cn+1
It is clear that
lim sup =0

n—oo TN 1

Hence, for any complex z, limsup,,_, . ]nzfl\ = 0 we have convergence by Theorem

3.34. This means that the radius of convergence is infinite.

Observe

[2n 2
limsup {/ — = lim =2
n—00 n n—00 /n?2

Hence, the radius of convergence is R = %

3

n n
P

) am3 ) vn3 1
limsup {/ — = lim sup = -

Hence, the radius of convergence is R = 3.

Observe
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10. Suppose that the coefficients of the power series > a,2™ are integers, infinitely many

11.

of which are distinct from zero. Prove that the radius of convergence is at most 1.
Proof. Let {a,} be an arbitrary sequence of integers with infinitely many nonzero
terms. It follows that

o = limsup /|a,| > limsup V1 =1

n—oo n—oo
Hence, we see that for the radius of convergence

1

R=-<1
(6%

Suppose a, >0, s, =a; + ...+ a, and Y _ a,, diverges.

(a) Prove that }_ 9= diverges.

Proof. Suppose that Y a, diverges. If there exists an N € N such that a, <1
for n > N, then

G, Qn,
>
1+a, = 2
So that »_ 13— diverges by comparison to »_a, (Theorem 3.25). On the other
hand, if a,, > 1 for infinitely many n € N, then 2a,, > a,, + 1. Hence aZil > % It
is clear that lim,,_, ﬁ = 0, so the associated series diverges.
O
(b) Prove that
a a s
AR
SN+1 SN+k SN+k

and deduce that ) ¢ diverges.

Proof. Since a, > 0, it follows that s,,; > s, for all n € N. Hence ¥+ > 2N+
SN+j SN+k

for all natural numbers k, j such that £ > j. Observe that

aN1 ANtk an+1 t QN2 + ANtk SN+k — SN SN
+1, 4 0Ntk 0N+ + +k _ SN+ 1

SN+1 SN+k SN+k SN+k SN+k
Since s,, is monotonic and diverges, it is not bounded. Hence, for some fixed N € N

. SN
lim =0
k—o00 SN+k

Choose € = % Let NV € N be arbitrary. We can choose k£ € N such that 22— < %

SN+k
Hence

1
(ZN+1+W_|_(IN+k21_ SN ] Z—¢

SN+1 SN+k SN+k 2

Therefore, ) %= is not Cauchy and so it diverges.
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(c) Prove that

mel 1
Sh Sp—1 Sn,
and deduce that ) % converges.
Proof. Observe that
1 I sp—8n1  an an,
Sp—1  Sn Sp—15n Sp—15n 52
Notice that N
1 1 1
5 Sn—1 Sn S1 SN

Since s,, diverges and is unbounded, we see that

o

1 1 , 1 1 1
Z ——=lm ———=—
2 Spn—1 Sn, n—0oo §1 Sn a1

Now, > ‘;—% converges by the comparison test.

(d) What can be said about
an an
% and O
Zl+nan an Zl—irnzan

an 1 1

= < —
1+n2a, ++n? n?

Observe that

an

Hence this series converges by the comparison test. On the other hand, ) - v
may converge or diverge based on the series. For instance, if a, = 1, we have the
harmonic series. Alternatively if a,, = #, we have

1 1 1

2 71>

n® 1+- n

which converges by comparison.

12. Suppose a,, > 0 and ) a,, converges. Put

)
Tn = E Am
m=n

(a) Prove that
L +=>1-2

if m < n, and deduce that ) %= diverges.
Proof. Since )’ a, converges, r,, and r,, converge as well. Notice that r, > r,1

for all n € N. Hence
L TN T S Y P e P
T'm Tn T'm T'm Tm
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Since r,, > r,, we see that 1 — :—Z > 0.
Let m € N be arbitrary. Choose any n > m. Then, we know that 1 — = > 0.
Choose ¢ such that 1 — :—" > ¢ > 0. It follows that

a a T
S+ +2>1-"L>c

showing that 1= is not Cauchy. Therefore, it diverges.

OJ
(b) Prove that
an
\/E < 2(\/E — WV 7,TLJrl)
and deduce that > \j—% converges.
Proof. Since r, > 7,41, it follows that /r, > ,/r,;1. Hence
Qp Qp Tn — Tn+l
< = =Th —Tn
o v vty Y o
from which the desired inequality follows. First, > ;;Ln is monotonic. Further
N
S 2 — ) = 2V — i) < 2V
n=1
Thus, \j}n is bounded and converges by Theorem 3.14 (MCT).
O

13. Prove that the Cauchy product of two absolutely convergent series converges absolutely.
Proof. Let ) a, and > b, be two absolutely convergent series. By definition, this
means »  |a,| and > |b,| converge. Let > |a,| = A and > |b,| = B. By Theorem

3.50, we see that the Cauchy product of these two series converges and

Z Z |akbn_k| = AB

n=0 k=0

By the triangle inequality, we know that

n n
Zakbn—k < Z |arbn—r|
k=0 k=0

Hence, the Cauchy product of ) a, and ) b, converges absolutely by comparison.
O

14. If {s,} is a complex sequence, define its arithmetic means o,, by

Un:so+31+...+sn (n=0,1,2,..)
n+1
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(a)

If lim s, = s, prove that limog,, = s.

Proof. Let ¢ > 0 be arbitrary. Choose N; € N such that |s, —s| < § for all

n>Ny. Putc=s0+s1+ ...+ 5sy,-1— Nys. We can choose Ny € N such that
3 < 5. Put N =max{N;, No}. For n > N we have

0 — | = 30+51+...+sn_(n+1)s
n+1 n+1
So+...+Sn-1—Nis sy, — S Sp— S
B n+11 * nl—i—l +'”+n—|—1
- so+ ...+ sn-1— Nis SN, — S Sp— S
N n+1 n+1
<£+(—H_N1+1>-E<e
2 n+1 2

Construct a sequence {s,} which does not converge although lim ,, = 0.

Simply consider the sequence 1,—1,1,—1,.... The sequence does not converge
because there are two distinct subsequential limits. However, lim o,, converges to
0 since we can just pick N € N so that % <e.

Can it happen that s, > 0 for all n and that limsup s,, = oo, although lim o, = 0.

n—oo
kE ifn=2F
Let a, = an and b, = B ~and put s, = a, + b,. Then, we have
0 otherwise
n [log(n)]

1 1 1 2 logy(n)?

n= — <=4 ==

? n+1i:021+n+1 ; ' n+ n

Since the right hand side converges to zero, it follows that lim o, = 0.
Put a,, = s, — s,,_1, for n > 1. Show that

1 n
Sy — Oy = —— ka
n+1; F

Assume that lim(na,) = 0 and that {o,} converges. Prove that {s,} converges.
[This gives a converse of (a), but under the additional assumption that na, — 0.]
Proof. Observe that

. Zkak _ ! ((s1—50) +2(52 = 81) + ... + n(8y — Sp-1))
=1

n+1 n+1
1
:n+1(n8n_3n—l_--'_81_30)
- 1)y — S — Sng — v —
n+1((n—|— )Sn — Sp — Sn—1 So)
g _sn—l—sn,l—i—...—i—so
- n+1
=8, — Oy
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Now, let € > 0 be arbitrary. Since lim,,_,, na,, = 0, we can choose N; € N such
that for n > N; we have
€
|na,| < 3
Ni—1

Let ¢ = Z kay. We can choose Ny such that ¢ < 5 for n > N,. Put
k=1

n+1 4
N = max{Ny, Ny}. Tt follows that for n > N

1 n 1 N1—1 1 n
Zkak S E— Z kak + |— Z k:ak
n+1k:1 n+1k:1 n—l—lk:Nl
< 8—|-€ =¢£
2 2

Hence lim,,_, $, — 0, = 0. Because {0, } converges, it follows that {s,} converges
by the algebraic limit theorem.
O

Derive the last conclusion from a weaker hypothesis: Assume M < oo, |na,| < M
for all n, and limo, = o. Prove that lims, = o, by completing the following
outline. We fill out the outline now.

Proof. If m < n, then

n—m Sog+ ...+ S,

Sp — O0n = Sp —

n—m n+1
1 n—m( n n )
=5, — s oot s,
n—mi\n+1 0
1 n+1)—(m+1
=S, — (( )~ )(30+...+sn)>
n—m n+1
1 (m+1) m+ 1
_sn—n_m(— =] (30+...—|—5n)—|—m+1(50+...+3n)>
1 1
s n—m(s s1 .+ s) n_m((m+ )Om — (m+1)0y,)
1 m+1
=5, — (Sma1 + .-+ 8p) — (Om — on)
n—m n—m
1 m—+1
= (Sn— Sma1 + Sn — Sma2+ ...+ 8p — Sp) + (O — Om)
n—m n—m
1 Z":( )+m+1( )
= Sn — S Op — Om
n—m. n—m
i=m-+1
For these 1,
- — )M —m—-1)M
5, — 5] = Z%S(n, i) S(n m—1)
- 1+ 1 m+ 2
k=i+1
n—zr _ ntl

The second inequality follows since 227 = =5 — 1, so as x increases, this quantity
decreases. Hence for values of x between m + 1 and n, the greatest value is at
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15.

16.

m+ 1.
Fix € > 0 and associate with each n the integer m that satisfies

—€
< —<m+1
+é

Then

mil < 1 and |s, — s;| < Me. Hence
n—m 13

limsup |s, — o] < Me
n—oo
Since £ was arbitrary, lims, = 0. Note that the key idea here was choosing m, n
in a particular way that yields the desired result.
O

Definition 3.21 can be extended to the case in which the a, lie in some fixed R*.
Absolute convergence is defined as convergence of > |a,|. Show that Theorem 3.22,
3.23, 3.25(a), 3.33, 3.34, 3.42, 3.45, 3.47, and 3.55 are true in this more general setting.
(Only slight modifications are required in any of the proofs)

Omitted.

Fix a positive number «. Choose x; > /a, and define x, 3,24, ... by the recursion

formula
1 a
Tnt1 = 5 | Tn + o

(a) Prove that {z,} decreases monotonically and that lim z, = /a.
Proof. Since z; > \/a, it follows that

422 1 a
T = > =T+ — | =29
2]]1 2 T

Also
2] —2z/a+a = (1, —Va)? >0

So by rearrangement

1
$2:—($1+g)>\/a

2 T
Now, for the inductive step we may assume x,, > y/a to conclude that
2 +22 1 a
Tn=—F(—">3|Tn+t — | =Tnpn
22, 2 n

Hence, {x,} decreases monotonically. Further, it is bounded since we see that
x1 > 1, > Ja for all n € N. Thus, the sequence converges by Theorem 3.14
(MCT). Since the sequence converges, we know that limz,; = limx,,. If we let x
be this limit, then it follows that

[ (e+2)
r=—-|ax+ —
2 T

Solving for x shows = = /& as claimed.
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(b) Put &, = z,, — v/, and show that

€n _ _En

n = —<
T o, T 2va

so that, setting § = 24/,

.
eni1 < B (%) (n=1,2,3,...)

Solution. Above, we have shown that z,, > y/a for all n € N. Hence, the claim
% < % follows immediately. For the second claim, notice that

2
g2 2 1 [ & et

52 = — 53 = — = — _— =

211 29 2x9 \ 214 2T9 - 4x%

Continuing the pattern, we see that

B Y = O 1
s T 221-%,22_2;) L2t 42" i1 92n1( Jg)2n-1

from which the desired inequality follows.

(c) This is a good algorithm for computing square roots, since the recursion formula is
simple and the convergence is extremely rapid. For example, if a = 3 and z; = 2,
show that %1 < % and that therefore

g5 < 4-10716, gg < 4-107%
Solution. Observe that
10— 6V3 <0

Hence, we may directly compute that

e 2—v3 20-10V3  2V3

B 23 203 <20\/§

We also have

c 24 1 16
55<6<El> <2\/§(E) <4.10716

and a similar relation holds for &g.

17. Fix a > 1. Take x; > /a, and define
a+x, Lo- x?
Tpy1 = = Tn
1 1+, 1+,
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(a) Prove that x; > x3 > x5 > ---.
First, we remark that

2 2 2
o=, TptT,ta—x, o+,

"+1+xn_ 1+, 14,
Suppose that n is odd and z,, > \/a. We have

2
n+1

1 + Tn+1
a—xn  a—a,
1+z, 1+zpp

o —XT
Tn4+2 = Tn+1 +

:$n+

By calculating common denominators, we see that

N (22 — a)(—2x, — 2) _
Tn = Tn L,
2 (14 20)2 + (o + 2,) (1 + )

Now, we want to show that z,1» > y/a. We claim that 22 — 22, < 22 —«. Notice

that

. (2 -0)(-20,-2) [ (3 -a)(-2r,~2)
i L =x 4,

nt2 " (1+2,)%+ (a4 2,)(1 + x,) I+ 2,2+ (a+z,)(1 + 2

o (xk—a)(222 4 2u,) ( (22 — )(—21, — 2) ))2

" (It x,)?+ (atx,)(1+ ) (14+2,)2+ (a4 2,) (1 + x4
Then

SR S N S f
" nt2 (1+ xn)2 + (a+z,)(1 + z,) (14+2,)?+ (a4 z,)(1 + xy)
)
+ (

(22 (222 + 2z,,)
SOtz + (@t o)+ 20)

<xn—oz

where the last inequality follows since

(222 + 2z,)

AF o2+ (ata)itm)

(b) Prove that xo < x4 < xg--- .
Assume that n is even and assume that x, 1 > y/a. By definition

2

Tp =Tp_1+ —F
' 1+xn—1

Since x,_1 > /«, it follows that is negative and z,, < x,_;. Hence

2

O<x,—xp1=—"—
n n 1+xn_1
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18.

By rearrangement, we see that

2 2
a>x, | >,

Since 22 — a < 0, we conclude that
G e N
Tpt2 = Tp Tn
- (14 20)? + (o + ) (1 + )

as desired.

O
(¢) Prove that limz, = v/a.
Proof. Consider the sequence a, = |z, — /a|. Let us consider the two subse-
quences of odd and even indices. We have shown that x; > z3 > --+ and x,, > /&

for all odd n. This shows that the subsequence is monotonic and bounded and so
it converges. Call x the limit. We see that

a—+x
xTr =

1+z
x2+x—x:a

v=Va

A similar argument shows that the subsequence with even indices converges to
Va. Since both even and odd indexed subsequences converge to /a, it follows
that a,, — 0. Hence x, — \/a.

O

(d) Compare the rapidity of convergence of this process with the one described in
Exercise 16.
For the odd indices, since x,, > /a, we can make a similar argument to that in
3.16(c) regarding the rapidity of the convergence. So we see that this sequence in
the current exercise converges at least twice as slowly.

Replace the recursion formula of Exercise 16 by

i 1xn + & pop

Tnt1 =

where p is a fixed positive integer, and describe the behavior of the resulting sequences

1 1
Proof. Choose x1 > a?. Assume x,, > ar. Then we have

b+l + o a2k p—1 o

_n n n —p+1

= P > Tp+ —2,"" =2p
DTy

T

which shows that the sequence is monotonic. Further, notice that z,,; is the sum
and product of positive real numbers, hence, it must be positive as well. So, {z,} is
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19.

bounded between x; and 0. Hence, it converges by MCT. Let the limit it converges to
be z. Then we have

- lx + & ppil
p p
pr— (p— 1)z = az P!

Tr =

2’ =«

This shows that lim x,, = a%.

Associate to each sequence a = {a,}, in which «, is 0 or 2, the real number

wa) =35

n=1

Prove that the set of all z(a) is precisely the Cantor set described in Section 2.44.
Proof. Let S be the set of all z(a) and consider an z(a) € S. Call the Cantor set K.

Then we may write
o0

z(a) = On

i

Now, by construction, the endpoints of all of the intervals in Cantor set are contained
in the Cantor set. We construct a sequence {x,} C K inductively. We start with the
interval Iy = [0, 1]. Suppose we have selected one of the intervals that remain after the
(n—1)% step, I,_1. Let L and R be the intervals after the removal of the middle third
from I,,_; on the n'” iteration. If a,, = 0, select z,, as the left endpoint of L and set

I, = L. If o, = 2, select x,, as the left endpoint of R and set I,, = R.

We claim that
Z 677
Tpn = ?

k=1

Begin with Iy = [0,1]. It is clear that if oy = 0, then 27 = 0 and if a4 = 2, then
x1 = %, so the claim holds. Notice that the choice of I; corresponds to [z, 21 + 3].
Now, suppose that for some m € N

The interval I, is given by [z, T, + 3%1} After removing the middle third, we have

1 2 1
L:|:$maxm+3_m:|; R:|:$m+3—m,$m+%

If a1 = 0, then clearly

m+1 m

ay Ak
Tmt1 = E ET E ET Lm
k=1 k

=1
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20.

21.

This shows that choosing the left endpoint of L is the same as adding the m + 1 term
in the series. If a,,.1 = 2, then

m—+1

(073 2
xm+1223_/€:$m+3_m
k=1
which corresponds to the left endpoint of R. Therefore, z, is exactly the sequence
of partial sums of z(a) meaning that they must converge to the same point. Hence

z(a) € K since it is closed. The reverse inclusion is similar.
U

Suppose {p,} is a Cauchy sequence in a metric space X, and some subsequence {p,, }
converges to a point p € X. Prove that the full sequence {p,} converges to p.

Proof. Let € > 0 be arbitrary. Since p,, — p, there exists some N; € N such that for
all [ > Ny,

€
[P = pl < 5
Since {p,} is Cauchy, there exists some Ny € N such that for all n,m > No,
| < s
Pn — DPm 5

Choose N = max{Ny, Ny}. It follows that for [ > N we have
€

5~ ¢

13
ot —pl < |pr — puy| + o0, — 2| < 5T

Hence, p,, converges to p.
0

Prove the following analogue of Theorem 3.10(b): If {E,} is a sequence of closed,
nonempty, and bounded sets in a complete metric space X, if £, O F,,; and if

lim diam F,, = 0,

then (.~ E,, consists exactly of one point.

Proof. Construct a sequence {x,} by choosing x, € E, for each n € N. This choice is
possible as each F),, is nonempty. The boundedness condition gives us finite diameters.
Since E,, O E, 4, for all n € N| it follows that Ey contains xn,Tyi1, Tn12,. ... Fix an
e > 0. Since lim diam E,, = 0, there exists N € N such that n > N means diam F,, < ¢.
But then for n,m > N, we have

|z, — x| < dlam Ey < €

Hence {z,} is Cauchy. Because X is a complete metric space, which means that every
Cauchy sequence converges, there exists some = € X satisfying x,, — x. Further, x is
a limit point for each F,. Since every F, is closed, it follows that x € E,, for all n € N,
hence z € (), E,,. This point must be unique, otherwise lim diam E,, > 0.

O
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22.

23.

24.

Suppose X is a nonempty complete metric space, and {G,,} is a sequence of dense open
subsets of X. Prove Baire’s theorem, namely, that (.-, G, is not empty. (In fact, it is
dense in X). Hint: Find a shrinking sequence of neighborhoods FE,, such that E,CGQG,
and apply Exercise 21.

Proof. Let x € X and € > 0 be given. Since G is dense in X, x is a limit point of
G1. Hence, there exists g; € G1 N N.(z). Since G; N N (x) is open, there exists §; > 0
such that Nj, (¢1) € G1NN.(z). Since Gy is dense in X, there exists go € G N Ns, (91)-
Again, since the intersection of open sets is open, there exists a d; > 0 such that
Ns,(g2) € G2 N Ns,(g1). Continuing this process, we find a shrinking sequence of
neighborhoods whose closures are contained in each G,. Additionally, at each step, if
%6k < Og11, then choose 0,1 such that %(5k > 041 instead. This choice is valid the
closed set with a smaller radius will still be contained in the intersecting open sets.

Setting

E, = Ns,(gn)
we have a sequence of closed, nonempty, and bounded sets in a complete metric space
such that E, O F,,; and limdiam F,, = 0. Hence ﬂff:l E,, is nonempty by Exercise
21.
O

Suppose {p,} and {¢,} are Cauchy sequences in a metric space X. Show that the
sequence {d(p,, q,)} converges.
Proof. For any m,n € N, we have

d(Pn, qn) < d(Pn, Pm) + d(Pm, gm) + d(Gm, gn)

Fix an ¢ > 0. Since {p,} and {¢,} are Cauchy, there exist N; € N such that
d(pn,pm) < 5 for all n,m > Ny and N, € N such that d(gn,qn) < 5. Hence, tak-
ing N = max{Nj, N2}, we have

|d(Prns @) — AP @) | < d(Pry Prm) + d(Gns @) < €

for all n,m > N. Therefore, {d(pn,¢,)} converges.

Let X be a metric space.

(a) Call two Cauchy sequences {p,},{¢.} in X equivalent if
lim d(pn, ¢,) = 0.
n—oo

Prove that this is an equivalence relation.

We verify the properties of an equivalence relation. We will denote the equivalence
of two sequences using ~.

Reflexivity. Let (p,)>2, be any Cauchy sequence in X. From the definition of a
metric space, we know that d(p,, p,) = 0 for all n, since p,, = p,. The limit of the
constant sequence of zeroes is clearly zero.
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Symmetry. Suppose (p,)>2; and (g,)5%, are two Cauchy sequences that are
equivalent. Notice that

d(pn, @) = d(qn, py) for all n € N
As a result, we know that:

lim d(p,, ¢,) = lim d(gn,pn) =0

n—00 n—00

Transitivity. Suppose (p,)5, (¢.)22,, and (r,)>, are three Cauchy sequences
such that (p,) ~ (¢,) and (g,) ~ (). Then, by the definition of a metric space,
we have:

d(pn,7n) < d(pn, @n) + d(gn, 75) for all n € N
By the Algebraic Limit Theorem, we know that

Tim d(pns qn) + d(Gn,72) =0

Since d(py, ) > 0 for all n € N; by the Squeeze Theorem, we see that lim,, . d(p,,7,) =

0, so (pn) ~ () as desired.

Let X* be the set of all equivalence classes so obtained. If P € X*, @ €
X* {pn} € P, {q.} € Q, define

A(P,Q) = lim d(py, gn)

by Exercise 23, this limit exists. Show that the number A(P, Q) is unchanged if
{pn} and {¢,} are replaced by equivalent sequences, and hence that A is a distance
function in X*.

Suppose (p,) ~ (p),) and (¢.) ~ (¢,)". Then it follows that:

Tim d(py,, q) < lim [d(pp,, pn) + d(pn, gn) + d(Gn, ¢)] = limd(pn, gn)

Further, we can exchange the positions of the sequences due to the symmetry of
the metric space. Therefore we conclude that lim,, .. d(p),, q.,) = lim, o d(Pn, Gn)-
It is clear from the definition of A that A(P,Q) > 0 for all P,Q € X*.

(1) We verify A(P,Q) = 0 if and only if P = Q). The forward direction follows di-
rectly from the definition of equivalence in part (a). That is, if lim,, o0 d(pp, ¢,) =
0, then (p,) ~ (¢,). The reverse direction follows from what we just proved
above.

(2) The equality A(P,Q) = A(Q, P) follows directly from the definition of A.
(3) Given P,Q,R € X*, choose {p,} € P,{q.} € @, and {r,} € R. Then by
definition and by the triangle inequality,
A(P,Q) = lim d(pn,qn)

< lim [d (pn, 7n) + d (70, qn)]

n—oo
= ggod(pm ) + lim d (T, Gn)
= A(P,R) + A(R,Q)
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Therefore, we conclude the A is a metric in X*.

Prove that the resulting metric space X* is complete.

Suppose {P,} is a Cauchy sequence in X*, and choose {p}} € P, forn=1,2,....
For each n, there exists a positive integer K, such that k,{ > K, implies d(p}, p}') <
27", Define p, = pffor n € N. We show that {p,} is Cauchy in X.

Given € > 0, since {P,} is Cauchy in X*, there exists a positive integer N such
that m,n > N implies A(P,,, P,) < ¢, or

lim d(py',py) <e
k—o00
Let N’ be a positive integer such that 2= < . Then, m,n > max{N, N’} implies

d(pm>Pn) = APk, . Pk, )
< d(pk, ,py) +dpy,pp) + d(pi. Pk,
<2M4+e+4+2"< 3

where the integer k can be chosen sufficiently large such that k& > max{K,,, K, }
and d(p}*, p}) < €. Hence, {p,} is Cauchy in X.

Let P € X* be such that {p,} € P. It suffices to show that P, — P, which
completes the proof. Let € > 0 be arbitrary. Put n > max{N,N'}, k >
max{N, N’, K}, and m > max{K,, K;} sufficiently large such that d(pr,, p¥,) < e.
We have

k
d(py, pi) = d(py, Pk,)
k Eo_k
< dpgen)  + 0 dWnepn)  + 0 dph,PK,)
—— —— —————
p" is Cauchy and n,k>N  {P,} is Cauchy, using limit  pk is Cauchy and m, K> K,

<2 M4e4+27F <3

which follows that limg_,o d(p}, pr) < 3¢ or A(F,, P) < 3¢. Hence P, — P.

O
Observe that taking p, = pl!, the diagonal sequence, does not work. Let (p})ren
be the sequence of n ones followed by an infinite tail of zeroes. Then p, = p!
yields a constant sequence of ones, but every sequence (p}) belongs to the same
equivalence class of sequences converging to 0.

For each p € X, there is a Cauchy sequence all of whose terms are p; let P, be the
element of X* which contains this sequence. Prove that

A(Py, Py) = d(p,q)

for all p, ¢ € X. In other words, the mapping ¢ defined by ¢(p) = P, is an isometry
of X into X*.
Notice that if p,, = p and ¢, = ¢ for all n, then it follows that

lim d(pn, gn) = d(p, )
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(e) Prove that ¢(X) is dense in X*, and that p(X) = X* if X is complete. By (d), we
may identify X and ¢(X) and thus regard X as embedded in the complete metric
space X*. We call X* the completion of X.

(i) Let P € X* and {p,} € P, and let ¢ > 0 be arbitrary. Since {p,} is Cauchy,
there exists a positive integer N such that m,n > N implies d (pp,p,) < €. It
follows that

A(P,o(pn)) =A(P,B,,) = T}Lrgod(pn,pzv) <e<2

That is, the neighborhood of P with radius 2¢ contains an element ¢ (py) € ¢(X).
So we conclude that ¢(X) is dense in X*. In our language of the definition of
dense in lecture, we have shown that B(z,r) N E # @ for all z € X and r > 0,
where X stands for X* and r is analogous to the arbitrary choice of e.

(i) If X is complete, let P € X* and {p,} € P. since {p,} is Cauchy, p, — p for
some p € X, i.e., we have

A(P,P,) = lim d(pn,p) =0
n—oo

So P = P,, and hence X* = ¢(X).

25. Let X be the metric space whose points are the rational numbers, with the metric
d(z,y) = |z — y|. What is the completion of this space?
By Theorem 3.11(c) in Rudin, every rational Cauchy sequence converges to a real
number. Additionally, for every & € R, there exists a rational Cauchy sequence {p,}
such that lim p, = z. Thus, the completion of X is p(R).

n—0o0

O
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Chapter 4: Continuity

1. Suppose f is a real function defined on R! which satisfies

lim[f(z + h) — f(z — k)] =0

h—0

for every € R!. Does this imply that f is continuous?
Solution. Consider the function

_Jz itz #£0
f(x)_{1 itz =0

If f(x) is continuous at x, then we know that
lim f(z + h) = lim f(z = h) = f(z)

Since f is continuous everywhere except x = 0, the above limit is satisfied for all
R\ {0}. At z = 0, this limit is also satisfied, since

[f(0+h) = f(0—h)| = |2h]

Hence, we may simply choose § < ¢ to see that |f(h) — f(—h)| < e. Thus, this limit
is satisfied for all x € R. However, f is not continuous at z = 0, as f(0) =1 # 0 =

lim,,, f(x).
O

2. If f is a continuous mapping of a metric space X into a metric space Y, prove that

f(E) C f(E)

for every set E C X. (E denotes the closure of E.) Show, by an example, that f(E)
can be a proper subset of f(E).

Proof. Let y € f(E). By definition, there is some z € E such that f(z) = y. If
x € E, then f(zx) € f(E) C f(E) and the relation holds. If x ¢ E, then it must
be a limit point of E. Hence, by Theorem 3.2(d), there is a sequence {z,} C FE

such that lim, .., x, = x. Since f is continuous, by Theorem 4.6 we know that
limg ., f(2') = f(z). From Theorem 4.2, we know that lim, ., f(2') = f(x) if and
only if

lim f(pn> = f(fb)

n—oo
for every sequence {p,} C E such that p, # = and lim,,_,o p, = x. The sequence {z,}
satisfies these conditions, hence

lim f(xz,) =y

n—oo

This shows that y is a limit point of f(FE). Hence y € f(E) as claimed.

0
For an example, consider f : R\ {0} — R given by f(x) = 2. Then f(E) = R\ {0}
but f(F) = R. Another example is f(x) = arctan(x) over the reals.
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3. Let f be a continuous real function on a metric space X. Let Z(f) (the zero set of f).
be the set of all p € X at which f(p) = 0. Prove that Z(f) is closed.
Proof. According to the above, Z(f) is the preimage of the set {0}. The set {0}
is closed because it is finite and so it has no limit points. Since f is continuous, the
preimages of closed sets are closed by the Corollary to Theorem 4.8. Hence Z(f) is
closed.

O

4. Let f and g be continuous mappings of a metric space X into a metric space Y, and
let E be a dense subset of X. Prove that f(£) is dense in f(X). If g(p) = f(p) for all
p € E, prove that g(p) = f(p) for all p € X. (In other words, a continuous mapping is
determined by its values on a dense subset of its domain.)
Proof. Let x € X be arbitrary. Since E is a dense subset of X, it follows that x is a
limit point of E or a point of E. If x € E, then f(z) € f(E). If z is a limit point of F
and = ¢ E, then there exists a sequence {x,} C E such that x,, — x. By continuity,
we know that

lim f(z,) = f(x)

n—oo
Since {f(z,)} C f(E), it follows that f(z) is a limit point of f(E). Thus, f(z) € f(E)
or f(x) is a limit point of f(E), so f(F) is dense in f(X).
Now, suppose that g(p) = f(p) for all p € E. Choose an z € X. Since g and f are
continuous, for all arbitrary sequences {z,,} C F with z,, # x and z,, — z, we have
g(x) = lim g(z,) = lim f(z,) = f(z)
n—o0 n—oo

Since x is a limit point of F, there exists such a sequence {x,} C E for which the

above conditions hold.
O

5. If f is a real continuous function defined on a closed set £ C R, prove that there exist

continuous real functions g on R! such that g(x) = f(x) for all x € E. (Such functions
g are called continuous extensions of f from E to R'.) Show that the result becomes
false if the word “closed” is omitted. Extend the result to vector-valued functions.
Hint: Let the graph of g be a straight line on each of the segments which constitute
the complement of E (compare Exercise 29, Chap. 2). The result remains true if R!
is replaced by any metric space, but the proof is not so simple.
Proof. Since F is closed, we know that E° is open. By Exercise 2.29, it follows that E¢
is the disjoint union of open segments. Let a,b € R. If (a,00) C E° or (—00,b) C E°,
we can define g(z) = f(a) for all z € (a,00) in the former case, and g(z) = f(b) for all
x € (—00,b) in the latter case. If (a,b) C E°, define g on (a,b) by

o) = (5=2) ()~ ria) + 1@

which is geometrically a straight line from f(a) to f(b) over the segment (a,b). The
function ¢ is a continuous extension of f.
To show that the result is false when closed is omitted, consider that f(x) = % has
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no continuous extension. To extend the result to vector-valued functions, consider
a function f : R — R" given by x — (fi(z),..., fu(z)). From the first proof we
gave, there exists continuous extensions gy, ..., g, for fi,..., f, respectively. Then
x> (g1(x), ..., gn(x)) defines a continuous extension from f to g.

OJ

. If f is defined on E, the graph of f is the set of points (z, f(z)), for x € E. In
particular, if F is a set of real numbers, and f is real-valued, the graph of f is a subset
of the plane.

Suppose F is compact, and prove that f is continuous on FE' if and only if its graph is
compact.

Proof. Let f be continuous. Consider another function g : X — X? defined by

g9(x) = (z, f(x))

We know g is continuous since each of its components is continuous (Theorem 4.10).
By Theorem 4.14, since g is continuous and E is compact, g(FE), which is the graph,
must be compact.
On the other hand, suppose that the graph of f, denoted F', is compact. Consider
x € E. If x is an isolated point, then f is continuous at x. Assume that z is a limit
point of K. Since E is a compact subset of a metric space, by Theorem 2.34, it is
closed. Since E is closed, € E. Hence, (z, f(z)) € F. Consider a sequence {z,} C E
satisfying x, — x with x, # z. Since {(x,, f(z,))} is a sequence in the compact
metric space F, it contains a subsequence {(z,,, f(x,,))} which converges to some
point (2’,y') € F. However, since z,, — z, it follows that z,, — x. Hence, 2’ = x
and ¥ = f(z), since F' is the graph of f. As this applies to every subsequence z,,,
it follows that f(x,) — f(x). Thus, f is continuous at z. Together, these arguments
show that f is continuous on F.

O

. If EC X and if f is a function defined on X, the restriction of f to E is the function
g whose domain of definition is E, such that g(p) = f(p) for p € E. Define f and

g on R? by: f(0,0) = g(0,0) = 0, f(z,y) = #4, g(w,y) = #55 if (x,9) # (0,0).
Prove that f is bounded on R?, that ¢ is unbounded in every neighborhood of (0,0),
and that f is not continuous at (0,0); nevertheless, the restrictions of both f and g to
every straight line in R? are continuous!

Proof.

(i) To show that f is bounded on R?, consider that
0<(z—y*)?=0"—22y* +9*
Then, by rearrangement, we have

xy? 1

x2+y4§2

Hence, | f(z,y)| < 3 for all (z,y) € R?, and the conclusion follows.

46



(ii) Next, consider the values of g along the function (y?,y). We see that

3
3.0y Y _ 1
g(y,y)«—Qy6 20

Thus, g(v3,y) — ™, showing that it is unbounded in every neighborhood
Y—>
around the origin.

(iii) Suppose, for contradiction, that f is continuous. Consider h(t) = (¢*,t). This
function is continuous since its component functions are continuous. Hence, foh
must be continuous as it is the composition of continuous functions. However,
(foh)(0)=0and

¢t 1

(foh)(t):m:? t#0

This shows that lim, ,o(f o h)(f) = 4. Since this is not equal to (f o h)(0), by

Theorem 4.6 we see that f o h is not continuous. (4)

(iv) Since f and g are continuous at any point other than the origin, we only need to
check the continuity of the restricted graphs to lines at the origin. We consider
two cases.

Suppose x = 0. Then we have

0
Y

fmw=§=0g@w= =0

On the other hand, we can have the restriction to the line y = ma, which gives

us 2.3 2
m-x m-x
x,mx) = =
flz,mz) 2 +mizt 1+ mia?

Hence lim,_, f(z, mx) = 0, so the restriction of f to a straight line is continuous.
The argument for g follows a similar pattern.

O

8. Let f be a real uniformly continuous function on the bounded set E in R!. Prove that
f is bounded on F.

Proof. Since f is uniformly continuous, then there exists o > 0 such that

|f(z1) — fla2)] <1

for all z1,xy € E satisfying |z; — x2| < d. Since E is bounded, it is possible to cover
it with finitely many open intervals of length 6. Call these intervals Iy,...,I,. We
may choose an zy € Iy for each k € {1,...,n}. It follows that for all x € I}, we have

|f(z) — f(zp)] < 1. Call

M =max{f(z1)+1,..., f(z,) + 1}
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10.

11.

We see that

|f(z)| <M
for all x € E. To be explicit, we must have x € I because I,...,1I, cover EJ. But
then |f(x) — f(z)| < 1,s0 f(x) < f(zx) + 1 < M. Therefore, f is bounded on E.

OJ
Show that the conclusion is false if boundedness of E is omitted from the hypothesis.
Take f : R — R given by f(z) = x. This function is uniformly continuous as we

may choose 0 = e. However, f(R) = R, showing that the image of the function is not
bounded.

Show that the requirement in the definition of uniform continuity can be rephrased as
follows, in terms of diameters of sets: To every € > 0 there exists a 6 > 0 such that
diam f(F) < ¢ for all E C X with diam F < 0.

Solution. Suppose Definition 4.18 holds. Let € > 0 be arbitrary. Since f is uniformly
continuous, there exists a d > 0 such that

A(f(), £9) <

for all z,y € X satisfying d(z,y) < 0. Let £ C X satisfy diam F' < §. It follows that
for all p,q € E, we have
d(p,q) < diam E < ¢

Hence, d(f(p), f(q)) < 5. This shows that diam f(£) < § < e. So this alternative
definition also holds. The reverse direction assuming first that the alternative definition

holds is shown similarly.

Complete the details of the following alternative proof of Theorem 4.19: If f is not
uniformly continuous, then for some £ > 0 there are sequences {p, }, {¢,} in X such that
dx(pn,qn) — 0 but dy (f(pn), f(gn)) > €. Use Theorem 2.37 to obtain a contradiction.
Proof. To be explicit, suppose for contradiction that f is a continuous mapping
from a compact metric space X to a metric space Y and that f is not uniformly
continuous on X. By Theorem 3.6 (which relies on Theorem 2.37), we know that there
are subsequences {p,, } and {g,,} which converge to some point z € X. Since f is
continuous at x, we know that

Jim f(py,) = lim f(gn,) = f(2)

This contradicts the assumption that dy (f(pn), f(gn)) > € for some € > 0. (4)
0

Suppose f is a uniformly continuous mapping of a metric space X into a metric space
Y and prove that {f(x,)} is a Cauchy sequence in Y for every Cauchy sequence in
X. Use this result to give an alternative proof of the theorem stated in Exercise 13.
Proof. Let ¢ > 0 be arbitrary and let {z,,} be a Cauchy sequence in X. Since f is
uniformly continuous, there exists a 6 > 0 such that

|f(2n) — flam)| <€
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12.

13.

14.

15.

for all |z, —x,,| < 0. Since {z,} is Cauchy, there exists an N € N such that |z,—x,,| <
for all n,m > N. This same N shows that {f(z,)} is Cauchy in Y.
U

A uniformly continuous function of a uniformly continuous function is uniformly con-
tinuous. State this more precisely and prove it.

We give the statement and then prove it. Let X, Y, Z be metric spaces. Let f: X — Y
and g : f(X) — Z be two uniformly continuous functions. Let h : X — Z be given by

If f is uniformly continuous on X and ¢ is uniformly continuous on f(X), then A is
uniformly continuous on X.

Proof. Let € > 0 be arbitrary. Since ¢ is uniformly continuous, there exists a §; > 0
such that d(g(y1),9(y2)) < e for all d(y;,y2) < 01 and yi,y2 € f(E). Since f is
uniformly continuous, there exists a d; > 0 such that d(f(z1), f(z2)) < d; for all
x1,29 € X with d(x1,29) < d2. Choosing this 0, we see that if z1,25 € X and
d(l’l,l'g) < (52, then

Alg(f(wr), f(z2) < e

Therefore, h = g o f is uniformly continuous.
O

Let E be a dense subset of a metric space X, and let f be a uniformly continuous real
function defined on E. Prove that f has a continuous extension from F to X (See
Exercise 5 for terminology).

Proof.

Let I = [0, 1] be the closed unit interval. Suppose f is a continuous mapping of I into
I. Prove that f(z) = x for at least one x € I.
Proof. Consider the function g(x) = f(x) — . This function is the sum of continuous
functions, so it is continuous on I as well. If g(0) = 0, then we are finished. Suppose
that g(0) # 0. Then we must have g(0) = f(0) > 0. On the other hand, g(1) = f(1) —
1<0. If g(1) =0, then f(1) =1 and we are done. Otherwise, we must have g(1) < 0.
Since g is a continuous function on a closed interval, and since g(0) > 0 > ¢(1), by
Theorem 4.23, there exists some ¢ € (0, 1) satisfying g(c) = 0. Therefore, f(c) = c.

|

Call a mapping X into Y open if f(V') is an open set in Y whenever V' is an open set
in X. Prove that every continuous open mapping of R! into R! is monotonic.
Proof. Suppose that f is continuous and not monotonic. Without loss of generality,
it is possible to find a local maximum y € X and a neighborhood (z,z) such that
f is monotonically increasing on (z,y) and monotonically decreasing on (y,z). Let
d = inf{f(s) : s € (x,2)}. We have f((z,2)) = (d, f(y)], which is not an open set.
Thus, f is not an open map.

[
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16. Let [z] denote the largest integer contained in x, that is, [x] is the integer such that x —
1 < [z] <z, and let (x) = = — [z] denote the fractional part of . What discontinuities
do the functions [z| and (z) have?

Solution.
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Chapter 5: Differentiation

1. Let f be defined for all real z, and suppose that

f(z) = fY)l < (& —p)*

for all real x and y. Prove that f is constant.
Proof. Fix a y € R. Let € > 0 be arbitrary. Choose § = ¢ and consider x € R

satisfying |x —y| < §. Taking absolute values on both sides of the above condition and
rearranging, we see that

LGEOE

’§|x—y|<5:€
r—y

Hence
f’(y) — lim f(.’[‘) B f(y)

T—y T —y

=0

Since this argument applies to any y € R, we see that f’(y) = 0 for all y € R. Therefore,
by Theorem 5.11, f is constant.

O
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