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1 Introduction: a non-measurable set

Is it possible to define a set function for measure on the real line R which adheres to our

intuition about measure, that is, a function with the following properties
0. The function’s domain is every subset of the R, so A : 2 (R) — [0, o0
1. M(a,b)) =b—a
2. Translation invariance. For all A C R and for all x € R, we have A(A + x) = A(A).

3. Countable additivity. Let A =J; A; and A; N Ay = @ for j # k, then

This is also sometimes called o-additivity.

Note that monotonicity follows from countable additivity. For subsets £ C F' C R, we have

w(E) < ju(E) + p(F \ B) = pu(F)

Today, we show that defining such a function A with the above properties is not possible.
First, define an equivalence relation z ~ y for z,y € R by y — 2 € Q. The equivalence class
is given by

[z]={yeR:y—z€Q}

Let A represent the set of equivalence classes, R /~. We will represent the elements of A
using Greek symbols, «, 3,... It is clear that A is not countable. If not, then the union
UA =R, but this shows that R is the countable union of countable sets. Being that such a
union is countable and R is uncountable, this is a contradiction. Now, form the set {2 C R by
picking exactly one representative from each element of A. We invoke the Axiom of Choice
in the construction of ). Further, we may assume that 0 C (0,1). For any representative
x € ) that is not in (0, 1) initially, we may shift it by the largest integer smaller than it,

that it is, z — |x|. It remains in the same equivalence class after such a shift.
Now, we will prove three properties involving €.

First, we claim that for all p,q € Q, either Q+¢=Q+p,or (Q+¢q)N(Q+p) = 2.

Proof. Suppose that the intersection of these sets is empty. Then we are done. Suppose that
the intersection of these sets is nonempty. This means we may find some = € (Q2+¢)N(Q+p).
We may write © = a + g = b+ p for some elements a,b € ). But then, we see that

a—0b=p—q € Q, which means that a,b are elements of the same equivalence class. We
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cannot have a # b, owing to the construction of §2 as a set containing exactly one represen-

tative from each equivalence class. Hence a = b which implies p = ¢ whence Q+p = Q+¢q. U

So, if ¢ # p, then (2 +¢q) N (2 + p) = @. Now, denoting R = QN [—1, 1], observe that

A <|_|(Q+7~)) =D AMQ+7) < A([-1,2) =3

re€ER reR

By translation invariance ), A(Q2) < 3. We must have A\(2) = 0, otherwise, the above
sum would be unbounded. From translation invariance, we have A(2) = A(£2 + r) for all

r € R, and it follows that A (| ],cx(Q2+7)) = 0. O

Finally, we claim that
o1 C||@+r)
reR
Pick = € (0,1). By construction, there exists some a € 2 so that a € [z]. So, a € (0,1).
Observe that z — a = ¢ € Q and that ¢ € [—1,1]. Additionally, z = a + g € Q + ¢, so that

r € | ],cp(Q2+ 7). Thus, the claimed subset relation follows. O
But now
1=A((0,1)) <A <|_|(Q+r)> =0
reR

This is a contradiction. So, such a function satisfying the four properties above is not pos-
sible. [ |

To construct such a function, we must loosen one of the properties, it turns out the appro-
priate property to loosen is Property 0. We must accept that there are some subsets of R to
which we cannot associate a measure. The goal of the next lectures is to extend a function

with the desired properties to the largest possible collection of subsets of R.
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2 Classes of Subsets: Semi-algebras, algebras, o-algebras
Definition. Semi-algebra
Let ¥ C2(Q). We call & a semi-algebra if it satisfies
1. Qe .
2.IfA,Be Y, then ANBe.
3. If A € &, then there exists some finite sequence of sets Ey,...E, € & so that

A° = |_|?:1 L

The motivation for the third property comes from considering that the complement of the

interval (a,b] is not an interval, but a union of disjoint intervals.

Example. Take 2 = R and consider the collection
{(a,b] | a < b,a,b € R}

We can also consider 2 = R™ with sets of the form (ay,b1] X ... X (a,, b,]. It may be verified
in both cases that these are semi-algebras.
Definition. Algebra
The collection A C % (Q) is an algebra if it satisfies
1. Qe A,
2. ABe A= AnB=A

3.Ae A = Ac A

Observe that it is the last condition that is stronger than that of a semi-algebra. Alterna-
tively, equivalent conditions are that A are nonempty, closed under complements, and closed
under finite unions.

Remark. If A is an algebra, then it is a semi-algebra.
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Definition. o-algebra
We will call a set F C 2 (2) a o-algebra if it satisfies the following conditions

1. Qe F.
2. If {A;}jen is a family of sets where each set belongs to F, then (;cy A4; € F.

3.If A€ F, then A° € F.

Remark. As before, if a set is a o-algebra, then it is an algebra (and also a semi-algebra).
In these three definitions we have a set of increasingly restrictive conditions.

Observation 1. Let Q be a set and let A, C % () be such that A, is an algebra for all
o € I, for an index set I. Then A = ., Aq is an algebra. Verifying this is routine.
Observation 2. The same fact above holds for the intersection of o-algebras of the same
set. These observations are important because we want to speak of the o-algebra generated

by some collection of sets.

Let © be a set and 6 C 22 (Q2). To construct the algebra generated by €, we want an algebra
A with the following property: if B O 6 and B is an algebra, then B O A. To achieve this,

we may simply take
A= () Aa

Aa2C
This intersection has our desired properties. The same construction applies for the generated
o-algebra. Later, we will show that there is an explicit form for the algebra generated by
the semi-algebra. It turns out that all elements of this generated algebra may be written as
finite unions of elements in the semi-algebra.
One key difficulty is that there is no such explicit expression for elements in the o-algebra
which is generated by a semi-algebra. This difficulty manifests when we attempt to extend

a measure from a semi-algebra to a o-algebra generated by a semi-algebra.

Lemma. Let € be a set and let & be a semi-algebra with & C % (€2). Denote A(S)
as the algebra generated by &. A € A(Y) if and only if there exist Fy,..., E, € & so
that | [, E; = A.

Proof. First, observe that the reverse implication is true. If Ey, ..., F, € &, then they are
also in the algebra generated by &. Since A(¥) is closed under complementation and finite

intersection, it is also closed under finite unions. So A € A(S).
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Conversely, suppose that A € A(Y). Define the set

o~ {{1nines)

j=1

We claim that B is an algebra which contains &. It is clear that B O &: we may write any

element in & as a disjoint union of a single set in &. We verify that B is an algebra.

1.

2.

Q€ Bsince Q € 4.
Suppose that A, B € B. We may write A = | [7_, Ej and B = | [[", Fj, where Ej, I, €

& . Taking the intersection, we have

AmB:Qg@>ﬂOﬁﬂ>:£¥;@ﬂﬂ

k=1
where we have used the distributivity of set operations. The set still remains a disjoint
union because it involves the intersections of disjoint sets. Further, £; N F}, € & since
& is closed under intersection. Hence, since we have written A N B as a finite, disjoint
union of sets in &, we have AN B € B.

. Suppose that A € B. Using the same notation as in the previous point, we see that

”Z(U@>=ﬂ$
j=1 Jj=1

Since Ej € &, we know that E7 may be written as a finite, disjoint union of sets
|_|2jj=1 Fj7k‘j in . As a result, we see that

n n j Iy In n
=AU s -0 (1)
j ; ki=1  kp=1 \j=1

Since each set Fji, € &, and & is a semi-algebra which is closed under intersection,

we have (ﬂ?;l Fj,kj) € &. Therefore, we have written A¢ as a finite disjoint union of

elements in & and we conclude that A¢ € B. The stated conclusion follows.

Definition. Additive
Let € C2(Q), @ € 6, and p: 6 — [0,00]. We call p additive if

1. u(@)=0

2. fFy,...,E, €6 and E=|[_, E; €6, then

E) = n(E;)
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Observation. Assume A € 6 so that u(A) < co. We may write
p(A) = (AU @) = p(A) + (@) = @) =0

So, if there is a set where p(A) < oo, the first condition is redundant.
Observation. Suppose that £ C F, that E, F, F\ E € €6, and that p is an additive function
on 6. We may always write F' = F U (F'\ F). Using additivity, we may write

W(F) = p(E) + u(F \ E)

If u(FE) is infinite, then pu(F) = oo by the equation above. Similarly, if p(F) is finite, then
we may subtract it from both sides to see that u(F \ E) = pu(F) — u(E). In both cases,
1(E) < u(F).
Example 1. Discrete measure. Let Q be a set and € C 2(Q). Let {z;};en C Q be a
sequence and {P;},eny be a sequence of nonnegative numbers. Define
/J/(A) = ZP] : HIjEA
Jjz1

It may be checked that p is additive.

Definition. o-additive

With the same setting as the definition of additive, u should be additive and also

fulfill the condition that for a countable sequence of disjoint sets {E;}jeny € 6 with
Ll;en Ej € 6, we have

wE) = u(E)

jeN
Example 2. Let Q = (0, 1) and define
€ ={(a,b] |0<a<b< 1}
Define a function p : 6 — [0, 00| by

00 ifa=0
1((a,b]) = ‘
b—a otherwise

It may be shown that u is additive, but not o-additive.
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3 Set functions

Aside. The notation E, 1 E means that E, C E,;; for all n € N and that J, .y En =
E. Likewise, the notation FE,, | E means that E, O E,,; for all n € N and that

Nhen Br = E-

Definition. Continuity of set functions
Let 6 C 22 () and @ € 6 and p: € — [0,00] and E € 6.

1. We say that u is continuous from below at E if for all {E, },en € €6 with E,, T E,
we have p(E,) — u(E).
n—oo

2. We say that u is continuous from above at E if for all {E, },en € 6 with E, | E
and where there exists some 7y € N so that p(E,,) < oo, we have u(E,) —
n—oo

u(E).

In (2), we actually have u(E,) | u(E) when p is monotone.

Remark. Why do we impose a finiteness condition in continuity from above? If not, we
could consider function A which returns the length of the interval, E,, = [n,c0). In this case,
we have \(E,) = oo for all n € N and that E,, | @. However, lim,,_,o, u(E,) = oo and not

0. We require this finiteness condition to avoid this issue.

Lemma. Let A C 2 () be an algebra. Further, let p: A — [0, 00] be additive.
1. If p is o-additive, then p is continuous at F, for all F € A.
2. If p is continuous from below (at all sets in A), then p is o-additive.

3. If p is continuous from above at @ and that p is finite, then p is o-additive.

Proof.

1. Assume that p is o-additive. Suppose that F € A and E, 1 E. We can make this
sequence disjoint by setting F; = E; and F,, = E, \ E,_;. By construction, we have
Unen Fr = Upen En = E. Further, each of the sets F;, belong to the algebra because
they are defined using sets and their complements in the collection {E,, },en C A. Using
o-additivity and disjointness

wE) =Y p(Fy) = ggOZu(Fk) = lim (U Fk) = lim p(Ey)

k=1
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Now, we want to show that p is continuous from above. Fix F € A and let £, € A
where E, | E and there exists some 7y € N so that u(E,,) < co. We want to show
w(Ey) L p(E). Our idea will be to create an increasing sequence of sets (i.e. we may

imagine this as an annulus with a hole that shrinks). Define
Gy = Ey, \ By, Gr = Ey, \ Btk

Since E,, | E, by its construction, Gy 1 (E,, \ E). Further, we know that Gj € A since
it is an intersection of sets (or complements of sets) in .A. Hence, applying our previous
proof, u(Gy) T u(E,, \ E). Now, using the finiteness of the measures of these sets, we

have
N(Eno \ E) - h]gn :U’(ETIO \ Eno+k)
M(Eno) - :U'(E) = ILL(ETYO) - 1i’£n M(EnoJrk)

Cancelling terms on both sides yields our desired identity.

2. Suppose that j is continuous from below. Let E = | |, .y Ex, where E, E}, € A. Since
LI, Ex € E, we see that

n

ZM(Ek) = (I_l Ek) < pu(E)

k=1
where we have used the additivity of p and monotonicity. Since this holds for all n € N,
we may pass to the limit to conclude ), . p(Ex) < p(E).

Define a sequence F,, = UZ:1 E).. Note that F,, € A and F,, T E. Since p is continuous
from below, we see that p(F,) T u(E). But by additivity, this means > ;_, u(Ey) T
p(E) and combined with the inequality from before, we have ),  p(Ex) = u(E).

3. Suppose that u is continuous from above at @ and that u(Q) < co and E = | |2, Ex
and F, E, € A. Define

n—1
F,=E\| | E
j=1

Then, F,, € A and we see that F,, | @. Further co > () > u(Fy). So, using continuity
from above and the finiteness of u(F), we see that p(F,) L 0. We compute

w(E) = p <|i| E, U |_|Ek>

k=1 k>n

which shows that p is o-additive.

Remark. Example 2 in the previous lecture is an example where the measure is continuous

from above at @ and not finite and additive, and as a result, it is not o-additive.



3.1 Extending the Set Function 12

3.1 Extending the Set Function

We begin our extension now.

Theorem. Ezxtending an additive function on a semi-algebra
Let & C 2(Q) be a semi-algebra. Let p : & — [0,00] be additive. There exists
v: A(F) — [0, 00] with the following properties

1. v is additive.
2. v(A) = p(A) for all A € . This means v is an extension.

3. The extension v is unique. To be explicit, let py, p2 : A(F) — [0,00]. If p1(A) =
p2(A) for all A € &, then py(E) = po(E) for all E € A(S).

Proof. By the previous lemma, we know that every set in the generated algebra may be

written as a disjoint union of elements in the semi-algebra:

A€ AY) = A=| |E, Eje¥
j=1
How do we define our function v? The natural thing is to use our identity above and the

condition that v must be additive to see that

n n

v(A) = 3 (B = Y ()

j=1
where the first identity should follow via additivity and the second identity should follow

since v is an extension. So, we propose the definition
v(A) =3 u(E;)
j=1

0. We must show that v is well-defined, since there may be different ways to form a disjoint
union of a set A. Assume that A may be written A = |_|Z”L:1 Fy, for Fi, € . We must
prove that v(|[;_, F) = v(LI;_, ;). Observe that £; C A= |[’, F}. Consequently

Ei=En| |F.=|]|EnF
k=1 k=1
Since Ej, I, € &, so is their intersection. Note that we have written £} as a disjoint
union of sets in &. By the additivity of u, we know that u(E;) = > ;" u(E; N Fy).

But now, we may substitute into the definition

v(A) = ZM(EJ') =D > uwlEB;NE) =) u(F)

j=1 k=1 k=1
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where the last equality follows by the symmetricity of the expression (i.e. we may make

a similar argument to expand p(Fy)). As a result, v is well-defined.

. We want to show v is additive. Let A be as before and B = | |;" | F; for F}, € &

and AN B = &. Now, since A and B are disjoint, so are subsets of each. Hence
AUB = |Jj_, Ej Ui, Fr. By definition, using this representation of AU B as a
disjoint union of sets in &, we may write

m

VAUB) =Y u(B;) + " u(B) = v(4) + v(B)

k=1

. It follows from our definition of v that for all A € &, we have v(A) = p(A) (each set in

& is a disjoint union of one set). So v is indeed an extension.

. We know that v is unique because we had no choice in how we defined it. However, we

make the check here more formally. Suppose w1, g : A(F) — [0, 00] are both additive
and g (A) = ua(A) for all A € &. Let B € A(¥). Using the lemma again, we may
write B = | |, Ej, with E; € #. We compute
pi(B) = (B = pa(Ej) = pa(B)
P j=1

Thus, the extension v is unique.

Proposition. Using the same setting as the theorem before, if u is o-additive on &,
then v is o-additive on A(Y).

Proof. We assume that p is o-additive on . Let A = | |2, A; with A, A; € A(¥). We
want to show v(A) = > 7| u(A;). Since A belongs to the generated algebra, we may write
A=

LIj—, Ej for E; € &. Similarly, since A, € A(¥), we may write

my,
A= |_| Ehy
=1

where Ej,; € . We have the following sequence of identities

k=1

oo Mmyg oo Mg
=E;N <|_| I_lEk:l) = |_||_|EjﬂEk7l

k=11=1 k=11=1
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So, we have expressed an element of the semi-algebra as a countable, disjoint union of
elements of the semi-algebra. Using the o-additivity of u, we have

oo my

p(E;) =Y u(E;N Eyy)

k=1 I=1

Also, we know that v(Ag) = > w(Ex,). Further By, = E,, NA= 2?:1 Ey.NA;. Thus,
by the additivity of u, we see that u(Ey,) = 7 u(Ex, N Ej). Putting everything together

)

and using substitution

v(A) = u(E;) = > ulE; 0 Eyy)
= w(Er) = v(Ay)
k=1 I=1 k=1
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4 Carathéodory’s Theorem

In the previous lesson, we showed how we may extend a function p : & — [0, 00] that is
additive (o-additive) on a semi-algebra to a function v : A(¥) — [0, 00| which is additive
(0-additive) on the algebra generated by . The goal of today’s lecture is to extend v to a
o-additive function 7 : o(&#) — [0, 00] on the o-algebra o(¥).

Recall that & C 2 (Q), for some set Q2. There are few steps.

1. We begin by considering an outer measure 7 : % (£2) — [0, o0].

2. Then, we will introduce a set M, the set of measurable subsets of 2. We will show
that M is a o-algebra which contains the algebra A (and by definition, the o-algebra
generated by A as well).

3. Further 7* is o-additive and 7*

M

4, = v (ie it is an extension of v).

4. Finally, we show that this extension of v is unique under certain conditions.

4.1 Constructing 7*
Let A be an algebra. To construct 7* : 22 (2) — [0, oo], for any A € Q, define
m*(A) = inf {Z v(E) | Eie A AC| E}
i=1 ieN

Note that Y .2, v(E;) is well-defined since each E; € A. Further 7* is well-defined because

the entire set Q2 € A, so there is always some set which covers A.

Definition. Quter Measure
Let p: 6 — [0,00], € C2(Q), and @ € 6. We call u an outer measure if it satisfies

1. w(@)=0
2. Monotonicity. E C F and E,F € 6 = u(E) < u(F).
3. Countable sub-additivity. If E, E; € ‘6 and E C |, E;, then p(E) < >, u(E;)

Remark. Countable additivity usually implies monotonicity. Countable sub-additivity is

not enough to imply monotonicity, so monotonicity must be required as a separate condition.
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Proposition. 7* is an outer measure.

Proof.

1. The collection {@};en is a collection of sets belonging to A and which covers @. But
then

(@)<Y v(@)=0
i=1
By definition, 7*(A) > 0 for any A C 2. Thus, 7*(&) = 0.

2. Consider E C F'. Any covering of F'is a covering of E. Hence, the set F of coverings of
F is a subset of the set £ of coverings of E. But then 7*(E) < 7*(F') by the definition

of infimum (7*(F£) is a lower bound for the set of coverings of F).

3. Suppose that £ = E; for E, E; € A. We may assume that for all i € N, 7*(E;) < oc.
If not, then the inequality of 7*(£) and ), 7*(E;) is immediate since the latter value
will be infinite.

Fix an € > 0. Since 7*(E;) is finite, by the definition of infimum, we may find a sequence

of sets { H; i }reny which covers E; and satisfies

() < > v(Hig) < 7 (B) + o

keN

But notice that {H; .} ren is a countable covering of E. Hence
* " e B .
™ (E) < ;’/(HZEW < ;77 (Bo) + 5 = ;W (Ei) +¢

Since this holds for every ¢ > 0, we have obtained our claim that 7*(E) < Y% 7*(E;)

Therefore 7* is an outer measure. [ |
4.2 Carathéodory’s condition and the Carathéodory o-algebra
Let M be a collection of subsets of 2 (€2). We say A € M if for all £ C 2, we have

7 (E)=7m"(ENA)+7"(ENA°

Remark. We always have 7*(E) < 7#*(E N A) + 7*(E N A°) by the sub-additivity of the

outer measure.
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Proposition.
1. MDA

2. M is a o-algebra.

Proof.

1. Let A € Aand E C Q. It suffices to prove 7*(F) > 7*(E N A) + n*(E N A°). This
inequality holds trivially if 7*(E) = oco. Assume that 7*(F) is finite. Let ¢ > 0. By

the definition of infimum, we may find a sequence of sets {F;};cny which covers E and

where E; € A and
E) < Zl/(Ez) <7m*(E)+e¢
i=1

Since E; € Aand A € A, we have E;NA € A Also, ENAC JZ,(E;NA). Since

these sets are a covering of E'N A, we have
“(ENA) <) v(ENA
=1

Similarly, since A¢ € A, it follows that 7*(E N A°) < >°° v(E; N A°). Summing the

expressions and using the finite additivity of v, we have
T(ENA) + 7 (ENA) <Y v(ENA)+v(ENA) =) v(E, (E)+¢
i=1 =1

Since this holds for all € > 0, the desired inequality follows, and A € M. Thus, M D A,

and every set in the algebra A is measurable.

2. Observe that 2 € M since 2 € A, by the first statement. Further, if A € M,
then A° € M because the Carathéodory condition is symmetric with respect to the
complement:

mT(E)=m"(ENA)+r"(ENAS, VECQ
Lastly, we want to show that if A; € M for all j € N, then [J; 4; € M as well. To
proceed, we prove this step for finite unions and then pass to countable unions. Suppose
that A, B € M. Applying the condition to E and E'\ A and then making a substitution

in the last equation, we get:

7 (E)=7n"(ENA)+ 7" (ENA°)
T (ENA)=m"(E\A)NB)+ 7" ((E\ A)\ B)
= (E\A)NB)+ 7" ((E\ (AUB))
m(E)=m(ENA)+ 7 (E\A)NB)+ " ((E\ (AU B))
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By countable sub-additivity of outer measure
T (EN(AUB)) <7 (ENA)+7"((E\A)NB)
To elaborate, we claim that EN(AUB) C(ENA)U((E\ A)N B). We may compute
[EN(AUB)NAJU[[EN(AUB)NA]=(ENA)U(((ENA°))NB)
So, the previous inequality holds, and together, we have
T(E)=m"(ENA)+7(E\A)NB)+7"((E\ (AUB))
> (EN(AUB))+ 7" (EN(AUB)%)

Hence, M is closed under finite unions.
Assume that A; € M and set A =[J; A;. We need to show

T (E) > (ENA)+ 7" (EN A
Since M is closed under finite unions, we may write

(E) > r* (EHOAj) + 7" <E\OAJ> (*)

N

2m* (E\U?il A;)
for all n € N. Notice that £\ J;_, 4; 2 £\ U;Z, A;, so by the monotonicity of outer
measure, 7" (E \Uj—s Aj> > 7* (E VU, Aj>. So, it remains to show the inequality
for the remaining summand. Define the sequence of disjoint sets F; = Ay,... F, =

An\U?? A;, ... By construction, we see that F,, € M since these are finite intersections,

unions, and complements of sets in M, and J;Z, 4; = | |2, Fj. We claim that

T <Eﬂ|i|Fj> = iﬂ'*(EﬂFJ)
j=1 =1

We proceed by induction. The base case is because we are asserting that something is
equal to itself. Assume the inductive hypothesis holds for F;,. Note that since I} € M
for all £ € N (we have shown that M is an algebra), F,; satisfies Carathéodory’s

condition, that is

n+1 n+1 n+1
* (Eﬂ |_|Fj> = <Em UijFnH> + 7 (Eﬂ |_|ij1?,§+1>
j=1

j=1 j=1
=1 (EN Fpyy) +7* (E n| | Fj>
j=1
n+1

=Y m(ENEF)

J=1
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where the last equality follows by the inductive hypothesis. The disjointness of F; was

important for this inductive argument. Using our claim, we now have

™ (EQOAJ) =7 (Eﬂlij> :iﬂ*(EﬁFj)
j=1 j=1 j=1

Putting this together with equation (x), we have

m(E) > 7" (Eﬂ OAJ) + 7 (E\ GA])

- zn:w*(Eij) + (B \ A)

=1

<.

> (ENA) + 7 (E\ A)

where we pass to the limit and use countable sub-additivity of the outer measure to
obtain the last inequality. To be precise, since 7*(E) > > 7 7" (E N Fj) + 7*(E'\ A)
for all n € N, we have

T (E) > nh—gloiﬂE NF;)+ 7 (E\A)

We use countable sub-additivity to reach the last expression. Therefore, M is a o-

algebra. From these two assertions, we know that M D o(A).

4.3 Showing extensions and c-additivity

For our last step, we want to show that 7* : M — [0, o¢] is o-additive and that it extends v.

Proposition. 7* extends v.

Proof. To show that 7* extends v, we must show that for all A € A, we have 7*(A) = v(A).
The inequality 7*(A) < v(A) follows from considering the covering {A, @, &, ...} and using
the definition of the outer measure 7*.

T (4) < 3 v(E;) = (A)

Now, we must show the reverse inequality. Let {E;};en be any cover of A with E; € A. It
suffices to show that v(A) < > 7 v(E;). Form the collection of disjoint sets {Fj}jen by
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setting F; = Ey and Fj; = E; \ Uf;ll E;. Since every set I is formed by a finite sequence of
set operations (union, intersection, complement) of sets in the algebra A, we have F; € A
for all j € N. Further | |2, F; = U2, E; by construction, so A C | |2, Fj. From the set
inclusion, we know A = AN |_|;)il F;. We use the o-additivity of v to obtain

V(A):V<|_|AHFJ~> Z (AN E;) SZV
j=1 j=1 Jj=1

where the last inequality follows the from monotonicity of a o-additive function (AN F; C
F; C Ej;). Since this holds for any cover of A, taking the infimum, we have v(A) < 7*(A).
Thus v(A) = 7*(A) for all A € A, showing that 7* extends v. |

Proposition. 7* is o-additive on M.

Proof. Let {A;}jen € M be a disjoint collection of sets and set A = (J;Z, A;. Since 7* is

an outer measure, we have
o0
A) <Y (A)
j=1

In the previous proof that M is a o-algebra, we showed via induction that

" (Eﬂ'ilﬂ) :iﬂ*(EﬂFj)
j=1 j=1

Taking ¥ = A and F; = A;, we have
= (04) - 3w
j=1 j=1

But then by monotonicity, we know that 7* (U;’;’l Aj> > 7t <|_|J 1A ) > i T (Ay).
(A

Taking the limit as n — oo, we see that 7*(A) > %, 7*(A;), which yields the reverse

inequality. Hence 7| is indeed o-additive. [

4.4 Uniqueness of 7 on o(A)

Definition. o-finite
Let (€, M, ) be a measure space. The set §2 is o-finite if there exists a collection
{E;}jen € M so that E; 1 Q and p(E;) < oo for all j € N.
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Definition. Monotone class
Let Q be a set and G C 2 (Q2). We call G a monotone class if

L. IfAjeGand A; C Ajy, forall j €N, then A=J7Z, 4; €G.
2. If Bj € Q and Bj 2 BjJrl, then m]oil Bj S Q

Essentially, we are saying that G is closed under increasing and decreasing sequences

of sets in G.

Proposition. If {G,}.er is a collection of monotone classes with G, C 22 (), then

ﬂae ; Yo 1s also a monotone class.

Remark. The above proposition means that it makes sense to define the smallest monotone

class generated by some set € C 2 (2) as
G(€)= () Ya
Ga 2
Note that this expression is nonempty since % (£2) is a monotone class which contains 6.

Lemma. Let A C 2 (Q) be an algebra. Denote the monotone class generated by .4
by M(A), then

We will prove this lemma in the next lecture.

Proposition. Suppose that py, pg @ 0(A) — [0, 00] are two o-additive functions and
,u1| 4= ,ug} 4 and Q is o-finite with a decomposition that belongs in the algebra A.
Then

My = p2

Remark. In the context of the previous proofs, we are considering the extension of v : A —

and claiming that the restriction of this measure to the smaller o-algebra,

[0,00] to 7,

, is unique when v is o-finite. In the wording of Folland, if the premeasure is o-finite,

*

™

a(A)
then the measure which is extended to the generated o-algebra (via Carathéodory’s extension

theorem) is unique.
Proof. Since Q is o-finite, there exists some {Ej}jen C A so that (J;oy Ej = 2 and
p1(E;) < oo for all j € N. Fix some n € N and define

B, ={E € o(A) | m(ENE,) = ue(ENE,)}
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We claim that B, = o(A). Clearly, B, C o(A), by the definition. For the reverse inclusion,
notice that B, D A. This is because for any set A € A, we have A€ Aand ENA € A,
so w1 (FNA) = ps(E N A) by assumption and so A € B,,. Additionally, we claim that B,
is a monotone class. To show this, pick a sequence {A;};ey € B, so that A; C A;4y and
let A= U;’;l A;. Since A; € B, we have pui(A; N E,) = ua(A; N E,). Since py and po are
o-additive, they are continuous from below, and by taking the limit and noting that each

term of both sequences are equal
m(ANEy) = pa(ANEy)

On the other hand, consider a sequence {B;}nen C B, where B,, O B, 41 and B = ﬂjGN B;.
Since B; € B,,, we have p;(B; N E,) = pu2(B; N E,,). Also, since py(B; N E,) < 1 (E,) < 00

and p is o-additive, it is continuous from below, meaning that
lim i (B; N Ey) = m (BN E,)
Jj—00

Since the same argument holds for us, we have py (B N E,) = pue(B N E,) by comparing
the terms of both sequences again. Thus B, is a monotone class. Since B,, is a monotone
class and B,, 2 A, we see that B,, O M(A) = o(A) using the lemma about the equality of
a monotone class and a o-algebra which are both generated by the same algebra. Hence,
B, =oc(A).

Lastly, we wish to show that p(A) = pe(A) for all A € o(A). Let A € 6(A). Then, A € B,
and we have u1(ANE,) = ua(ANE,). But since £, T Q and p; and py are o-additive, these
functions are continuous from below and we may write

pi(A) = lim py (AN E,) = lim (AN Ey) = pa(A)

J]—00 J]—00

This shows the extension is unique. [ |
We conclude with some remarks. The theorem or construction that we proved above is
called Carathéodory’s theorem. The point is that we are able to extend a function which is
o-additive in an algebra to a function which is o-additive on the Carathéodory o-algebra, and
that the extension to the generated o-algebra is unique under the condition of o-finiteness
of Q (relative to v and the algebra).

Note that the condition of o-finiteness is crucial, and that the extension may not be unique
without it. Further, note that the Carathéodory o-algebra M depends on the outer measure

7*, which in turn depends on the premeasure v on which we started.
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5 Monotone Classes

Recall the definition of a monotone class. As a quick reminder, a monotone class M C % (Q2)
satisfies the conditions below. Let {A;};en € M.

1. If A; 1 A, then A € M.
2. If A; | A, then Ae M
Remark. We make a few observations
1. If F is a o-algebra, then it is a monotone class.

2. If M, € 2(Q) for all a € I are all monotone classes, then the intersection (1,.; My is

a monotone class.

Recall that the second observation is what allows us to define the smallest monotone class
which contains some set € C 22 (£2). We will call this the monotone class generated by 6
and denote it M(6).

Theorem. Generated monotone class equals generated o-algebra
Let A C 22(Q2) be an algebra. Then

Proof. Since o(A) is a o-algebra, it is a monotone class. By definition, it contains A. So,
since o(A) is a monotone class containing A, we have M(A) C o(A).

The reverse inclusion is the nontrivial part. By definition, we know that 4 C M(A). Our
strategy will be to show that M(.A) is a o-algebra. First, we show that M(.A) is an algebra.
Let E € M(A) and define the set

G(E) ={F e M(A) | (E\F),(ENF),(F\E) e M(A)}
Claim. If E € A, then G(E) O M(A). To prove this, we show the two properties below

1. G(E) O A.
Take some H € A. Since A is an algebra and we have assumed F € A, we know that
E\H,ENH,H\F are elements of A, so they also belong to M(.A). Hence, H € G(E).

2. G(FE) is a monotone class.
Assume that Hy T H and {Hy}ren € G(F). From this, we know that H € M(.A) since
M(A) is a monotone class. By definition, £\ Hy € M(A) and (E'\ Hy) | (E'\ H). But
since M(A) is a monotone class, it follows that F\ H € M(A). Now, since Hy, € G(E),
it follows that £ N Hy, € M(A). But then (EN Hy) 1 (E N H), and since M(A) is a
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monotone class, EN H € M(A). Similarly, (H, \ E) T (H \ E) and H\ E € M(A).
We conclude that H € G(FE) and that G(F) is closed under increasing sequences. A
similar argument shows that when we consider a decreasing sequence Hj; | H with
{Hy}ken C G(E), we also have H € G(E). Thus G(F) is a monotone class as it is closed

under increasing and decreasing sequences.

With these two properties above, we conclude that G(E) O M(A). Next, we make an
analogous claim which relies on proving two similar properties.

Claim. If E € M(A), then E € G(E).

1. G(E) is a monotone class.
The proof of this item is identical to that of the previous one (the membership of F
does not change anything).

2. G(E) 2 A
Take H € A. It is clear that H € M(A). But, by the first claim, we know that
G(H) O M(A). However, since E € M(A) by assumption, then £ € G(H), which
means that E\ H,(ENH),H\ E € M(A). Thus, H € G(F).

Now we must show that M(A) is an algebra.
1. We have Q € M(A) since Q € A.

2. Suppose E € M(A). By our first claim above, then E € G(€). But this means that
Q\E=FE € M(A).

3. Let E, F € M(A). The second claim shows that G(E) 2 M(A). Also, F € M(A), so
F € G(E) by the previous subset relation. But then by the definition of G(E), we have
that ENF € M(A).

Finally, we show that M(A) is a o-algebra. It suffices to show that it is closed under
countable unions. Let {A;}jen € M(A). Since M(A) is an algebra, we know that | J;_, A; €
M(A) for all n € N. But since M(A) is a monotone class, it is closed under increasing
sequences, so it follows that [ J72, A; € M(A). Hence M(A) is closed under countable unions
and it is a o-algebra. Since M(A) is a o-algebra containing A4, we have M(A) D o(A).
This proves our desired equality. [ |
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6 The Lebesgue Measure

The purpose of this lecture is to use Carathéodory’s theorem to construct the Lebesgue
measure. The Lebesgue measure is the measure which extends - to the o-algebra generated

by the intervals - the concept of length.

6.1 Constructing a length function on the semi-algebra
Let & C 2 (R) be given by
S ={2,R, (a,b], (a,00),(—o0,b]}

where (a,b] are the half-open intervals with a,b € R and a < b, and the other intervals are
defined similarly.
Define p: & — [0, 00] by

b—a, ifa,beR,a<b

p((a, b)) =<0, ifa,beR, a=1b

00 otherwise

Above, we think of a,b € R and allow the case where a = b so that we can get the empty set.

Our goal will be to show that y is o-additive, that is, for all {A;}jen €&, if A=[[72 A; €
S, then

7 <|_| Aj) = ZM(AJ‘)

We have seen that it is possible to uniquely extend p to a o-additive function v : A(Y) —

[0, 0] on the generated algebra.
Proposition. p is o-additive.

Proof. Let Aj,A € & with A = |72, A;. We want to show that pu(A) = >°72 u(A;). It
will be sufficient to show that v(A) = 77 v(A;), we prefer this identity since we know
that the finite unions are defined on the algebra A(Y), but they may not be defined on
the semi-algebra &. More explicitly, we will extend the (finitely) additive function p to the
additive function v, prove that v is o-additive and this will imply that p is o-additive.

By monotonicity and finite additivity of u, we have

v(A) > v (|_| Aj> = ZV(AJ-)

Taking the limit shows that v(A) > >, v(A;). It remains to show the reverse inequality,
v(A) <3057 v(4)).
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First, assume that A = (a,b] for a,b € R, and that A; = (a;,b;] and A =| [7Z| A;. Let e > 0.
By our assumptions, we may write (a,b] = | [;2,(a;,b;]. Observe that [a +¢,b] C (a,b] and
;2 (aj,b5] € U2 (aj, b + 57). Using the fact that [a +

(aj,b; + %), we may obtain a finite subcover so that

+ ¢,b] is covered by the open sets

m

(a+¢,b] Cla+e,b C U (ajk,bjk + ) O (ajk,bjk + }

k=1 k=1

7 (ot 37

9
(bi-ai+5)

N

But using the monotonicity of v, we have

v((a+e,b]) <v (O (a]k,b]k + 2%]) <

k=1

NE

B
Il
—_

We see that

T

1

b—a—€§Z<bjk—ajk+2%> <
k=1
= (b
j=1

Since this holds for all €, we have shown v(A) <77 v(4;) for this case.

<
Il

To extend this result to all cases, define E,, = (—n,n| and note that E, 1 R. Fix an A € &.

We claim that A N E,, is also an element of the semi-algebra. This follows from casework.
1. ANE, =2.
2. ACE,=Aor E, CA=F,.
3. We have an interval of the form (a,b] where the left endpoint is from A and the right
is from E,, or vice versa (including cases with infinity).
Also, we claim that
1. v(A) = nh—{go v(ANE,)
2. ANE, = |_|;?';1Aj N E,, note that A, N E, € &.

Now, we are under the same conditions as in the case we proved above, so we have

v(ANE,) < iy(Aj NE,) < il/(A )

Since this holds for all n € N, the limit is bounded by this quantity, so ¥(A) <3772, v(4;),
as desired. Therefore p is o-additive. |
So, starting from the length function p we defined above on a semi-algebra &, we are able
to uniquely extend it to a o-additive function v on the algebra A(¥). Using Carathéodory’s
extension theorem, we may further uniquely extend v to 7* on the o-algebra o(.A). This is

since R is o-finite.
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7 Complete Measures

In this lecture, we will see the relationship between complete measures and Carathéodory’s
extension theorem. Recall that in Carathéodory’s theorem, we extended a set function to
a o-algebra that contains the generated o-algebra. There is a relationship between the

o-algebra of measurable sets and complete measures.

Definition. Complete Measure

Let F C 2(Q) be a o-algebra. Let p : F — [0,00] be a measure. We call the pair
(u, F) complete when the below implication holds.

If Ae Fand p(A) =0and E C A, then E € F.

Remark. By the monotonicity of the measure, we know that u(E) = 0. Notice also that
the definition does not depend on the fact that F is a o-algebra, so it is also alright, but

uncommon, to call a collection of sets with this property complete.

7.1 Completing a o-algebra and a measure

Let (€2, F, i) be a measure space. Define

F={AUN|AcF,NCEcFand u(E)=0}
Proposition. F is a o-algebra.

Proof.
1. We may write Q = QU @, s0 Q € F.

2. Assume that A € F. We may write A = EUN for E € F and N C H such that
w(H) = 0. We see that

A= (EUN)*=[(EUN)NH|U[(EUN)* N H*]

(.

-~

cH

So, it suffices to show that (E'U N)°N H¢ belongs to F. But (FEUN)*NH® = E°N
N NH¢=FE‘NH. But E,H € F,so E°N H® € F and we have A° € F.

3. Lastly, we must show F is closed under countable unions. Let {A;};en be a sequence
of sets in F. By definition, we may write A; = E; UN; for E; € F and N; C H; where
H; € F and p(H;) = 0. We write

o0

U4 =UEuN)=EuvlJN
j=1 j=1 j=1

J=1
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But since £; € F for all j € N, we have J;Z, E; € F. Further, U2, N; C U2, H
Since p is a measure, we see that

H <U Hj) < ZN(HJ) =

It follows that F is closed under countable unions.

[ |
Remark. It is easy to see that F C F.

Now, we want to define an extension of the measure u, denoted 77 on the o-algebra F.
Observe that we should have

A(AUN) < F(AUE) = p(AUE) = p(A) + p(E) = pu(4)
4(A) = (A) < FAU N)
So, any reasonable extension fi must be defined as (AU N) = p(A).

Proposition. The extension 77 on F defined by i(A U N) = u(A) is a measure.

Proof. First, we show that @ is well-defined. Let A, B € F so that N C E € F with
uw(E)=0and M C F € F with u(F)=0and AUN = BU M. Notice that

ACAUN=BUMCBUF
By monotonicity
1(A) < p(BUF) < pu(B) + pu(F) = pu(B)
A symmetrical argument shows that u(B) < u(A), hence pu(A) = u(B).

Second, we should verify that 7z is an extension of p, this means that ﬁ‘ » = . But clearly
i(A) = (AU @) = u(A)

Lastly, we want to show that 7z is o-additive. Let {A;} C F is a sequence of disjoint sets
and set A = |_| ° | A;. Using the definition of F, we may write A; = E;UN;, where N; C H;
and p(H;) = 0. Also

A= |4 =B u||N
j=1 j=1 j=1

But in the above, we have written A as a representation of a set in the o-algebra and a null

set, so

ZM<QEJ> Zu i (4;)

7j=1
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Proposition. (i, F) is complete. Sometimes we may say F is fi-complete.

Proof. To show this, we need to show that if f(F) = 0, then for every A C FE, we have
A € F. Since E € F, we may write it as £ = BUN where B € F and N C H with H € F
and p(H) = 0. But

ACFE=(BUN)C(BUH)eF

So, by monotonicity and sub-additivity, we see that
p(BUH) < pu(B)+ p(H) =0

For the last equality, note that 7i(E) = u(B) = 0. So, we can write A = @UA. Since & € F
and A is contained in a null set of F, it follows that A € F. [ |
Remark. This sequence of propositions shows that it is always possible to complete a
measure.

Remark. It is important to notice that the extended o-algebra F depends on the measure
. So we should denote this symbol J_Eu to be explicit. If we extend using a different measure,

we may get a completely different o-algebra.
Proposition. The extension fi: F,, — [0, 00] of p : F — [0, 00] is unique.

Proof. Let v : F — [0,00] be another extension of u. Take B € F, then we may write
B=FEUN for € Fand N C H € F with u(H) = 0. Observe that

f(B) = p(E) = v(E) < v(EUN) = v(B)

On the other hand

Recall the construction of outer measure 7* and the Carathéodory o-algebra M from the

previous lectures, we obtain a measure by restricting 7* to M.
Proposition. M is 7*-complete.

Proof. Let A C B and B € M and 7*(B) = 0. To show that M is complete, we must show
that for all £ C €2, we have

T (E) > (ENA)+ 7" (EN A
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But notice that EN A C A C B. Hence, by monotonicity
T (ENA) <7*(B)=0

Further 7*(E) > 7*(E N A°) by monotonicity. Summing these two relations gives us the
desired inequality. Thus, A € M. [ |
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8 Approximation Theorems

Theorem. Approzimation by sets in the algebra
Let A C 2(Q) be an algebra and let F := o(A). Let p: F — [0,00] be a measure,
A e F,and u(A) < co. Then for all € > 0, there exists E € A such that

w(EAA) < e

Proof. Fix some A € F and assume that p(A) < co. Let v be the premeasure and recall
that

[e.9]

plA) =7 (4) = inf 3 v(4)

where A; € A and A C |, A; for any collection {4;};en. By the definition of infimum and

since p(A) < oo, we may find a collection {A;};en satisfying
m(A) <> v(A) < 7H(A) €
i=1
Thus, there exists an index ng so that )., v(4;) <e.

Aside. To see this, just set S = >>° v(4;) and S, = >, v(A;). This will follow
from the definition of convergence, since there exists some N € N such that [s—s,| < &
for all n > N.

Based on this index ng, we now have our candidate set as an estimate. Choose
no
i=1

Since A; € A and F is a finite union, we see that £/ € A. We want to show that 7*(E\ A) < &
and 7 (A \ E) < e. For the first inequality, observe that

™ (E\ A) < n* (U A\ A) =7 (U AZ) — 7" (A)
i=1 i=1
<3 w(A) - (A) <
i=1
For the second term, observe that

T (A\E) < 7" (DAZ-\GA]) §7r*< U Aj> giw*(Aj)q

j>no+1
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Note that 7* (U;’il AN\UE, Aj> < 7 (szqm+1 Aj> is inequality and not equality since
these sets may not be disjoint (i.e. suppose one of the A; is repeated later on).

Since both of these quantities are bounded by ¢, this concludes the theorem. Notationally,
we remark that p and 7* are the same thing (on the o-algebra, and similarly for v on the

algebra).

[ |
Remark. If Q2 is o-finite with respect to p, then recall that we are able to make the
completion i : F — [0,00]. In this case, for any A € F, for all ¢ > 0, there exists some
E € A for which the above approximation theorem applies. The assumption of o-finiteness

is needed to guarantee the uniqueness of the extension of y from the algebra, and to F.

8.1 Regular Measure

Let © be a topological space and let %8 indicate the Borel o-algebra. Let p : F — [0, 00] be

a measure and F D 9B.

Definition. Regular
In the setting above, p is regular if for all A € F and for all ¢ > 0 there exists
F C A C @G, where F is closed, GG is open such that

WG\ F)<e

Remark. Here, we do not assume that p(A) is finite.
Remark. It is equivalent to require that u(G\ A) < e and u(A\ F) < e.
To see this, first note that G\ A and A\ F are disjoint sets and (G\ A)U(A\ F) =G\ F.

So, using the countable additivity of measure

WG\ F) = u(G\ A) + u(A\ F)

Remark. Above, we assumed that 98 C F. If p is regular, then it may be shown that
FCB,.
Suppose that A € F. Since p is regular, for n € N, we may find open sets

F,CACG,

where F,, is closed, G, is open (and thus both belong to % by definition). Also, we have
that (G, \ F,) < +. Denote F = |,y Fr and G = (,cy Gn, then F,G € % and that
F C A C (. Further

neN neN

G\ F) < p(Gu\ F) < p(Gn \ Fr) <

S|
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Now, since this is true for any n € N, we conclude that u(G \ F') = 0. Finally, we may write
A=FU(A\F)

where FF € B and A\ F C G\ F. Hence, this shows that A may be written as a union of a
set in % and a null set relative to u, that is, A € @u.

Theorem. Regularity of the Lebesque Measure
Let p: £ — [0, 00|, where £ is the Lebesgue o-algebra. Then, y is regular.

Proof. To reiterate, the regularity of ;1 means that for all A € & and for all € > 0, there
exists I C A C G with F' closed and G open so that (G \ F) < e. Note that we do not
require A to have finite measure.

Fix e > 0 and some A € £. We aim to find an open set G so that A C G and u(G\ A) < e.
Our first goal is to ensure the measure of A is finite. Set E,, = [-n,n] and A, = ANE,. By
monotonicity, we see that u(A4,) < 2n < oco. Since p(A,) is finite, there exists a sequence
{By i }ren so that By, € A and A,, C |J, oy Bnx and via the definition of infimum,

[e.9]

9
p(Ay,) < /L(Bmk) < u(An) + on
k=1

Since A = J,,en
sets. Since B, € A and is bounded, we may write

AN E,, we have a cover for A via B, ;, but we need this to consist of open

ln k
Bug = | | Tk,
=1

where I, ; = (angj, bnk;]. We may transform these intervals into open sets by picking
some 0,5, > 0 and setting ¢, 5 ; = bukj + Onpj- Let Juk; = (Qnkj, Cok,j) and note that

Likj C Jukj. So, we have

ln,k

Bn,k g Gn,k - U Jn,k,j

j=1
Thus, by monotonicity, we have
ln,k
€
,U(Bn,k> S p <G"’k) < ; [”,k:j + 5n,k7j < M(Bn,k) + W

Above, we have chosen ) ; Onkj < ggr- Also, Gy is open by construction. Next, we have

An g G Gn,k = Gn
k=1
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where G,, is open since it is the union of open sets. We have

i( 2n2k> Zu nk) +—_u(A)+§—i

k=1 k=1

Define G = |J;~, G,. Clearly, G is an open set. Since 4, C G, for all n € N, we have
A C @. Finally, we compute

gy

neN neN
<SG\ A) = 3 u(G) — p(A,) < 2
n=1 n=1

To finish, we must find a closed set F' C A such that F' is closed and pu(A\ F) < e. To do
this, consider A° € £. By the first part of the proof, we may find an open set H so that
A C H and p(H \ A°) < e. So, ' = H¢ is closed and F' C A by taking complements on
both sides. We have

A
NE
E

PANF) = p(ANF) = p(H N A) = p(H 0 (A)) = p(H \ A%) <e

[
Notation. We may refer to the intersection of open sets as G sets and the union of closed
sets as F, sets.
Remark. Using the theorem above, for all A € £, we may find R € F, and S € G so that

w(S\ R) = 0. So, if we want an exact approximation we must go to F, or Gy sets.
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9 Integration: measurable and simple functions

Let (Q,F,p) be a measure space. Let f : @ — R be a function. We want to define the
notion of an integral I(f) with the following properties

1. Linearity. I(af +g) = al(f) + I(g)

2. I(f) should be defined for the largest possible class of functions. Also, if f > 0, then
we should have I(f) > 0.

3. If f, 1 f and f, > 0 for all n € N, then we should have I(f,) 1 I(f).

We spend a few minutes discussing the difference between the intuitive notions of the Rie-
mann and Lebesgue integrals, using the picture of the vertical and horizontal slices. One key
idea is that in order for the picture of integration with respect to measures to make sense,
the preimage of the function on measurable sets in the codomain must be measurable.

For instance, suppose that (€, F, i) is a measure space and f :  — R where R is equipped
with the Borel o-algebra. Then, it would be natural to define a measurable function as one

where the preimage of a Borel set under f belongs to F.

9.1 Measurable functions

We fix a measure space (€2, F, 1) as well as a function f : Q — R. Note that given % as the

Borel o-algebra, we may define a o-algebra on the extended reals by setting
P ={AUB|A€PB,BC{-00,00}}
It may be verified that % is a o-algebra.
Definition. Measurable function

Using the above setting, a function f : Q — R is measurable if f~'(A) € F for all
Ac%B.

If we want to emphasize the o-algebra of the domain, we may say that f is F-measurable.
Remark. If F C G are o-algebras and f is G-measurable, it is also F-measurable. It may
seem inconvenient to have to check every set in the o-algebra, but it turns out this is not
necessary.

Lemma. The following are equivalent.

1. f is measurable

2. fH((—o0,2]) € F for all z € R.
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3. [ ((—o0,2)) € F for all z € R.
4. f~1([z,00)) € F for all z € R.
5. f1((z,00)) € F for all z € R.
Proof. We will just prove the first equivalence, as the proof of the others are analogous.

The forward direction is trivial. If f is measurable, since (—oo,z] is a Borel set, it follows
that f~'((—oo,z]) € F by the definition of measurable.

Conversely, suppose that f~1((—oo,x]) € F for all x € R. Define
€ ={AcB:[1(A)cF}
We claim that
1. 6 is a o-algebra
2. 6 O G, where G is some set which should generate B .

Then, from these two properties we know that € D o(G). Now, if o(G) is larger than %,

then we are done.

A natural choice is to set G = {(—o00, 2| : € R}, since by assumption these sets satisfy the
property that their preimages are measurable. So, € O G. Further, these sets generate the

extended Borel g-algebra. It remains to show that 6 is a o-algebra.
1. First, R € 6. This is because f~}(R) = Q and Q € F.

2. Suppose A € 6. Then f~}(A) € F. But since F is a o-algebra, we know that
f7H(A®) = f71(A)° € F. Since A € B, we know A° € B as well. Thus, A° € 6.

3. Take A; € 6 for j € N. The argument is similar. We know that Uj A; € P since B is
a o-algebra and f~! (UJ Aj> =, f1(4;) € F. Thus, |, 4; € 6.

|
The above technique will be used often in the ensuing lectures and proofs. The key idea is
to create a collection which has the property which we want to prove, then prove that it is
a o-algebra which contains our desired generating set. Sometimes we will use the monotone
class theorem, which tells us that the monotone class generated by an algebra is the same

as the o-algebra generated by that algebra.
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9.2 Simple functions

Simple functions are examples of measurable functions. Let (€2, F, 1) be measure space. Let
{E;};—; be a collection of F-measurable, pairwise disjoint sets. Let 1g, :  — R be the
indicator or characteristic function, that is
1 ifwekFE;,
]-Ej (QU) = ) !
0 otherwise
Let ¢; € R be coefficients. Without loss of generality, we may assume that |_|;.l:1 E; =Q. If
not, we may just add a new set Ey = Q\ |_|;.L:1 E; € F so that this condition is satisfied (i.e.

we assume that E; forms a partition of (2).

Definition. Simple function

With the above setting, a simple function f : 2 — R has the representation

n
f=2 eln
j=1

Proposition. Every simple function is measurable.
Proof. Let A € %. Observe that

f7H(A) = I_I By

k:cp€A

Thus, f~1(A) € F. |

9.3 Defining integration

Going back to our discussion at the beginning of the lecture, we now want a definition of the
integral. A natural definition begins with considering simple functions. Let f be a simple
function in the sense of the above definition. So, for a nonnegative, simple function f, we

may define
I(f) =) ¢ u(Ey)
j=1

Note that to avoid issues with adding and subtracting infinity, we assume ¢; > 0 for all j. We
must also check that this function is well-defined, i.e. that I(f) produces the same value for
some other representation f = > dgpu(Fy). We may make a routine verification by con-
sidering the intersections £; N F, (i.e. whenever E;y N Fy # @, then ¢; = djy by assumption).
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Now, we would like to extend our definition of integration to all measurable functions. To

do this, we take a few steps

1. Let f: Q2 — [0,00] be measurable. Then there exists a sequence (f,,)nen of measurable,
nonnegative, and monotonically increasing simple functions that approximate f. To be
explicit, f,, > 0 and f, is simple for all n € N and f,, 1 f.

2. With the same f as before
1(f) = lim I(f,)

and this definition is well-defined (does not depend on the sequence f,,).

3. Let f: Q — R be measurable. Define f* = max(f,0) and f~ = max(—f,0). It turns
out that f*, f~ are both measurable and f = f* — f~. Note that we cannot have

0o — 0o since fH(w) =00 = f~(w) =0 and vice versa.

By part (2), since f* and f~ are both nonnegative and measurable, we know that
I(f*) and I(f~) are well-defined. If at least one of these is finite, then the definition
I(f)=I(f")— I(f~) makes sense.

Remark. Observe that with this definition, we are able to integrate functions that are
not Riemann integrable. For instance, consider 2 = (0, 1], the Borel o-algebra % and the

Lebesgue measure A. Then taking £ = Q N (), we may integrate f = 1ge:

I(f) = MQ) = ME) + ME°) = ME) =1
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10 More on Measurable Functions
Fix a measure space (2, F, ) as our setting. Let f, g:Q — R.
Lemma. Suppose g, f are F-measurable and a € R. Then, the following hold

1. af is measurable.

2. a+ f is measurable.

w

. [+ g is measurable.
4. f? is measurable

D. % is measurable, assuming it is defined.

6. f*,f7,|f| are measurable.
7. fg is measurable.
Proof.

1. Consider the set (—oo, z]. We want to show that its preimage is measurable, that is
T ((—o00,2])) ={w e Q:af(w) <z}

Suppose that a = 0. Then af = 0, which is a constant function, so it is simple and we

are done. Assume that o > 0. Then
{wGQ:&f(w)Sx}:{w:f(w)gg}e]:
If @ < 0, a similar argument holds, relying on the measurability of f.

3. Consider
(f+9) 7 ((-00,2)) = {w € Q: f(w) + g(w) <z}
= U{w:f(w) <r}N{w:gw) <z —r}
reQ
One direction of the equality above is trivial. To show that the union contains the
preimage, given f(w) + g(w) < z, by density we may choose z — g(w) > r > f(w)
for some r € Q. We have written the preimage as a countable union of measurable
sets of F; the union consists of intersections of measurable sets, which are themselves

measurable. This also shows that (2) is true.

4. We consider the preimages

(f) 7 (=00, 2)) = {w € Q: f(w)* <=}
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If z < 0, then there are no possible values of f(w)? that can be less than 0. So, the

preimage is @ € F. If x > 0, then we may rewrite the set as

{weQ: -V < flw) < Va}

This set is the preimage of an element of the Borel g-algebra, so it belongs to F and

f? is measurable.
7. We immediately obtain (7) as a consequence of the previous proofs since
1
fo=5((f+9°=f =g
5. Again, we want to show that
1
1/£) 7 ((—00,2)) ={w € Q: — <z}
fw)
belongs to F. Assume that x > 0. Then, we may rewrite the preimage as

{wif(w)<0}u{w;f(w)>l}

T

To interpret the point at 0 take the convention that % = 400. Since f is measurable,
the above expression is a union of measurable sets, which is measurable.
Assume that = 0. Then the set is simply {w : f(w) < 0}, which belongs to F since f

is measurable. Finally, assume x < 0. Then we obtain the set

{oi1 < s <o}

Since f is measurable, we see that the above set belongs to F. Hence % is measurable.

6. Recall that f* = max{f,0}. Consider the set
{weQ: fHw) <z}

If z < 0, then the above set is empty, and so it belongs in F. On the other hand, if
x > 0, then we have
{lweQ: flw)<z}eF

Continuing, consider f~ = max{—f,0}. We know that f is measurable, —f is mea-
surable. In the preceding argument we have shown that the maximum of a measurable
function and 0 is measurable, hence f~ is measurable. Lastly, since |f| = f* + f~, we

see that it is measurable.
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Lemma. Let (f,),>1 be a sequence of functions where f, :  — R and f, is measur-
able. Then

1. sup,, fn and inf, f, are measurable
2. limsup,, f, and liminf,, f,, are measurable
3. If f, = f, then f is measurable.

Note that these supremums and infimums are considered pointwise.

Proof.

1. First, we consider sup,, f,. Let x € R. Observe that

{w e Q:sup fulw) >z} = U{w D fa(w) > x}
n o1
To elaborate, if sup,, f(w) > z, then there exists some k& € N so that fx(w) > x, so
the forward set inclusion holds. Conversely, if w belongs to the set on the right, then
fr(w) > z for some k € N. But then sup,, f,(w) > fr(w) > z. Since the sets in the
union are all measurable, so is the union. This proves the claim. To prove that the

infimum is measurable, notice that inf{f,} = —sup, {—f.}.

2. From the previous part, we know that sup,,s,. f, is measurable for all & € N. We write

limsup f,, = inf sup f,
n k n>k

and apply the first part directly to conclude that the limsup is measurable. An analo-

gous argument holds for lim inf.

3. If lim, o0 frn = f, then lim, f, = limsup,, f,. By the previous part, we see that f is

measurable.

[ |
Remark. It is important to notice that the proof above holds only for the supremum or
infimum over a countable set.
Example. Let (R, £, \) be our measure space, where L is the Lebesgue o-algebra and A the
Lebesgue measure. From the first lecture, we know that non-measurable sets exist, so take
A& L. Tt is clear that A is not countable because every countable set belongs to £. Define
Jt = 1y as the indicator function for the point £ € R. We see that each f; is measurable,
however, sup,. 4 f; = 14 is not measurable, since f~'({1}) = A.

This example highlights a key issue of taking a supremum over an uncountable set. We will
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often need to find a smaller, countable set for which the supremum remains the same to deal
with this. An example application where this problem occurs is with stochastic processes,

where time is indexed by R.

10.1 Measurable Functions on Topological Spaces

Let €2 be a topological space and % be the Borel o-algebra associated to its open sets. Let
F D % and fix a measure space (€2, F, ). Let f:Q — R.

Proposition. If f is continuous, then it is measurable.

Proof. Since f is continuous, this means that if A is open, then f~'(A) is open. But open
sets are measurable in both Borel o-algebras. So, f~!(A) € F, and by a lemma from the
previous lecture, f is measurable. [ |
Observation. Another simple observation to make is that the measurability of f depends
on the o-algebra F. For instance, if we know that f is measurable with respect to F and

F C G, then f is measurable with respect to G as well.

10.2 Properties that Hold Almost Surely

Let (£, F, i) be a measure space. Let P be a property. As an example of what this means,
let f:Q — R, we may think of a property as some subset of  where the points satisfy a

condition:
{we: f(w) =0}

Definition. Almost surely, almost everywhere
We say that the property P holds almost surely (a.s.) or almost everywhere (a.e.) if
there exists F € F, the property P holds on E and pu(E°) = 0.

Example. We say that f = 0 almost surely if f(w) =0 for all w € E and pu(E€) = 0.

We move to a new setting. Consider R and let 98 be the Borel o-algebra on R, let £ be the

Lebesgue o-algebra and A\ the Lebesgue measure.

Proposition. Let f : R — R be £-measurable. Let g : R — R and g = f a.s. Then,

g is also L-measurable.

Proof. A key part to proving the above assertion is that A is complete with respect to L.
Our goal is to show that g is measurable, so fix A € %. Since g = f a.s., by definition, this
means that there exists F € £ such that A(E€) = 0 and f(w) = g(w) for all w € Q. Observe
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that
g (A) ={weQ:gw) € 4}

={weQ:gw) e AJNE)U({we Q:g(w) € A} NES)

={weQ: flw)eA}NE)U({we N: g(w) € A} NE°)

=(fMANE)U({weN:gw) e AN E)
We have f~'(A) N E € L as it is the intersection of sets in £. On the other hand, since E*
has measure zero and {w € Q : g(w) € A} N E° is a subset of E° and L is complete, we see
that {w € Q: g(w) € A} N E° € L as well. Therefore, g7'(A) € L. |
Remark. The same statement in the above proposition does not hold if we replace £ with
the Borel g-algebra 98. This highlights the role of completeness. The previous statement
will often be used to show that an unknown function which is equal to measurable function
a.e. is also measurable. This is why we will often consider the Lebesgue o-algebra for the

measure space of the domain.

Proposition. Suppose f : Q — R is (F,% )-measurable and g : R — R is (%, % )-

measurable. Then the composition go f : {2 — R is measurable.

Proof. The key idea is (go f)™' = f~log L |
The above proof is useful for showing measurability. For instance, we could use this to show
f? is measurable in an alternative way. Since f is measurable and g given by z + z? is

continuous (thus measurable), their composition is measurable by the above proposition.
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11 Definition of the Integral

Fix a measure space (€2, F, ). Recall our discussion on the symbol associated to the integral,

I(f). We give an outline of the lesson and this construction.

1. We may define a simple function on a finite partition Ei,..., F, of F-measurable sets

in  with the representation
f=2 el
j=1

Suppose that f is simple with ¢; > 0. Then, we may define the integral by

n

I(f)=> ¢ u(E))

j=1
It may happen that the sum is +o00, but we will never run into issues with subtraction

with the assumption of non-negativity.
2. Let f: Q) — R be a measurable function and f > 0. There exists a sequence of simple
functions f, T f. Then,
1(f) = tim 1(f,)
It will turn out that since the sequence of functions is monotone, the sequence of

integrals will be monotone as well. So, the limit will exist. Further, this function

is well-defined, it does not depend on the sequence.

3. Consider the measurable f as before. We will say that f is integrable if I(f) is finite
and I(f7) is finite. Then, we can define

I(f)=1(f")—1(f7)

Lemma. With the previous setting, let f be measurable and nonnegative. Then, there
exists a sequence (f,)neny which is nonnegative, simple, and monotonically increasing
to f, that is, f, < f,4+1 and lim,, f,, = f.

Proof. We define a sequence of functions f, by
n if f(z)>n

L E<fl)<EE 0<k<n2n-1

falz) =

Effectively, we are truncating the function along certain intervals in its codomain. Another
way to write this function is

n2™—1
k
fal@) = D il cpmesiy + MAUEEn)
k=0
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Since f is measurable, the above function is measurable. To be explicit, we have

() e 7 Fnener

So, with the above representation, we see that f,, is nonnegative and a simple function.

Next, we want to show that f,(z) —— f(z). We proceed by cases.
n—oo

1. Suppose that f(z) = +oo0. Then f,(z) = n for all n € N and the limit holds.

2. Suppose that f(z) < oo. This means that there exists some ng such that f(x) < no.

Pick n > ng. We are in the second case for the function f,, since f(z) < n. Suppose

k € N satisfies 2% < flx) < % This inequality implies k < 2"f(x) < k + 1, hence
k= [2"f(z)]|. But then

2"f(z) — 1

o

Rearranging these inequalities, we have

fule) < F@) < fule) + 5

< fut) = ZLO < )

Thus, f.(z) — f(x).

n—oo
Finally, we will show that the sequence of functions f,, is monotonically increasing. We

consider similar cases.
1. Suppose f(z) = +oo. Then f,(x) =n<n+1= f(x).

2. Suppose f(x) < +o0. Suppose that f(x) > n+1. Then, f,(x) =nand fu41(x) =n+1
and the inequality is satisfied again. Suppose that n < f(x) < n + 1. Then since

f(z) > n, we use the definition of the function to obtain

fralw) = LR 2] g

Now, suppose f(z) < n. Using the definition of the function as before, we have

Lf(2)2"] Lf(z)2"*]

fTL(x) = on ) fn+1($) = on+1
k. k+1

The geometric intuition here is that the function f,, splits the interval |5, %55) into
two new intervals: [;ffl, Zﬁﬂ) and [Z’Zﬁ, 2512111)) If f(z) € [23&1 , 3’2—111), then f,1(z) =
fa(x). On the other hand, if f(z) € [Z£L, 2FHD) then
2k +1 2k
fn-‘rl(x) = ont1 > on+1 = fn(x)

Thus, monotonicity holds in every case and for all x € €2, and the conclusion follows. W
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Proposition. The integral is monotone on simple functions. If f, g are nonnegative,
simple and f < g, then I(f) < I(g).

Proof. Since f is simple, there exists a finite partition F1, ..., E, of sets in F and coefficients
c; € R so that

f= ch 1g,
j=1

We have a similar representation for g

g= de “1p,
=1

Consider the sets E; N F}. Suppose that this set is nonempty. Then, take z € F; N F}, and

since f(x) < g(z), we have ¢; < di. But now

n m
g= Z Z di1E;nF,

j=1 k=1

[ = Z Z ¢i1lg;nF,

j=1 k=1

Since the value of the integral does not depend on the partition, we see that

I(g) =Y > diu(E;NFe) > > eju(E; N F) =1(f)
j=1 k=1 j=1 k=1
Note that dyu(E; N Fy) > c;ju(E; N Fy) for all k, j since p(E; N Fy) is either 0 or if it is not
zero, then dj, > ¢;. [ |
We now have two important pieces to generalizing the definition of the integral to nonneg-
ative, measurable functions. If f : 2 — R is measurable and f > 0, we have shown that
there exists a sequence of nonnegative, simple functions f,, T f. Further, we know that
the integral is monotone for simple functions so that I(f,) < I(fn41) for all n € N. But
then lim,,_~ I(f,) is a monotonically increasing sequence which is bounded in R and so its

limit exists. It remains to verify that this definition of the integral does not depend on the

sequence (fp)nen-

Lemma. Suppose that f, are nonnegative, simple functions and f, < f,.; and g is a

nonnegative, simple function. If g < lim,, f,, then I(g) < lim, I(f,).

The main difference between this and the next theorem is that we compare of a limit of

simple functions with a simple function.
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Proof. The main tool we use is that a measure is continuous from below. First, assume
that g = clg for ¢ > 0 and £ € F. Our plan is to prove the statement for this ¢ and then

extend using the linearity of the integral to all simple functions. There are two cases.

1. Suppose that ¢ = 0. Then we have I(g) = 0- u(E) = 0. Note that this holds even if
wu(E) = oo since 0 - 0o = 0 by convention. The inequality holds since I(f,) must be

nonnegative, and so must its limit.

2. Suppose ¢ > 0. Also, fix some € so that 0 < ¢ < ¢. Consider that 1zf, < f, and
lim 1gf, > g
n—oo

Since f, is a simple function, we may write f,, = 224:”1 Cnklr, - Multiplying by 1, we

have

My
1gfn = E CnkLF, nE
k=1

Denote

Ap={xz € E: f,(x) >c—¢}

There are some properties of A,. First, A, C A, since f, is an increasing sequence.
So if x satisfies f,,(x) > ¢ — ¢, it follows that f,41(x) > f,(z) will satisfy this condition

as well. Second, we claim that | J .y A, = E. The only nontrivial set inclusion to check

neN
is the reverse inclusion. But, if x € E, we know that lim,, f,, > g = clg. So, there

exists some n € N for which f,, > ¢ — . Putting everything together, we have
= (c—e)u(An)

Since A, is an increasing sequence of sets, we see that the limit on the left-hand side

exists and
(c—e)u(E)=(c—e¢) im u(A,) < lim I(f,)
n—oo n—oo
We use continuity from below of the measure to obtain the first equality. Now, if

wu(E) = +o0, then lim,, o I(f,,) = 400 and our desired inequality is trivially satisfied.
So, suppose that p(E) is finite. Then, we have

I(g) —ep(E) = cp(E) = ep(E) < lim I(f,)
Letting ¢ tend to zero, we obtain our desired inequality.

Finally, we may extend the result above to an arbitrary nonnegative simple function g. Say
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g="> 1, cxlg,. We compute

I(g) =) I(cilp,) < kzlgn I(fulp,) = lim kZI(fnlEg
=1 =1

m
k=1

= ILm I (ifn]-Ek> = lim I(f,)
k=1

Theorem. Integral is well-defined

Let f be a measurable, nonnegative function. Then I(f) is well-defined.

Proof. Suppose that (f,) and (gx) are two sequences of simple, nonnegative functions that
both monotonically increase to f. We aim to prove that

lim I(f,) = lim I(g,)

n—oo n—oo

Observe that since g T f, we have g < f = lim, f,,. Using the previous lemma, we may
conclude that I(gx) < lim, I(f,). Since this is true for all & € N, we may deduce that
limy I(gx) < lim,, I(f,). But we may make a symmetrical argument to see that limy I(gx) >

lim,, I(f,), so the conclusion follows immediately. |

Definition. Integrable
Let f : Q — R be a measurable function. We say that f is integrable if I(f") < oo

and I(f~) < oo and in this case we set

I(f)=I(f") - I1(f7)
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12 Integral of Simple Functions

This material in this lecture should actually precede the definition of the integral, as we need

some results such as additivity in the proofs.

12.1 Linearity of the Integral

Let f, g be nonnegative, measurable functions and ¢ > 0. We would like to show that the

Jt+gran= [ ran+ [gdn
/cfd,u:c/fdu

Proposition. Suppose that f, g are non-negative simple functions. Then

integral is linear, that is

I(f+9)=I(f)+1(9), I(kf)=kI(f), k=0

Note that these integrals may be infinite.

Another way to state this is that we are proving that the integral on the space of simple
functions is a linear functional.

Remark. From these properties, it will follow that g < f means that I(g) < I(f) since
f=9+=9), I(f)=1g+(f—9)=19)+I(f—g)=19)

Proof. Since f is simple, we may write

f:ZCj]_Ej, CjZO
7j=1

g= dele, dip, >0

k=1
Observe that we have the following decompositions: £; = )" | E;NFy, F, = Y70 F,N Ej,

m .
1g, = Zk:l 1gnp,- As a result, we may write

f = ZleEijk, g = delEjﬁFk7 f + g = Z(C] + d]f)]‘Eijk
4.k Jik

J.k
Now, by definition, we have

I(f+g)= Z(Cj + dy)p(E; N Fy)

=D 0 Y ulE N F) D di Y By 0 E) = 1(£) + 1(g)

The proof of homogeneity, the second property, follows analogously. [ |
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13 Properties of the Integral

Let (€2, F, 1) be a measure space and f : Q — R be measurable. We go through several
properties of the integral extending them from simple functions to nonnegative, measurable

functions.

1. Montonicity of the integral. We want to show that if 0 < g < f, then

I(g) < I(f)

From a previous lecture, we may find a nonnegative sequence of simple functions f, 1 f
and g, 1 g. Define h, = min(f,, g,) < f,. The minimum of simple functions is simple,

so h,, is simple and nonnegative, further, h, 1 g. Observe that
I(g) = lim I(h,) < lim I(f,) = I(f)

where the middle inequality follows from the monotonicity of the integral on simple

functions.

2. Linearity. For f > 0 and g > 0 measurable and a real ¢ > 0, we have

I(f+9)=1(f)+1(g9), I(cf)=cl(f)

There exist sequences of simple functions f, T f and g, T ¢g. Notice that f,, + g, is a

sequence of nonnegative, simple functions, being the sum of simple functions, and that
(fu+9n) T (f +g). Similarly, cf,, T ¢f. We have

I<f+g) :hgn](fn‘}'gn) :hyrlnl(fn) +I<gn) :liTan[(fn)+liTILH[(gn) = I(f) +](g)

A similar argument holds for the remaining property. Note that we may use linearity

to give an alternate argument for monotonicity.
Proposition. If f is integrable, then 1,4 f is integrable, for A € F.

Proof. First, note that

(Laf)" =1af" < fF
Also, 14f is measurable because it is the product of measurable functions. So, using the
properties we have proven above, we see that I((14f)%) < I(f") < oo. An analogous
argument holds for the negative part of the function, so 14 f is integrable. [

Since we are dealing with measurable functions generally now, we have new notation

10)= [ fan [rasin= [ fau

The expression above makes sense because of the previous proposition.
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Proposition. If f : Q — R is measurable and f > 0 and E € F with u(E) = 0, then
f is integrable over £ and fE fdu=0.

Proof. Let g, T 1gf be a sequence of simple functions. Suppose z ¢ E. Then g,(z) <
1pf(z) =0, hence g,(x) = 0. This shows that g, = g,1g. Since g, is a simple, nonnegative

function, we may write

My,
1gg, = E Cnklp, 0B
k=1

I(1ggn) = ch,k pu(F e NE) =0
P

where the last equality follows since pu(F,, N E) < p(E) = 0. Since g, = g,1g, it follows
that I(g,) = 0 for all n € N. Hence [, fdu = 0. [ |
Remark. The proposition above in fact applies for all measurable f, we can apply the

proposition to | f| and use monotonicity to conclude that f is integrable from the integrability

of |f].

Proposition. Let f,g be measurable and integrable functions. Let A, B € F and
ANB=g.

1. f + g is integrable, cf is integrable for ¢ € R, and 14 f is integrable.

2. [y fdu= [, fdu+ 5 fdp

3. If f is integrable, then |f| < oo a.s.
4. [(f+g)du= [ fdu+ [gdu

Proof.

1. Observe that
(f+9)" <fr+g"

Since f* and g* are nonnegative, we know that I(f* +¢") = I(f7) + I(¢g7) < oc.
The finiteness of I(f) and I(g*) follow from the fact that f and g are both inte-
grable. Finally, the monotonicity of the integral shows us that (f + ¢g)" is integrable.
An analogous argument shows that (f+¢)~ is integrable. Therefore, f+ g is integrable.

If ¢ = 0, then we are done because the integral of the zero function is 0. Assume that
¢ > 0. Then we have (c¢f)* = ¢f". Then we may argue using the linearity of the

integral that c¢f* is integrable. A similar argument holds for (¢f)~. Assume ¢ < 0.
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Then, we have

(cf)F =—cf”
and we use the same arguments from before. To obtain the equality above, we think
about when cf is positive, this happens when f is negative. We need to add a negative

sign at the front to make the expression positive.

2. By definition, we know that

fdp = / Laos f dy
AUB
We see that
(Lavsf)" =1aupft =1af" +1pf"

Since f is integrable, so is 14f and 1pf. Also, the sum of integrable functions is

integrable from the previous part. We compute

[ramtu= [ (ans*) du— [ Qans) do

— [rartdns [rartau [1arda- [ 105 an
:/1Afdu+/13fdu

3. Recall that f < 0o a.s. means that there exists a measurable E C {|f| < oo}, we have
w(E°) = 0. Recall that if f is measurable, then |f| is measurable. Since |f| = f™+ f~,

it is the sum of integrable functions and thus integrable. Also,

/”'1{f|>n}du§/ |f|du§/|f|du
{1f1=n}

The second inequality follows from the monotonicity of the integral on nonnegative,
measurable functions. Moreover, since n - 1>, is simple, we have [n - Lyjfsn =
n - p({|f| > n}). Putting these results together

n({Ifl = n}) < %/!f]du

Call A, = {|f| = n}. This is a decreasing sequence of sets since 4, O A,;; and
Nns1 An = {|f] = 0o}, Observe that A, is finite for any n € N, based on the above

inequality and the fact that |f| is integrable. Using continuity from above, we see that

p({1f] = 00}) = imp({1f] > n}) = lim © / fldu=0

Take E¢ = {|f| = oo}. This set is measurable as it is a countable intersection of
measurable sets. Further, the complement of E° is exactly the set of points where |f]|

is finite, so our claim follows.
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4. We omit the proof. See 38:11 in Lecture 14 for details. The key idea is the prove that
for integrable f,g > 0, we have

/(f—g)du—/fdu—/gdu

After we have this, we use the decomposition f+g= fT+¢g" — (f~+9g7).
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14 Properties of the Integral 2

We continue proving some common properties of the integral. We assume the setting of the

previous proposition.

Proposition. Let f, g be integrable.
L[ fdul < [1fldu
2. For ¢ € R, we have cf integrable and [cfdu=c [ fdu.

3. The integral is monotone. So if f > 0, then [ fdp > 0 and if f > g, then
[ fdp> [gdp.

4. Suppose f > 0. If [ fdu=0, then f =0 a.e.

5.1f f =g ae., then [ fdu= [gdpu.

6. Let h: Q — R, where h is measurable and |h| < f, then h is integrable.

Proof.

1. Observe that
‘/fdu'z‘/ﬁdu—/fdu‘S/ﬁdqu/fdu
= [ sydn= [ 171

2. To see that cf is integrable, notice that

[lettan= [ Vlifidn=1el [ 1f1du<oc

Since f is integrable, [|f|dp is finite, hence cf is integrable. We proved this in the
previous lecture as well. Now, we verify the identity. If ¢ = 0, then both sides of the

identity are 0. Assume ¢ > 0. We know that

Jenan= [entau- [ten au= [ertan— [erap
=c/fwu—c/f—cm:c(/ﬁdu—/f-du)
—c [ fau

The case where ¢ < 0 is similar, there is just an extra negative sign that comes out.
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3. Assume f > 0. We have

[ran=[rau- [ fan= [ anzo

One thing to notice is that the definition of an integrable function, when applied to
a integrable function that is nonnegative, returns us the definition of the integral as
the limit of the integral of a sequence of simple functions that converges to our target
function.

For the second part, observe that f — g > 0, so from the first part we have

/fdu—/gdu—/(f—g)duzo

The conclusion follows since f, g are integrable, so their integrals are real numbers and

we can rearrange the above equation.

4. Denote the set E, = {x € Q : f(z) > %} Now, we know that 1g f < f, so by the

monotonicity of the integral, we have

1 1
;u(En)Z/E-lEndMS/IEnfdué/fdMZO

The above shows us that Lu(E,) < 0, hence pu(E,) = 0. Call E = |J,5, E,. By the
subadditivity of measure, we have u(E) < -, u(E,) = 0. One may make a routine

verification that
E={zeQ: f(zx) >0}
Since we proved p(E) = 0, we see that f =0 a.e.
5. Since f = g a.e., there exists a measurable set £ = {w € Q : f(w) = g(w)} so that
u(E°) = 0. We may write

[ran=[aes1erdu= [(er+ 100 dn

Z/lEfdM+/1chdM
—/1E9du

Above, we have used a previous proposition that the integral over a set with measure

zero is 0. Since p(E°) = 0, we may rewrite the last expression as

/lEgdqu/lEcgdu

Following our steps back, we see that the sum above is equal to [ g du. Note that there
is some imprecision in this proof. We should prove it on the positive and negative parts
of f and ¢ and then extend it.
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6. To show that h is integrable, we must show that [h*tdu < co and [h™du < co. We
have h™ < |h] < f, so by monotonicity

/h+du§/fdu<oo

We know that the last integral is finite since we assume f is integrable. An analogous

argument holds for h™.

This concludes the proof. [ |

Corollary. Suppose that f : Q — R is measurable and |f| < c on E, with u(E) < oo
and |f| =0 on E°. Then, f is integrable. Note that ¢ € R is some bounding constant.

Proof. Since f* < |f] and f~ < |f], it is enough to show that [ |f|dp is finite. Observe

that
[1stdu= [te s veifidu= [ el fldns [ Lerlfldu

§/61Edu+O:c-,u(E)<oo

So, since |f| is integrable, so is f. [
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15 Theorems on the convergence of integrals

Theorem. Monotone Convergence Theorem
Let (€2, F, 1) be a measure space. Let f, : Q@ — R be a sequence of nonnegative,

measurable functions so that f,, T f. Then

[ tnaut [ £an

Remark. Convergence is in the sense that, if f is integrable, the integrals [ f, du converge
to [ fdp; while if f is not integrable either f, is integrable for all n and [ f, dp — +o0 as
n — oo, or there is an integer N such that fy is not integrable so that [ f, du = +oo for
n > N.

Proof. We know that f must be measurable as it is the limit of measurable functions and
f > 0. Since the sequence of functions f, are all measurable and nonnegative, there exist
sequences of nonnegative simple functions that increase monotonically to each f, and to f.

Denote each such sequence
Ink T fn

For instance, for f;, we have the sequence ¢11, g12, g13, . . . and

[ =t [ guedu
k—oo

These facts apply to each f, and [ f, du, so generally,

/fndu= lim /gnk dp
k—o0

Now, our goal is to construct sequence of simple functions g, which converges to f, so that
we will be able to represent the integral of f using these functions. We may arrange our

sequences of simple functions as below

g 12 gi3
g21 Gg22 G23
g31 932 933

To construct our sequence g, we take

g1 = 911,92 = max{glg, 922}, gs = max{gl3> g23, 933}7 cee

In general, we have

gr = max{g : 1 <n <k}

Above, k is fixed and we imagine taking the maximum down a column. We must verify a

few properties of our constructed sequence.
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1. gi are simple functions. Since each g, is the maximum of as finite set of simple functions,

it is simple.
2. We must have g < giry1. But this follows by definition since

grr1 = max({gnp+1: 1 <n < kP U{grripr1}) = max{gne: 1 <n <k} =g

3. We should have limy_, g = f. First, notice that g, < fi. If we fix movement along a

row, for n < k we have

These inequalities follow since g,. 1T f. by construction and the sequence of f, is

monotonically increasing by assumption. Since this holds for all n, it follows that
9k < [

Fix some m € N so that m < k. Observe that we have

Ik < g < [

We know that f, 1 f. Since g is an increasing sequence that is bounded above, its limit
must exist, so we may define g so that gx T ¢g. But notice that lim,,, .o gur = fm- Hence, in

the limit, we have
fm<g<f

Since these inequalities hold for any m (we may always choose a k > m if we consider
limy 00 gx = g), then taking the limit in m shows us that g = f. Thus, g T f. Now, since

the integral independent of which sequence of simple functions is taken, we have

/fduz lim /gkdu
k—o0

Now, since f,, < f, by monotonicity, we have

[ fwin< [ rau

Since this holds for all n € N, we have limsup,, [ f,du < [ fdu. The nontrivial part is to

[ <iim [ gy

Since we know that gp < fi, by monotonicity, we see that

/fd,u: lim /gkdugliminf/fkdp
k—o0 k—o0

The conclusion follows. [

show
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Remark. The monotone convergence theorem also holds when f,, > ¢ for some integrable
function ¢g. This is because we may apply the monotone convergence theorem to g, :=
fn— g >0 with g, T (f — g). We may obtain the identity

lim (fn—g)duzf(f—g)du

n—o0

and then use the linearity of the integral to get rid of g.
Remark. Let (2, F, 1) be a measure space and measurable f > 0. Define

pr(A) = / fdp
A
We claim that 115 is a measure. Observe that from a previous proposition, we have
ni(e) = [ fdu=0
%}

Next, we must show that p; is o-additive. Assume that A = |, A;. Observe that
pp(A) = /Afdu - /1Afdu
i=1

Setting f, := Y, 14, f, it is clear that f, T 14f (by the definition of a series). Using the

monotone convergence theorem, we have

/ilAifdAF/ggoznzlmfduzr}ggo/il&fdu
i=1 =1 =1
S o

=1
=t ()

where the penultimate equality where we exchange the finite sum and integral follows by the
linearity of the integral. Therefore, 11f is a measure.

Observation. In the above setting where f is nonnegative and measurable, let B € F and
p(B) = 0. We know that j;(B) = [, fdu = 0. Hence if u(B) = 0, then pz(B) = 0. This

leads us to the definition of absolute continuity.
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Definition. Absolute continuity
Let u,v be two measures defined on a measurable space (€2, F). We say that p is

absolutely continuous with respect to v if
v(A)=0 = u(A)=0
We write u < v to indicate this.

Remark. In the previous observation, we have shown that p; < p.

Aside. Absolute continuity is an important concept which leads into the Radon-
Nikodym theorem. Let u,r be measures and v be o-finite. This theorem says that if

u < v, then there exists nonnegative g := % such that

u(B) = / gdv

In the context of the previous observation, the Radon-Nikodym theorem gives us the

existence of a function f so that

ni(B) = [ fan

Examples. We discuss some examples where the measures are not absolutely continuous.

Suppose that we are working in R with a function f > 0. Define the measure

ni) = [ rax

Define the Dirac measure d,, for z € R, by

1 z€B

02(B) = 0 2¢B

e For {z} we see that p1;({z}) = 0, since countable sets have Lebesgue measure zero, and
we have d,({z}) = 1. Hence, we see that J, is not absolutely continuous with respect
to puy.

On the other hand, take an interval [a,b) such that « & [a,b). Then 0,([a,b)) = 0 but
ps(la,b)) > 0, if we assume that f is bounded below by some constant. Hence, pp is not
absolutely continuous with respect to d,. Here, we have an example of two measures

that are both not absolutely continuous with respect to one another.

Remark. It may be shown that any function which is integrable is also uniformly integrable.

Suppose that f is integrable. Consider the expression [ 4 fdup. The precise statement of
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uniform integrability is that for all £ > 0 there exists § > 0 such that if pu(A) < ¢, then
pr(A) < e. The uniform parameter is ¢ here, as we are proving this property for all sets of

measure less than §. We must obtain an estimate, pick some n € N and observe that

A A A
< /fl{f>n} dp +nu(A)

:/fdu—/fl{f<n}du—|—nu(A)

Since f1l{s<ny T f, by monotone convergence theorem, we may find some ny € N so that these
two expressions are arbitrarily close, that is [ fdu— [ f 1¢r<noy dpp < 5. For the remaining
summand ngj(A), we may simply choose § so that p(A) <0 < 5.

Theorem. Fatou’s lemma
Suppose that we have a sequence of measurable functions f,, > 0. We emphasize that

these functions do not have to be monotonic. Then
/lim inf f, du < lim inf/fn dp

Example. We first consider an example where this limit may be strict. Define the function

Jn by
1 ifz>n

fn(x) =

0 otherwise

We see that [ f,du = +oo for all n € N, but [liminf, f,dp = 0. So, we have a strict
inequality.

Proof. Take g; := inf, > f,. We see that g > 0 and gx < gi41 since we are taking
the infimum over smaller sets. Also, gy T liminf, f,. Now, by the monotone convergence

theorem, we have

[timint gy de = [ Jim gudu = Jim [ gudp < tinine [ fudu

The last inequality follows since gp < fi by definition. To be explicit, for any n > k, we
have gr < f,., so by the monotonicity of the integral,

/gkdyg/fnd;z (Vn>k) = /gkd,MS ig%/fnd:u

Finally taking the limit as £ — oo, we obtain the claimed inequality. [ |
Remark. Similarly to the monotone convergence theorem, to obtain the conclusion, it is

enough to require that f, > g for some integrable function g.
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Corollary. If {f,} is a sequence of measurable functions which is bounded above by

an integrable function, then

/lim sup f, dy = lim Sup/fn du

n—oo n—o0

Theorem. Dominated Convergence Theorem
Suppose that f, is a sequence of measurable functions such that f, — f and that

|fu] < g where g is integrable. Then, f is integrable and
lim fndu:/lim fndu:/fdu
n—oo n—o0

Proof. First, note that f, is integrable since |f,| < g and ¢ is integrable. Additionally, we
know that f is integrable since |f,,| < g for all n € N, which means | f| = lim,, | f,| < g. Since
|fn] < g, we have f, < g and f, > —g. By the corollary, we have

limsup/fnd,ug/limsupfnd,u:/fd,u:/liminffnd,uSliminf/fnd,u
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16 Product Measures

Let (£2;,F;, ft;) be measure spaces. Suppose that j = 1,2 for the moment. Define the

Cartesian product as usual
Q=N xQ={(zr,y):x €,y € D}

We want to define a g-algebra on ) which is generated by rectangles.

Definition. Rectangles
Let E; € F;. Call the sets

E1 XE2:{<JI,y) I.TEEl,yEEQ}

as rectangles.

Call F; x Fy as the set of all rectangles and define pu(F; X Es) = pi(E1) - po(Ey). To be
explicit

.F]_X.FQZ{E]_XEQ:E]'EE}
The goal will be to start from rectangles, define a measure p through the preceding for-

mula, and to extend this measure to the o-algebra generated by the rectangles through

Carathéodory’s extension theorem.
Proposition. F; x F; is a semi-algebra.

Proof. Clearly, €21 x Qs € F; x F5. Now, we must prove the second property of a semi-
algebra holds, that is that the complement of every set may be written as the finite disjoint

union of sets in the semi-algebra.

Suppose that A € F; x F,. Then, A = E; x Ey, for some E; € F,. Observe that
A® = (E; X ES)U (B x Ey) U (EY x ES)

Thus, since F; are o-algebras, we see that A° is indeed the finite, disjoint union of sets in
F1 x Fo. [ |
Remark. An intuitive way to understand this is to draw the rectangle in R? and reason
about sets that are outside of the rectangle. However, it is important to realize that the
generic rectangle is a much more diverse class, since the sets £, F in the case where 2, = R

may be any Lebesgue measurable or Borel measurable sets.

Above, we have shown that F; x F3 is a semi-algebra.
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e We will denote the generated o using the x operator
FirxFo=F =0(F x Fa)
e We define a measure in the semi-algebra, p : F; x Fo — [0, 00] by
Ey X Ey — i (Ey)pa(Es)
where we use the convention that 0 - oo = 0.

e If we want to apply Carathéodory’s extension theorem, we will need to show that p is

o-additive on the semi-algebra.

Definition. Section
Suppose that A C Q = (21 x Q). Fix z € Q; and y € Q,. We may define the sections
A, and AY of A by
A, ={yeQy:(x,y) € A} C Oy
AV ={z e Q: (x,y) € A} C
Note that A is any subset of €2, of course, if it belongs to the o-algebra, we may say

more about it.

Lemma. Let A € F; x 5 = F. Then, for all x € )y, we have A, € F, and for any
y € Qy we have AY € Fi.

Proof. We want to show a certain property holds for any set in a o-algebra. A common
technique is to define a collection 6 of sets which satisfies the desired property, show that
a simpler collection 9 of sets belongs to that collection 6, and then prove that our defined
collection 6 is a o-algebra so that the generated o-algebra o(%) also has that property.

Call the first property we want to prove, that for all x € €2, we have A, € F5, as property

(c). Define the class of sets
€ ={A e FxFy: Asatisfies () }
We verify two properties about 6

1. We claim 6 O F; x Fo. Let A € F; x Fy, that is, A is a rectangle. So, we may write
A = FE; X Es, for sets By € F; and Ey € Fy. Let © € 4. It may be verified that

E2 IEEl
@ xekf

Ay =

So, regardless of the value of x, we always have A, € F,. Hence, A € 6 and we see

that “6 contains the rectangles.
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2. 6 is a o-algebra. First, we show that 2 € €. Pick x € 2; and consider the section €2,.
But, based on the proof in (1), we see that

Qx:(legg)x:QQGFQ

Next, we need to show closure under complementation. Let A € € and fix x € 2;. By
definition, we have A, € F,. But since F; is a o-algebra, it follows that (A,)¢ € F.
We are done if we can show that (A°), = (A,)°. Observe that

(A ={y €Y : (z,y) € A%t ={y € % : (z,y) € A}
:QQ\{yGQQ : (x7y> GA}: (Ax)c

It remains to show closure under countable unions. Let A; € € for j € N. Observe

that
<UAJ> = {y € QQ . ((L’,y) € UAJ}

=Jve:(z,y) € A}

Jj=1

= JA)),

Jj=1
But, our assumption is that every A; satisfies (A;), € F». Hence, their countable union
is in F, and we conclude that (J; A; € 6.

Since 6 O F; X F, and 6 is a o-algebra, we see that € O F;xF>. Hence, any set A € FixF>
satisfies (). An analogous proof holds for the sections AY. |
Remark. The lemma above is saying that if we pick a set A in the o-algebra generated by

the set of rectangles, the sections will be measurable in their respective o-algebras.
Proposition. p is additive in F; x Fs.

Proof. We want to show additivity, given below
A, Aj € fl X .FQ

A=| |4, = pld) = (A
l<ion | |4 <>j§;<j>

j=1
Since A is a rectangle, we may write A = E' x F, and taking the section A,, we see that
o, ¢ FE
F, xeFE

A, =

Decomposing A along A;, we have

oo (1) ~Chm

J=1
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Since A; € F; X Fo, we may write A; = E; x Fj for E; € F; and Fj € F.

m

L] A, = L Fits, ()

J=1

If x € F, then using the chain of equalities above, we have

F= |i| F’]']'Ej(x)

j=1

Now, we see that
= pa(Fy) - 1p,(x)
j=1

Note that if x € E, then we have a trivial identity @ = &. Hence, to summarize both cases,

we may just write
1p(2) - pa(F) = D palF) - 1, (2)
j=1

Integrating both sides, we see that

m(BNia(F) = [ 16() -l F wlfzm (x) djn

= Z/M2(Fj) z) duy = ZM

which is precisely the identity we wanted to prove. [ |
Remark. The argument for o-additivity of the function p is analogous. The only points
that are changed are that we must consider a countable union of disjoint sets A;, and that
we must use the monotone convergence theorem rather than the linearity of the integral to

exchange the sum and the integral in the last steps.

Assume now that p; and po are o-finite. This means that
=JE, @2=F
Jj=1 Jj=21
with p;(E;) < oo and pg(Fj) < oo for all j € N and where E; and F; are increasing

sequences. We have
Q=0 x L= JE xF
j>1
Further
p(E; x Fj) = pa(Ej) - pa(Fj) < o0
Hence € is o-finite with respect to u. Finally, we are able to extend p to a unique measure

on JFi x Fy via Carathéodory’s extension theorem.
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17 Measure on a countable product of spaces

Skip this lecture for now.
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18 Fubini’s Theorem

We will begin with two measure spaces (§2;, F; p;) where €2; is o-finite relative to p;. Pre-
viously, we constructed the measure u = p; * uo on the generated o-algebra of the sets of
rectangles, which we denoted by FyxF,. Consider a function f : Q; xQy — R. Assume f > 0
for now. Fix some x € €, and consider a function f, : Qy — R given by f,(y) = f(z,y). We

consider integration
[ o) dusto)

Since this takes different values for each x € €);, we may consider the above object as a
function in x. As a function of x, we will show that if f is F-measurable, then the integral

is Fi-measurable. Since [ f,(y) dus2(y) > 0 under our assumptions, we will see that

/[/fx(y) dﬂz(y)} dpiy () —/fdu

Since this result will be symmetric, we may do this in the other order as well. We will need

to prove some details:
1. For any fixed z € ), we will show that f,(y), which is a function of y, is Fo-measurable.
2. We will also need to show that x — [ f.(y) dus2(y) is Fi-measurable as a function of z.
3. At the end, we must prove the identity.
4. The plan is to follow the above steps to show the result first for indicator functions,
then nonnegative, and finally integrable functions.
18.1 Setup for Proving Fubini’s Theorem

Let f: Q — R and suppose that f is F-measurable.

Proposition. Let 2 € ©; and consider f, : {2, — R given by the map y — f(x,7).

Then f, is an Fy-measurable function.

Proof. To show that f, is Fo-measurable, we must show that f;'(B) € F, for every B € %.
Notice that
£ (B)={y €Y fuly) € B} ={y € %0 : f(a,y) € B}
={y € (v,y) € (B} =[f(B)],
Since f is F-measurable and B € %, this means that f~'(B) € F. We have shown previously

that the section of a measurable set belongs to its respective o-algebra, hence [f~1(B)], € F.
|
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Theorem. Fuacts about measurability on sections
Let (€, Fj, ft;) be a measure space for j = 1,2, where §2; are o-finite with respect to
p;. Let B € F = Fy % Fy. Then

1. The function = +— ps(FE,) is Fi-measurable. The function y — i (EY) is Fo-

measurable.

2. We have the following identity

/ﬁ%&Mmzu@%j/m@ﬂwQ

Proof.

1. We want to show that x +— ps(E,) is Fi-measurable for all E € F. First, assume that
11(€1) < oo and ps(€2s) < co. We will first prove the assertion for rectangles. Then,
we will extend by linearity to the algebra generated by the rectangles. Finally, we will

use the monotone class theorem to extend this to all sets in the o-algebra.

(a) Assume F = A x B where A € F; and B € F; (i.e. E is a rectangle). We have

B ze€A
g x¢ A

E, =

Applying the measure, we see that

{ ua(B) €A

2 (Ea) = 0 ré¢ A

= pa(B) - 1a(x)

So, we see that ps(E,) is some multiple of the indicator 14(x). Since A € Fi,
this means the indicator function is Fj-measurable. Thus, x — ps(E,) is Fi-

measurable.

(b) Call 6 the set of rectangles. Call A = A(%6) the generated algebra. Taking F € A,

we may write
n
E=||E
j=1

where E; € 6. Since E; are rectangles, we may write £, = A; x B, for A; € F;
and B; € F»2. So

E, = <|_| Ej) = | |(E)):.

J=1
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Now, since E € F, we know that £, € F,. Hence, the expression ps(F,) is defined

and

pa(Be) =D pa((Ej)a) = Y pia(By)1a, (@)
j=1 j=1
The last equality follows from the first part, where we have shown that

p2((Ej)z) = pa(Bj)1a,(z)

Since po(E,) = D7) pua(Bj)1a, () and px(Bj) > 0, it is a nonnegative, simple
function. In particular, it is measurable as a function of x, hence = — us(E,) is
Fi-measurable for sets E € A.

We now extend the result to all £ € F. Denote
G={Fe€F:x— u(E,) is Fi-measurable}

We have already shown that G O 6. If we can show that G is a o-algebra, then we

are done since it will contain F.

Aside. Showing closure under finite unions is difficult. Supposing E, F' € G,
this means that the functions = — pe(E,) and = +— puo(F,) will both be

Fi-measurable, however, there is no way to show that
T pa((BEUF),) = pa(Er U Fy)

will also be measurable, since F, and F, may have nontrivial intersection.

The way to sidestep this is to prove that G is a monotone class. Since G O A(€6),
by the monotone class theorem, we will know that G also contains o(.A).
We now show G is a monotone class. Assume that E™ € G and E™ 1T E, where
we use the upper index to avoid collision with the notation for sections. Since
E™ € G, we see that

z — pa(EM)

is Fi-measurable. Further £ 1 E implies that EM T E, for all z € €. Since
o 1S a measure, it is o-additive and it is continuous from below. This gives us the
identity

p2 (Ey) = lim g1y (E)

n—oo

But since x — ,uQ(Eg(Cn)) are JFi-measurable, we know that their limit is also Ji-
measurable. Hence, F € G.
Now, assume that £ € G and E™ | E. We may apply an analogous argument to
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see that £ € G. Notice that we use the assumption that ps(£22) < oo here in order
to invoke continuity from above. Therefore, G is a monotone class and contains
0(%) = F and this concludes the proof.

We may make an analogous proof to show y — pi(EY) is Fo-measurable. To complete
the argument, we want to get rid of the assumptions that 1 (€21) < co and pa(Q2) < 0.

To deal with this case, we need to use the o-finiteness of the spaces.

Since €; is o-finite with respect to i, there exist A, € A; (the algebra, but recall that
rectangles involve sets from i) so that Q) = (J A, and p1(A4,) < oo for all n € N,
Similarly, there exist B™ € A, so that Qy = [JB™ and py(B™) < oo for all n € N,
In the next expressions, note that we may change the positioning of the index for n
liberally: these are still the same sets. Thus, we have F,, = A,, x B,, € € and

p(F) = (A)ua(B™), [ F™ = Q) x

n>1

We may assume that the sets A,, and B, are increasing, and from this, it is easy to
check the second equality above. Observe that £ N F™ has finite measure since F(™

has finite measure. By the first part of the proof, we know that
z = (BN FM),]

is F; measurable for all n € N. Since Un21 F = Oy xQy, we see that (EHF(”))I T E,.

As a result, this means that

p2((ENF™),) 1 pa(Ex)
Since = — p2((EN F(”))I) are all Fj-measurable, so is its limit z — po(E,).

2. We aim to prove
[ alEe) s = ()

From the first part, we know that z — uo(E,) is a nonnegative, F;-measurable function,

so this integral makes sense. We will proceed in steps again.

(a) Suppose that £ € €6 so that it is a rectangle, and we may write £ = A x B for
A € F; and B € F;. In the previous part, we have already shown

uz(Ey) = po(B)1a(x)

Taking the integral

[ walEoydi = [ a(B)tate) dies = pa( By (4) = ()
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(b) Suppose that £ € A(6). This means that E = [ |7_, EU) for EU) € 6. Again,

from the previous part, we have

Integrating again

[ = | zu (BD) dyu = z [ s (59

where we use the linearity of the integral to interchange the sum and integral and

part (a) to yield the last equalities.

(c) Now, we want to show that the identity holds for any E € F. Assume that
11 (1) < 0o and po(€) < 0o. Define

o—{rer: [ B -up)|

We claim that G is a monotone class. Let E,, € G and F,, T E. Since E, € G, we
see that

/ pa(E) dsy = p(E®)

for all n € N. Further, since j5 is a measure and Eé") 1 E,, we have lim,,_,« o EQ(C”)) =
p2(E,). By analogous reasoning, we have lim, o, u(E™) = u(E). Now, we take

the limit on both sides and apply the monotone convergence theorem to see that

[y ds = [ Y B di =l [ (B dis = i w(E) = ()

A similar argument shows that G is closed under decreasing sequences E, | F
and with the finiteness assumption to give the continuity from above of measures.
Further, we will need to use the dominated convergence theorem with the function
p2((£21 X Q2),) to pass to the limit inside. So, the identity holds for all £ € F

through the monotone class theorem.

It remains to remove the assumptions of finiteness. By the o-finiteness of each space,
there exists A(” € Ay so that A™ T O and pu1(A™) < oo for all n € N. Similarly,
there exists B™ E A, so that B™ 1 Q, and uQ(B(")) < oo for all n € N. Setting
F =AM x B® we have F™ € € and pu(F™) < co and

U ) —

neN
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Now, let E € F, since EN F™ € F and this set has finite measure, by part (c), we

have
[ ((EAF],) d = (B0 F)

Taking the limit on both sides, we see that
/Mz (Ex) dm = /nlglgo po ([ENF™] ) dpn

— i (n) — 1 (n)) —
=lim [ ([ENF }x)dul—nh_)rgou(EﬂF ) = u(E)

n—o0

where we use monotone convergence and also continuity from below of the measure.

Aside. In the above proof, we use the fact that if F,, T E, then e 1 E, several times.

This is true since

EW ={yeQy:(z,y) € E.}=E,N({z} x Q)

18.2 Tonelli’s Theorem and Fubini’s Theorem

Theorem. Tonelli’s Theorem
Let (€, Fj, ptj) be measure spaces for j = 1,2 and let Q; be o-finite with respect to
i Suppose that f: Qy x Qy — [0, 00] is measurable. Then

[ o] s
[ o]

Remark. In the language of Folland, these are functions in L*.

Proof. First, we ensure these expressions make sense. From a previous proposition, we know
that f, is an Fy-measurable function and since f is nonnegative, it must be nonnegative.
Since it is nonnegative and measurable, it may be integrated.

We prove two claims now:
a. [ fu(y)dps is Fi-measurable.
b. The stated identity holds.

The first claim still relates to the ensuring the expression is defined. To proceed, we will
first consider f as an indicator, then as a simple function, and then pass to the limit to

nonnegative, measurable functions.
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1. Assume that f = clp for some ¢ € [0,00) and E € F. Then

fx = (C]-E>r = C(]-E):c = C]-Ew

Integrating using this identity, we have

/ Jo(y) dpo = / clg, (y) dps = cpa(Ey)

But, from the previous proof, we know that = — cus(FE,) is an Fi-measurable function.

Evaluating the double integral, we have

/ [/ fx(y)dﬂ2:| dpy = /cug (E,)dp = cu(E) = /fd,u

where the last equality follows since our assumption was that f = clg. So our desired
identity holds.

2. Assume that f is a nonnegative simple function, that is, f = 2?21 ¢jlg; for ¢; > 0 and
E; € F. Fix some z € 2y and call f(j) := ¢;1g;, then

— (Zn: f(j)> — zn:fa(:j)
j=1 j=1

T

Since f is simple, it is F-measurable, so by the first proposition in this lecture, we see

that f, is Fo-measurable. Integrating, we have
/fx(y) dpy = /Zféj)(y) dps = Z/

By the previous part of this proof, we know that z + [ f;v y) dus(y) are Fi-measurable.
We see that f fu(y) dug is Fi-measurable since the sum of JFi-measurable functions is

Fi-measurable. Now, we may integrate with respect to py

[l [ womn]on=5 {5 f 1

where the second-to-last inequality follows from the first part of the proof applied to
each j.

3. Assume that f > 0 and measurable. By our lemma on simple functions, there exists
some sequence fU) of nonnegative simple functions such that f@) 1 f. It follows that

féj ) T f. and by the monotone convergence theorem, we know that

lim [ f9 dpy = / o dps
j—o0
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But, the limit of Fj-measurable functions is Fi-measurable, which shows that = —
[ fodps is Fi-measurable. Since the above is a sequence of monotonically increasing,

nonnegative functions, we may apply the monotone convergence theorem again to see

that
/ { [ duz} it [ [ / fxduz] din

To be explicit, we may set g; := (x — ffg(;j) dug) and g := (z — [ f,dps) and apply
the MCT to these. By the second step, since fU) are simple functions, we know that

/fU) du=/ {/ f dm} dpn

But we may apply the monotone convergence theorem once again to see that

J—00

i [ 79 d = [ £y
This concludes the proof of Tonelli’s theorem. [ ]

Theorem. Fubini’s Theorem
Assume the same setting from Tonelli’s theorem, except we replace f > 0 with any
integrable f : Q; x €y — R. Then

[ = [ { / fx(y)duz} o
i

where we are integrating with respect to an appropriately defined function g(z) or h(y).

Remark. We discuss the meaning of appropriately defining g. We may write f = f* — f~.
Since f is integrable, we know that f* is integrable, that is [ f*du < co. Applying what

we know from Tonelli’s theorem, it follows that

xH/ﬂ@W2

is an Fj-measurable function with a finite integral. Further, it must be finite almost every-
where, if not, then [ f*du = co. To reiterate, [ fi(y)dus < oo a.e. with respect to .
An analogous argument may be made for f~. The problem is that there may be some point
z € Q where [ fF(y)dps = oo and [ f (y)dps = oo, and in this case we will not be able

to define their difference. To handle this issue, we define a new function

g*(x):{ [ fH(y)dus  if int < oo

0 otherwise
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We know that (¢%)*(R) is Fj-measurable since x — [ f.7 (y) dus is Fi-measurable. Further,
if we multiply it by a characteristic function, we will obtain ¢*, so ¢ is F;-measurable as
well. In the same way, we can define g~ (x) and confirm its Fj-measurable. Now, we may
define g := gt — g~

Proof. We show that g is integrable with respect to p; and

/fdu:/g(x)dm

Recall again that f = f* — f~ where the integrability of f implies that f* and f~. are

integrable. By Tonelli’s theorem, we have

J[ £ dusdu = [ rrau<oc

From the statement above, we also know that = — [ f dus is an Fi-integrable function.
As before, define

[Fi@) dus i [ () dus < oo

0 otherwise

g (z) =

Call
E:{xeﬂlz/f;(y)du2<oo}€f1

We see that ¢g* = [ [ rr d/@] 1r and so gt is Fj-measurable since 1 is measurable and

x> [ fiF dps is measurable by Tonelli. Since the set E° has measure zero by assumption,

/9*@12/{/]‘%@] diy, < 00

The same holds if we consider the argument with ¢~ and f~. We compute

[ran= [ rran [ 5an
= / { / fjdm] dpy — / { / fa dm] dpn
= /g+dﬂl —/gdm = /(g+ — g )dum = /gdu1

where we are allowed to invoke linearity of the integral for g because it is finite at all values
of z. -

Remark. Thus, we see that Fubini’s theorem is actually a direct consequence of Tonelli’s

we have

theorem. The only issue is that we need to handle the potential cases where co — co may

arise for values of z (or y) by defining a new function g (or h).
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Remark. Another condition under which Fubini’s Theorem holds is if

S| [ 1o s < o

If the above holds, then we know that f, f. <|f.|. Hence

f[f s

and for f as well. But, from Tonelli’s theorem, we know that

[rean= | {/fjduz} dhy < oo

and the same for f~, which shows that f is integrable.
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19 The Hahn-Jordan Theorem

19.1 Signed Measures

Definition. Signed measure

A signed measure is a function v : F — R such that
1. v(@)=0

2. v is o-additive, so for F; € F which are pairwise disjoint, we have
(e} o0
j=1 j=1

We also have some implicit requirements (or consequences) that are important to state:

1. We must have that v is well-defined as a function, hence, v takes at most one of
the values +00 and —oo over all measurable sets. This is equivalent to requiring
that v takes at most one of the values for all pairs E, I’ of disjoint, measurable

sets.

2. Another requirement involves o-additivity. Since v is well-defined, the statement

v ( Ej> = Zu(Ej)

means that the value of v applied to the union does not depend on the order
of summation. So, Zj‘;l v(E;) must be absolutely convergent or the sum must
diverge in the sense that one of the two sums Zj:u(Ej)zo v(E;) and Zj:u(Ej)<o v(E;)

is infinite and the other is finite.

Lemma. We prove some properties for signed measures. Let E, F € F

1. Let EC F. If [v(E)| < oo, then v(F \ E) = v(F) —v(E). If v(E) = +o00, then
v(F) = too.

2. Let £ € F and v(E) = +o0. If F € F, then v(F) > —o0.

3. v is continuous from below and continuous from above.

Remark. When considering signed measures, we may assume without loss of generality
that v : F — (—o0,00] or v : F — [—00,00), since the function may only take on at most

one value of £o0.
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Proof.

1. For the first property, observe that F = F' U (F'\ F). Using o-additivity, we see that
v(F)=v(E)+v(F\E)

Since |v(E)| < oo, we may subtract it from both sides to obtain the identity. On the
other hand, suppose v(E) = 4+00. By the definition of signed measure, v(F'\ F) must
be finite or +00. Referring the the equation above, in both cases, v(F) = 4+00. An

analogous proof holds for the case where v(E) = —oc.

2. Another way to say this is if there is one measurable set with the value 400, all other
sets must take the value 400 or be finite. Assume v(E) = +oo. Let F' be another set.
Assume, for contradiction, that ¥(E N F) = —oo. Then v(E) = —oo by the first part.
(4) Thus v(E N F) is a real number or +oo. Recall that

vV(Ey=v(ENF)+v(E\F)

Assume that v(E N F') is a real number. Since v(E) = +o0, for the above identity to
hold, we must have v(E \ F') = +o0. Since F is disjoint from E \ F, we cannot have
u(F) = —oo (by our implicit requirement). Lastly, consider v(E N F) = +oo. Since
ENF C F, by the first part, we see that v(F) = +00. Hence, in all cases, v(F) > —oo.

3. Suppose E, T E, where E,, € F. In this case, we will take E = |7, E,. Continuity

from below means that
ey —o(Ue)

n=1
Note that the limit is no longer monotonically increasing since we may have v(E,) >

v(Ey,+1), depending on what sets are involved. Define the sets
Fi=E, Fy=E\E

We see that F), € F as the countable intersection and complements of sets in F. Further,
F; N Fy, = @ for j # k. By definition, we see that

(0) o (05) - S

k=1 k=1
= Jim, > v(F) = Jim v (U F)
k=1 k=1
= lim v(E,)
n—o0

This shows continuity from below.

Now, we show continuity from above. Assume FE, | F, where E, € F. Additionally,
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we assume there exists some ng € N so that v(E,,) is finite. Define
FI - ETL() \ En0+17 Fk - ETL() \ En0+k

Notice that v(E,,4x) # —o0, otherwise, v(FE,,) = —oo by the first part. The same
reasoning shows why v(E,,) # co. Since En,ix | [1;5; By it follows that Fy T E,, \

N i>1 £j. By the continuity from below, we have
V(Eng \ Engr) = v(Fy) m v (Eno \ ﬂ Ej)
Jj=21

Since v(FE,,) € R, we may write

k—o0
Jj=1

Rearranging gives us continuity from above.

Note how the proof of the first statement gives a sort of ‘monotonicity’ result. [ |

19.2 Decomposition theorems

Theorem. Hahn decomposition of a measure
Let v : F — (—o0,+0o0] be a signed measure. There exists a set P € F and N := P°¢
such that if £ C P, then v(E) > 0 and if F C N, then v(F) <O0.

Remark. We discuss an example which shows that the sets P and N are not unique.
Consider the measure space (R,%,\), consisting of the real line, the Borel sets and the

Lebesgue measure. Let f : R — R be continuous and consider

ni(8) = [ ax

Consider the graph of f to be given by the arcs over the sets A and B in the picture below,

where it is zero everywhere else, as in the intervals Iy, I5, I3.

i m 5 7
il ] [E
| L UL

B




19.2 Decomposition theorems 81

Notice that we may define P = AU I as any of the intervals I, I5, I3 and take N = P¢. So
decomposition is not unique. In the ensuing proof, we would like to find the sets A and B

in which the positive and negative measures of space are ‘concentrated’.

Proof. Let (2, F) be a measurable space and v : F — (—o0, 00| be a signed measure.
Define
a = inf v(A)

AeF
We claim that o > —oo. Note that « is defined since v(@) = 0. Assume, for contradiction,
that & = —oo. We aim to construct a sequence of sets Ay for k > 0 satisfying Ay O Agiq
and another sequence of sets By for k > 1 such that v(By) < —k.

We start our construction. Set 2 = Ay. Define

A(C) = inf v(E)

ECC
This means A\(Ag) = A\(Q2) = a = —oo. By the definition of infimum, there exists some set
By C A such that v(B;) < —1. Next, we want to choose a set A; so that A\(4;) = —oc.

There are two cases.
1. Suppose that A(B;) = —oco. Then set A; = Bj.

2. Otherwise, we have A\(B;) > —oo. Assume, for contradiction, that A(B; \ Ap) > —oo
as well. Suppose E C Ay, then

V(E) = V(Em Bl) + V(Em (A() \ Bl))
> N(B1) + A (Ao \ B)
Since this argument holds for any E, this means that A (B;) + A (Ap \ B1) is a lower

bound for v. But then A(Ag) > A (B1) + A (A \ B1) > —oo, which is impossible. Thus,
A(By \ Ag) = —o0 and we set A} = By \ Ap.

In the situation where A; = Ap\ By, we say that there exists a bifurcation. In the construction
above, we have A; C Ay and A\(A;) = —oc0 and B; € Ap. We may now construct the
sequences of sets Ay and By inductively following the process above. Notice that as a result

of the construction, we have
Ap 2 A1, Ak 2 Biyr, A(Ag) = =00, v(By) < —k

Further, once there is a bifurcation, say at the k' iteration. This means that A,,; =

Ag \ Bgs1. Then, from the relations above, for j > k + 2 we have
Bk+1 ﬂ Bj — @

Now, we will be able to construct our set B with infinite measure. There are two cases.
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1. There are a finite number of bifurcations. So, there exists ng such that for all n >
ng there are no bifurcations. Then, B, = A,, and since the sequence of sets A, is
decreasing, we have B,, D B,,_;. Recalling that v(By) < —k, we note that v(By) must
be a real number since & > —oo. Call B = (;_, B, then B,, | B. By continuity of
above, we know that

v(B) = nll_g)lo v(B,) =—

But this contradicts our assumption regarding «.

2. There are an infinite number of bifurcations. We may arrange a sequence ng, nq,na, . . .
of natural numbers at which a bifurcation occurs. By what we have shown before,
B,, N By, = @ for distinct j,k. Define B = szo B,,,. By o-additivity, we have again
that

v(B) =) v (Bi) = -
Jj=0

Note that v(By) must be negative real numbers. Hence, we obtain a contradiction.

From the above argument, we know that o = infacrv(A) > —oo. We will construct a set
N so that ¥(N) = a. By the definition of infimum, there exists C,, € F so that

1
OéSV(C)<Oé+2—n

By inclusion-exclusion, we may write

V(Co U Cir) = 1 (Co) + 1 (Copr) — 1 (Coy O Gy

1 1
<Oé—|—2—+ +ﬁ—o¢

1 1
_Ot+2—n+2n+1

If we repeat this argument, we obtain

n+q 1 1
Uck Sad oot g

If we take the limit as ¢ — oo, we have

2
V(U0k> <Oé—|—2—n
k>n

Set Dy, == Uys, Cr and D =15, Dy, Since a + = is finite, we may apply continuity from

above to see that
v(D) <«

But by definition v(D) > «, so v(D) = « and this is our desired set V.
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Finally, we may represent P = N¢ and verify that if £ C P, then v(E) > 0. Suppose, for
contradiction that v(F) < 0. Then F'= N U E is a disjoint union and

v(F)=v(N)+v(F) <«

which contradicts the fact that « is an infimum. On the other, hand suppose for contradiction
that F' C N so that v(F) > 0. We cannot have v(F') = 400 since v(N) is finite. Now

v(IN\F)=v(N)—v(F)<a

which leads to a contradiction again. This proves the Hahn decomposition theorem. [

Remark. Let v be a signed measure. We may define two measures by
vi(E)=v(ENP)>0, v (E)=-v(ENN)>0

Further, we may always write

v=vt—u"

This follows from g-additivity and since P and N form a disjoint partition of 2
VEy=v(ENQ)=v(ENP)+v(ENN)=v.(E)—v_(E)

Thus, we are able to decompose a signed measure as two nonnegative measures. If we force
the support of the two measures to be disjoint, then we can have uniqueness. We repeat this

as a theorem from Folland below.

Theorem. The Jordan Decomposition Theorem.
If v is a signed measure, there exist unique positive measures rtand v~ such that

v=vt—v and vt L v .

Proof. Let X = PU N be a Hahn decomposition for v, and define v*(FE) = v(E N P) and
v (E) = —v(ENN). Then clearly v = v —v7and v* L v~. If also v = p* — p~and
put L pu=,let EJF € M besuch that ENF =@, FEUF = X, and p*(F) = pu (E) = 0.
Then X = FUF is another Hahn decomposition for v, so PAFE is v-null. Therefore, for any
Ae M, ut(A)=pu"(ANE)=v(ANE)=v(ANP) =v'(A), and likewise v~ =p~. N
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20 The Radon-Nikodym Theorem

Suppose that (£2, F, ) is a measure space and p is o-finite. Let v : F — (—00, 0] be o-finite

in the same measurable space as well.

Definition. Absolutely continuous
We say that v is absolutely continuous with respect to u, with the symbol v < p,
if
wA)=0 = v(A) =0
where A € F.

Example. Let f be an integrable function and define

o) = [ fan

We know that if u(A) = 0, then [, fdu = 0, hence v < . Recall our previous discussion on
this. One consequence of the Radon-Nikodym theorem is that it will give us a converse to
the above example: if v < i, we will be able to find a function f such that v(A) = [, fdp.

Definition. Singular, mutually singular
Let p and v be o-finite measures. We say that v is singular with respect to p if there
exists A € F such that p(A) =0 and v(A°) = 0.

We use the symbol v 1 p to denote that v and p are mutually singular. Note that this

relation is symmetric.

Example. Let A be the Lebesgue measure on the line. Let Q = {g;};en be an enumeration
of the rationals and ¢; > 0 with Z;’il ¢; < 00. Define

oo
V= E deqj
Jj=1

Recall that o, for x € R is the Dirac measure, which is given by

1 z€A
6:(A) =
0 z¢ A

For the measure v, each §,, has contribution c;. The intuitive idea here is that the positive
part of v is concentrated on the rationals while the positive part of A is concentrated on the

irrationals. Taking A = Q, we have

v(A°) =0, XA =0
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Indeed, it follows that v L A.

Remark. Note that by requiring that @ and v are (nonnegative) measures, it means that
subsets of A¢ must also have measure zero. In Folland, this is done by defining positive,
negative, and null sets and mutually singularity for signed measures using those notions. We

include these definitions for comparison.

Definition. Positive, negative, null set
If v is a signed measure on (X, M), a set F € M is called positive (resp. negative,
null) for v if v(F) > 0 (resp. v(F) < 0,v(F) = 0) for all F' € M such that F C E.

Definition. Mutually singular

We say that two signed measures p and v on (X, M) are mutually singular, or that
v is singular with respect to u, or vice versa, if there exist E, F' € M such that
ENF =9, FUF = X, FE is null for i, and F is null for v. Informally speaking, mutual
singularity means that p and v “live on disjoint sets.” We express this relationship

symbolically with the perpendicularity sign:
wl v

Theorem. Radon-Nikodym

Let p be a o-finite measure and v : F — (—00, 00| a signed measure. Then

1. There exist signed measures vy, v, such that v = 1y + v, and
v << pand vy Lop

2. The decomposition is unique.

3. There exists a measurable function f so that

Vl(A)=/Afdu

Note that f does not have to be integrable.

Remark. We preface the proof with a sketch.

Step 1: Assuming that p and v are finite, construction of a function g that maximizes p,(2)
integral among all those such that p,(A) < v(A) for all A € F.

Step 2: Showing that v, = p — p, is singular with respect to p (completing the proof when p
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and v are finite).
Step 3: We will argue that the conclusions hold without the assumptions in Step 1.

Proof. First, assume that v : F — [0,00] and that v and p are finite; we will prove the

general case afterwards. Define

:{f measurable,fEO:/fduSV(A), ‘V’AG}"}
A

Observe that #€ is nonempty since we may consider f = 0. Define

azsup/fd,u

fese Ja
We want to find a maximal function in #€. Notice that the supremum will be a nonnegative

function. We proceed in steps below.

1. We have a < oo. We know that v/() is finite by assumption, so [, f dp will be bounded
above by v(2) for all f € #€. Hence, a < v(2) and the supremum is finite.

2. By the definition of supremum, we may find a sequence of functions (f,)nen so that

fn € J and
1
a——</fdu§a
n A

Define g, = max{fi,..., fn}, which is an increasing sequence of functions. We claim
that g, € #€. To see this, denote E,; = {x € Q: fi(z) = go(z)} for 1 <k < n and

observe that . .
Gn dp = / Gn dp = / Jrdp
/,4 Z AOE ; AmEn,k

< Z (ANE, ;) = v(A)
The last equality follows since we may construct £, j as a partition of 2. Thus, g,, € #€.

3. Since g, is an increasing sequence, we may define its limit as g. We claim that g €
H€. Since g, € €, we know that [, g, du < v(A) for all n € N. By the monotone

convergence theorem, we see that
/ gdp = lim /gndu < v(4)
A n—oo A

4. We will show [ gdu = a. Since g € #€ and « is an upper bound of { [ fdu : f € #},
we see that [ gdu < a. On the other hand, we have

1
/gduz/gnduz/fnduztx——
n

Hence, we see that [ gdp > a.



20 THE RADON-NIKODYM THEOREM 87

So, at the end of this process, we have #€ and g as a maximal element of #€. Set
1 (A) = / gdu <v(A), (A :=v(A)—1(A)
A
By construction, we see that v; < p. It remains to show that v, L p.

Aside. The motivation for defining o,, below is to consider the inequality

!
noon
Under the condition of mutual singularity, whenever vy is positive, p will be zero so

the inequality above should hold. Rearranging gives us o,,.

Define the signed measure
Op = Uy — 1 i
n
Since this is a signed measure, o, has a Hahn decomposition into a positive set P, and a
negative set NV, which partition €. Our goal is to show u(F,) = 0. Consider the function
g+ %1 p,, we claim that this function belongs to #€. To verify this, note that this function
is nonnegative and measurable already, so it suffices to check that its integral is bounded by

V(A).
/A [g 4 %1&} dp = 1 (A) + %u(Pn N A)

Since (P, N A) C P,, it follows that o, (P, N A) > 0. Plugging into the definition for o, we

have )
V2(Pn N A) > EM(P’VL ﬂA)

Continuing, we see that
1
v (A) + ﬁu(Pn NA) <(A)+1a(P,NA) <A+ 1n(A) =v(A)

where we have used the fact that v, is a nonnegative measure to say that vo(P,NA) < 15(A).
By this inequality, we obtain that g + %1 p, € €. Observe that

1 1
/ [9 + —14 dp = a+ —pu(Py)
A n '

Using the maximality of g, we must have u(P,) = 0 for all n € N. Define P = |, _x P,

neN
then using countable subadditivity, we have

M(P)§M<U Pn> =0
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Define N = P¢ and notice P° = (e Pr)” = MNnen Na- It remains to show that v5(N) = 0.
Since N, is a negative set for o,, we know that 0, (N,) = vo(V,,) — %M(Nn) < 0. Now, by

monotonicity of measure, we have the following inequalities

1 1
va(N) < va(Na) < —p(Nn) = —u(€) < 00
Since this inequality holds for all n € N, we have v5(N) = 0.
To summarize, we have obtained two sets, P and N so that pu(P) = 0 and v5(N) = 0, hence
w L v,

Now, we remove the finiteness assumption. We will assume that v and p are o-finite in-
stead. Since p is o-finite, we may find E,, € F such that E, 1  and u(E,) < oo for all
n € N. Similarly, we may fine F}, € F such that F, 1  and v(F,) < oo for all n € N. Call
G, = E,NF,. Since E, and F,, are increasing sequences, so is G,,, that is G,, C G,,+1. We
claim that Q = |J,, G,,. Take z € ). Since E, is an increasing sequence, there exists some
ng € N so that x € E, for all n > ng. Similarly, there exists some n; € N so that x € F),
for all n > ny. Take N = maxng,n, then € |J,, Gy, if n > N and the equality follows. By

monotonicity, we also see that u(G,) < oo and v(G,,) < oo for all n.

So, there exists a sequence G, 1T 2 so that u(G,) < oo and v(G,) < co. We construct the

sets
Hy =Gy, ... Hy =G\ Gia

Since G, is an increasing sequence, we see that H; N H; = @ for i # j, Q = |_|j';1 H;, and

w(H;) < oo and v(H;) < co. Define two finite measures
i (A) = p(ANHy),  v;(A) =v(ANH;)

We may apply the Radon-Nikodym theorem for finite measures on these two measures to

obtain a decomposition v; = V]l + V? where 7/31 < pj and 1/]2 L pj. Now, taking the sum of

1_ 1 2 _ 2
y—gyj, I/—E v;
J J

It can be shown that v!' < p and v? L p; the intuitive idea is that we have shown the

the measures

decomposition and the absolute continuity and mutual singularity on disjoint sets of €2, so

when we combine the domains H;, these properties still carry over.

Lastly, we consider the original assumptions of the theorem. Let p and v be o-finite and
v : F — (—o0,00] be a signed measure. Since v is a signed measure, it has a Jordan

decomposition into nonnegative measures 6q, 0y : F — [0, 00] so that v = 6, —6,. Since these
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¢; are nonnegative, we may apply the version of the theorem we proved above to obtain the
decompositions
0, =01 +62, 0,=05+03

where 6] and 63 are absolutely continuous with respect to p and the other two measures are
mutually singular with p. Recall that in our Jordan decomposition for v, we will have two
sets P and N which are supports for 6; and 6, respectively. So, the supports of ] and 6] are
disjoint, and we can combine these measures to get a measure on the entire space ¢). The

same applies to the remaining measures 67 and 635. Therefore, we define
1 1 2 2

To conclude the proof, we verify the uniqueness assumption. Suppose we have the decom-
positions

V=Wt =V+Ts
where 11,77 < i and o, 75 L u. We may write the above identity as
Vi — V1 =Ty — Uy
By the mutual singularity, we know that

34, u(A)
3B, w(B) =

vy (A°NF) =0, VFeF

0
0 7 (B°NG) =0, VG € F

Set C' = AU B, so u(C) = 0. Consider the set EN (AU B) and EN (AU B)“.

1. Since pu(C) = 0, it follows that u(E N (AU B)) = 0 by monotonicity. By absolute

continuity, we know that

n(EN(AUB))=0, 71 (EN(AUB))=0

2. By mutual singularity, we have
v (ENA“NBY) =0
vy (ENA“NBY) =0

Using the facts above, we may compute

(1 =71)(E) = (1 —m)(EN (AU B)) +(n —71)(EN (AU B)°)

= —)(EN(AUB)) = (72 —»)(EN(AUB)) =0

where the last equality follows from the mutual singularity of (2). Thus, v; = 7; which forces

Vo :DQ. [ |
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Remark. The function f in the above proof is only unique up to sets of measure zero, since

Vl(A)Z/Afduz/Agdu

if f =g p-a.e., then
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21 Almost sure and almost uniform

We start a new chapter on the convergence of functions. Fix a measure space (€2, F, 1) where
Q) is o-finite with respect to p and F is p-complete. Let f,g : © — R. Recall a previous
proposition which states that if f is measurable, F is u-complete, and ¢ = f a.s., then g
is measurable. Based on this proposition, it makes sense to define an equivalence relation
fr~gif u({z € Q: f(x) # g(x)}) = 0. The point is we define this equivalence relation on

measurable functions.

Aside. Reflexivity and symmetry are obvious for the above relation f ~ g. Suppose
that f ~ g and g ~ h. Observe that

p({r € Q: f(x) # M)} < p({f # 9t U{g #h})
<p{f#g})+u{g#h})=0

So, this is an equivalence relation.

We can phrase the above in the language of quotient sets. Consider the set
M ={f:Q—R: f is measurable}

We may take the quotient by the saying that functions which differ only on a measure zero
set belong to the same equivalence class: M = M /~. We will be working in the space M,
so that whenever we speak about a function, we are speaking about the representative of an

equivalence class. This is the background of the chapter.
21.1 Types of Convergence
We will describe three types of convergence. The definitions are given below.

1. f, = f a.e., this is called convergence almost everywhere.

(a) Pointwise convergence. Let f,, f : E — R. We say that f, — f pointwise if for all
v € B, fula) 2 flo).

(b) Almost sure or almost everywhere convergence. Let f,, f : @ — R. We write
fn — f a.s. or a.e. if there exists E € F such that f, — f pointwise on £ and
u(E°) = 0.

2. Uniform convergence a.e.

(a) Uniform convergence. Let f,, f : E — R. Recall that f, — f uniformly if for £ > 0
there exists ng such that for all n > ng, we have |f,(z) — f(z)| < e for all x € E.
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Another way to say this is
sup [ fu(2) — f(z)| <€
ek
The point is that we can choose one ng for which | f,,(z)— f(z)| is bounded uniformly

forall z € F.

(b) Uniform convergence a.e. Let f,, f : Q — R. We say that f, — f uniformly a.e.
if there exists F € F such that pu(E°) = 0 and f,, — f uniformly on E. So, if we

restrict these functions to E, then we have uniform convergence.

3. Almost uniform convergence. Let f,, f : Q — R. We say that f, — f almost uniformly
if for all € > 0, there exists E. € F such that u(E¢) < e and f,, — f uniformly on FE..

The point of this definition is to take care of sequences of functions such as f,(x) = "
on [0, 1], where we can obtain uniform convergence if we choose some £ > 0 and consider

that f,, — f uniformly on [0,1 — ¢].
21.2 Information on convergence almost everywhere

Proposition. It is important to note that almost sure convergence is convergence in
the equivalence class. To be precise, if f, — f as. and f, ~ g, and f ~ g, then
Jn — g a.S.

Proof. Since f, — f a.s., there exists some E € F such that f, — f pointwise on £ and
u(E°) = 0. Since f, ~ gy, for all n € N, there exists some F,, € F such that f,(z) = gn(x)
for all z € F,, and p(F°) = 0. Similarly, since f ~ g, there exists some F' € F such that
f(z) = g(x) for all z € F and pu(F°) = 2.

Take H = FNEN(),cn - We know that H € F because it is the countable intersection

neN - n
of measurable sets. Further

p(HC)—u<Q\ (FﬂEmﬂFn)> —,u<FCUECUUFn> <0

neN neN
To conclude the proof, we observe that if x € H, then g, (z) — g(x). For all n € N, we have
gn(z) = fo(x) since z € F,. Next f,(z) — f(z) since x € E. Lastly, f(z) = g(x) since
x € F. Therefore, the existence of H shows us that g, — g a.s. [
Remark. The idea of the proposition above is that when we have convergence a.s., we can
change the functions to other representatives in the equivalence class while still ensuring

that the new sequence converges a.s.
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Proposition. If f, — f a.s. and f, — g a.s., then f = g a.s.

Proof. By definition, there exists £ € F such that u(E¢) = 0 and f,, — f pointwise on E.
Similarly, there exists F' € F such that u(F°) =0 and f,, — g pointwise on F.

Take H = EN F. We see that u(H°) = p(E°U F°) = 0. Further, since © € H, we have

g9(z) = lim f,(v) = f(x)
So, f =g on H, thatis f = g a.s. [ |

Remark. The above shows the uniqueness of the limit when considered with respect to the
equivalence class of functions.

Example. Consider the measure space ([0,1], £, \) where A is the Lebesgue measure.
Consider the sequence of functions f,(z) = 2. We know from analysis that f,(z) — 0 for
x €[0,1) and f,(1) — 1. So, taking f = 0, we have that f,, — f A-a.s. But, it is not true
that f, — f pointwise. So this is a sequence of functions which converges almost surely but

not pointwise, on [0, 1].

21.3 Information on uniform convergence a.e.

A useful notion for discussing uniform convergence almost everywhere will be the essential
supremum. Let f:Q — R. Assume that there exists a > 0 such that

p{lfl>a} =0

Note that if b > a and p{|f| > a} = 0, this implies that u({|f| > b} = 0, since {|f| > b} C
{l71 > a}.

Definition. Essential supremum
We define
esssup | f| = inf{a > 0: u{|f| > a} =0}

Recall that
sup | f| = sup{|f ()| : = € Q}

It is clear that esssup |f| < sup|f|. Strict inequality is possible. Consider the following
example.
1, ifx#0
fz) = _
oo, ifx=0
We see that
esssup | f| =1 < oo = sup | f]
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We call the above notion the essential supremum because we are allowed to remove points
in a set of measure zero. Next, we will discuss some common properties of the essential

supremuin.

Observation. If esssup |f| = ¢, then
p{z € Q:[f(2)]| > c}) =0

Since esssup |f| = ¢, for every n € N, there exists some a, € {a > 0: p{|f| > a} = 0} such
that

1
c<a,<c+ —
n

So p{|f] > an} = 0 and we also have | J,,.n{]f| > an} = {|f| > c}. Taking the measure, we

see that
M(Uﬂﬂ>ad>=0

neN
by countable sub-additivity.

Proposition. The essential supremum is a class property. To be exact, if f ~ g, then

esssup |f| = esssup |g|.

Proof. We may find a set £ € F so that pu(E°) = 0 and f(z) = g(z) for all z € E. Let
c = esssup |f| and consider the set A := {z € Q: |g(x)| > ¢}. Observe that

p(A) < p(ANE) + p(ANE)

We have p(A N E°) =0 since u(E°) = 0. Since AN E C E, we have f(z) = g(z) on AN E.

Hence, we see that

wA) = p{z € Q:g(x)] > c}) < p({z € Q- |f(x)] > c} N E)
< p(fo € Q: |f(@) > }) =0
So, from the above, we see that u({z € Q : |g(x)| > ¢}) = p({x € Q: |f(z)| > ¢}) = 0. This
means that ¢ € {a > 0 : u({|g] > a}) = 0}. Thus, we see that esssup |g| < ¢ = esssup |f].
Since the roles of f and g are symmetric, we may replace f and ¢ in the argument above to
obtain the reverse inequality, and from this we obtain esssup |f| = esssup |g|. Therefore, if
two functions are equal a.e. (meaning they belong to the same equivalence class), then they
have the same essential supremum. |
The last property we will see for essential supremum is that it induces a distance (in fact a
norm) on the equivalence class of functions and that uniform convergence a.e. corresponds

to the convergence for the topology induced by this distance.
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Proposition. Taking d(f,g) = esssup |f — g| defines a distance function on M.

Proof. Clearly, d is symmetric by definition. Continuing, we will verify that if d(f, g) = 0,
then f = g a.s. It is sufficient to show that if esssup |h| = 0, then h = 0 a.s. By the definition

of infimum, if esssup |h| = 0, we must have

u({xea:m@ﬂ>%}>:

for all n € N. But we have seen previously that

LJ{xGQ:M@M>%}:{xGQﬂM@L>@

neN

So, using countable additivity, we conclude that
p{z € Q:[h(z)| >0}) =0

But this means that h = 0 a.s. (since the set where h takes positive and negative values has
measure zero).

The remaining property to show is the triangle inequality, that is d(f, h) < d(f,g) +d(g, h).
Denote a := d(f, g) and b := d(g,h). We want to show that

p{r e Q:|f(x) —h(z)| >a+b} =0

By the triangle inequality in R, we have that |f(x) — h(z)| < |f(x) — g(x)] + |g(z) — h(x)].

If we assume that the inequality we want is true, we have

a+b<|f(z) = hz)| < [f(x) = g(@)] + |g(z) = h(x)]

But this means that either |f(z) — g(x)] > a or |g(z) — h(z)| > b, otherwise we have a

contradiction. Hence

ple € Qo |f(z) = h(z)| > a+ b} < pfx o [f(x) — g(2)| > a} + p{z : |g(x) — h(z)] > b}
=0+0

Using the first property and that a = esssup | f — g|, we see that p{z : |f(z)—g(z)| > a} =0,
and similarly we have p{z : |g(x) —h(x)| > b} = 0. Thus, we have p{z € Q : |f(z) — h(z)| >
a+ b} =0, in other words esssup |f — h| < a + b, and the triangle inequality follows. W

Aside. In the above proof, we use the fact that adding functions that belong to the same
equivalence class is well-defined in several places. First, to define d(f, g) = esssup |f—g|
means that we are defining a metric on the equivalence classes using representatives

from that class. Second, when we say it is sufficient to show that esssup|h| = 0, we
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use that if f — g =0 a.e., then f = g a.e.

Proposition. f, — f uniformly a.e. if and only if d(f,, f) — 0 using the distance

function defined by the essential supremum.

Proof. Suppose that f, — f uniformly a.e. Then, there exists some F € F such that
w(E) =0 and f, — f uniformly on E. Fix € > 0. We want to show that there exists some

ng such that for all n > ng, we have

esssup [ f, — f| = d(fu, f) < €

Since f,, — f uniformly on E, this means that for all € > 0, there exists some nq such that

for all ng > n and for all x € E we have

[fu(z) = f(z)| <e

But this means sup,cp|fn(x) — f(z)| < e. Hence, if |f,(z) — f(z)| > ¢, then x € E°. It
follows that

p{z € Q| fulz) = f(2)] > €}) =0
since the above set is a subset of E°. From this, we see that ¢ € {a > 0 : u(|f, — f| > a) = 0}

and using the definition of esssup as the infimum, we see that

d(fa, f) = esssup | fo — f| < ¢

as desired.
Now, we show the converse: assume that d(f,,, f) —— 0. This means that esssup |f, — f| —
n—oo

0, equivalently, for all £ > 0, there exists some ng such that for all n > ny we have

esssup|fu — f| < e

It follows from a previous proposition that u({x € Q : |f.(z) — f(z)| > €}) =0. Let k > 1,
then there exists ny such that for all n > ny, we have pu({z € Q: |f,(z) — f(z)] > 5%}) = 0.

Taking unions, we see that

u(U {errlfn(w)—f(x)bQ—lk}) ~0

“(UU {“Q:‘fn@)—f(x)\ > ;}) _

Set B° = Ups1 Unsn, {2 € Q: [fu(2) — f(2)| > 55 }. To conclude the proof, we must show

that on F, we have uniform convergence. Observe that

E= N frea:ine -l <5}

k>1n>nyg
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1
2ko

Let € > 0, then, there exists some ky such that < e. Suppose that x € E, then we know

that for n > ny,, we have

1
ula) ~ F@)] < 5 <
Since this is true for all x € E, we have sup,cp | fn(z) — f(z)| < ¢ and uniform convergence
on F follows. [}

Remark. Consider the space
L ={f e M :esssup|f| < oo}

Recall that this is well-defined because the essential supremum is the same for functions that
are equal a.e. It turns out that L* is a vector space. To see this, we need to verify that for
fig € L™ and a € R, we have af + g € L*™.

Remark. Recall our previous example where we take f,(z) = 2™ on the measure space
([0,1], £, ). Notice that this sequence of functions converges a.e., but does not converge
uniformly a.e. If we only remove a set of measure zero, then we will always be able to find a
sequence of points converging to 1, and this prevents uniform convergence. It is in light of

this example that we define almost uniform convergence.

21.4 Comparison of convergence for sequences of functions
We list some relationships between the different types of convergence.

e Uniform convergence a.e. implies convergence a.e. and uniform convergence a.e. implies

almost uniform convergence.

e Almost uniform convergence implies convergence a.e.
Proposition. Almost uniform convergence implies convergence a.e.

Proof. Let (f,)nen be our sequence of functions. Suppose that f, — f almost uniformly.
Then, for all £ € N, we may find a set Ej, such that f, — f uniformly on Ej and p(Ef) < %

If we have uniform convergence on Fj, then we have pointwise convergence on Ejy. Now,

% (ﬂ E/?) < (B, < kio

k=1

consider that

Since this holds for all kg, we have u (o, Ef) = 0. Define E = |J;_, E}, which is the
complement of the intersection above. Observe that we have pointwise convergence on E.
Pick an x € E, then = belongs to Ej and we know that we have pointwise convergence on
E).. Hence f, — f for all x € E. This is exactly convergence a.e. |

In light of the previous proposition, we also have a converse under certain conditions.
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Theorem. Egoroff’s Theorem
Suppose () < oco. If f,, — f converges a.e., then f, — f almost uniformly.

Proof. We aim to translate the information of convergence into that of a set. Consider the

x=NUN{eeo: 1 - fa) < |

keNneNi>n

set

The set X are the points where f,, — f pointwise. So, the assumption that f,, — f converges

a.e. is the same as saying p(X¢) = 0. Taking the complement, we have
1
-UNU{een:ine - i@l
keNneNi>n

But since p(X¢) = 0, this is the same as saying

" (ﬂ U {x € Q: |filx) - f()] > %}) —0, Vk

neN[>n

Since k is fixed in the above expression, we can ignore the dependence of the inner union
on k and say that A, = ., {z € Q:|fi(z) — f(z)| > £ }. Notice that A, D A,41, so A,
is a decreasing sequence which decreases to the intersection, that is A, | (), A,. Since

1(2) < oo, we may use continuity from above to conclude that for all k
tim g (4w eQ: i) — f@) > = 4] =0
n—00 s k

Fix € > 0. Using the definition of limit, there exists n.; (this means n depends on € and k)

such that for all n > n.; we have

" (U{x i) = F@)] > %}) <o

Since this is true for all n > n. x, we have in particular p <UZZ7’L5 . {z:|fi(z) — f(z)] > %}) <

o~ Now, taking the union, we have
1
plU U 2 i@ - fl@)] > (] =€
k>11>n, g

We may call the set inside the measure ES. Hence

=) N {o: 100 - @l < 5 )

k>11>n,
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It remains to show that (f,,) converges uniformly to f on E.. Let § > 0 be given. Choose k
so that 1/k < § and set N := n.j;. For any n > N and any « € E., we have n > n.y, and
by the definition of F.,

<.

[fu(z) = f2)] <

s

Thus
sup |fu(z) — f(x)] <6 foralln > N,

reF,
which shows that f,, — f uniformly on E.. Since p(ES) < ¢, this proves that f,, — f almost
uniformly. [ |
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22 Convergence in measure

When we talk about convergence in measure or other notions of convergence which involve
a.e., it is useful to assume the sequence of functions is measurable (and hence the limiting

function as well).

Definition. Convergence in measure
Let f,, f:Q — R. We say that f, — f in measure if for all € > 0 we have

pl{ = [ful2) = f(2)] > €}) —— 0

Example. We show an example of a sequence of functions f,, such that f,, — f in measure,
but not pointwise. Consider the measure space ([0,1),£, ). We construct a sequence of
functions in the following way

fi(z) =1, Yz €10,1)
fa()

Xo,1) fs(z) = X[

for—1(x) = X[0,555) -+

It is clear that f,(z) 4 0 for all z € [0,1). The sequence f,(x) alternates between 0
and 1 for all z. To show convergence in measure, fix € > 0. If ¢ > 1, then we are done
since the functions f,, never take on values greater than 1, so the measure of the set {x :
|fn(z) — f(x)| > €} is always zero. So, assume 0 < ¢ < 1. Pick 2*~! < j < 2% — 1. From our
inequality on j, we see that j < 2-2¥1 -1 <2.2F1 — 2;@—171 < % Using the construction

of the function, we have

A{z s [fi(x) = f(2)] > e}) =

What is important is that we are estimating the measure of the sets, and this measure

1
2k71 ] Jj—o0

can tend to zero while the sequence of functions at individual points do not convergence

pointwise.
Observation. If f, — f in measure and f, — g in measure, then f = g a.s.

Proof. Fix § > 0. Using the triangle inequality, observe that

u(f 15@) = g(@)l > 8)) < plfe: 11a(w) = F@)] > 51 + il 1a(@) — gla)] > 5)
But convergence in measure means u({z : | fu(z) — f(z)] > 2}) — 0 and p({z : |fu(z) —
g(z)] > 2}) — 0. Putting things together, we have u({z : |f(z) — g(x)| > 0}) = 0.
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To conclude the proof, we can take 6 = 1 for all & € N and then show that (J;,{z :
|f(z) — g(z)| > £} has zero measure to show that f = g a.s. [

Observation 2. If f,, — f in measure, g, ~ f, for all n € N and g ~ f, then g, — ¢

in measure.

Proof. Call Ey = {z : f(z) = g(z)} and E, = {z : fu(z) = ga(2)}. Set E =, En.
Since f,, ~ g, for all n € N we see that p(E°) = 0. Now, we have

p{zlgn(@) = g(@)| > e}) = p({z : |ga(r) = 9(x)[ > e} N E) + p({z = [gn(w) — g(2)| > £} N E°)

~
0

p{z: lgn(z) —g(z)] > e} N E)
p{z: [fulz) = f(2)] > e} N E)
< p({x: [fulz) — f(2)] > €})

Since f, — f in measure, we see that the last expression in the above goes to 0. [ |

22.1 Connecting a.e. convergence and convergence in measure

Lemma. If f,, — f in measure, then there exists a subsequence ny such that f,, — f

a.sS.

Proof. Since f,, — f in measure, for all £ > 0 we have

p{r € Q| fulx) = flx)] > €}) — 0

n—oo
We will abbreviate by g, (z) := f.(z) — f(z). We want to construct a subsequence ny, so that

Gn, — 0 a.s. Taking € = %, there exists ny such that for all n > n; we have

1 ({m | gn(2)] > %}) < % %

So, we may construct a sequence so that

w({rslan@l> 1}) < 5o

where we choose ny so that it is strictly greater than the previously chosen ny,ng, ..., ng_1.

u(kyk {legnk(x)l>%}> §2_io

Taking the intersection, we have

(N frrtmen=i}) =

Taking unions, we see that
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ot for every ko. Weset B = (", o1 Ui, {2 | gnew)| > £}
It remains to show that for all z € E, we have g,, (x) — 0. Let g € E, while also noticing
—00

that . Uﬂ{ e _%}

ko>1k>ko

Since the above measure is bounded by =1

By the construction of FE, there exists some ky such that zy € ﬂkaO {x: !gnk(x)| < %}
However, this means that for all k > ko, |gn, (20)| < 7. Since this holds for all k > kg, we see
that gy, (o) — 0. To reiterate, we have shown the existence of a set £’ on which g,, — 0
and p(E°€) = 0 and this means that g,, — 0 a.s. |
Example. In the example from the beginning of the lecture we saw how convergence in mea-
sure does not imply convergence a.e. However, if we choose the subsequence f1, fa, fa, ..., for, ...,

then we obtain a sequence of functions converging pointwise to 0. So, the subsequence is
1,2,4,8,...,2%

Now, we discuss a converse of sorts to the above lemma. First, we show that the converse
without any extra conditions is false, that is, there exists a sequence f,, — f a.s. but such
that f, /4 f in measure.
Example. Define

1, ifx>n

fn(x) =

0, otherwise

For 0 < e < 1, we have
Az« |fal2)] > €}) = +00

for all n. So, f, # 0 in measure. However, f, — 0 a.s.
Proposition. If f, — f a.s. and u(Q2) < oo, then f,, — f in measure.

Proof. By Egoroft’s theorem, since f, — f a.s. and u(f) < oo, we know that f, — f
almost uniformly. This means that for all € > 0, there exists some E. such that f, — f
uniformly on E. and p(E¢) < e. To show f, — f in measure, we must show

p{z s [ fule) = fl2)] > €}) ——0

n—oo
To be precise, we will show that for all 6 > 0, there exists some ngs such that for all n > ns
we have pu({x : |fu(x) — f(z)] > e}) <. Fix some § > 0. Using almost uniform convergence,
we know that there exists some Ej such that pu(E§) < 6 and f, — f uniformly on Ej;. By
uniform convergence, we know that there exists some n. s such that for all n > n. s we have

sup [ fo(2) = f(z)] < e

zeFs
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Now we compute

p{z [ fulz) = f(2)] > e}) < p({z - [fulz) = f(2)] > e} N Es) + u(E5)
<0+9
We have that u({x : |f.(z)— f(x)| > e}NEs) = 0 because if n > n. g, then | f,,(z)— f(z)| <,

|
so it cannot be in {z : |f,(x) — f(x)| > €}. This shows that the measure of {z : |f,(x) —
f(x)| > €} is bounded by ¢, which completes the proof that f, — f in measure. [ |
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23 Holder and Minkowski Inequalities

111, = ([ 17 s d:c>

Theorem. Holder’s inequality
Let1<p<ooand%+%:1. If p=1, then ¢ = ¢
If [| f]l, < oo and g, < oo, then

Let 1 < p < 0o. Define

/ Foldu < 111, lall,

Recall that ||g||,, = esssup |g|.

To prove this theorem, we must explain the convex conjugate of functions.

Let F': Ry — R, be convex. One example of such a function is F(z) = %p for p > 1, and
we will consider this function. Assume also that p,q are conjugate, that is, % + % =1. We
also assume 1 < p < oo. We will show that if z,y > 0, then xy < ‘%p + ‘%q. To prove this we
need to introduce the Legendre transform of a convex function.

TF(0) = sup{0z — F(z)} = sup {0:70 - %}

>0 z>0
Set Go(z) = Ox — %. Observe that Gy(0) = 0 and Gj(x) = 0 > 0. Further, lim, ., Gy(x) =
—00, since the %p dominates. To determine the supremum, we need information about the
critical points. Assume that § — 2P~! = Gj(x) = 0, then we have z = f7 1. Since Go(0) =

1
and goes to —oo as © — 00, we see that there is a supremum at x = #»—1. By substitution

P
sup {6:6 — x_} = lgp

x>0 p b
_ Lyt _ Lp
q q
But now
g4 P P
—:sup{ex——} > 0r — —
q >0 P b

for all 6, x > 0. But this is exactly the inequality we needed the prove.

Aside. In general, we have
0 < F(z)+ (TF)(9)

where T'F' is the Legendre transform.



23 HOLDER AND MINKOWSKI INEQUALITIES 105

Proof. We now prove Holder’s inequality. Above, we have shown the inequality zy < %p + %

for x,y > 0. By the monotonicity and linearity of the integral, we have

/Ifglduﬁ/%dwr/%du

When |[|f]|, and ||g||, are finite, we see that the above equation immediately gives us the

finiteness of [ |fg|du. To obtain our desired inequality, we employ a trick. Pick A > 0 and

/Ifgldu / Aldp < ‘f’pd +/A’5’qdu

On the left hand side, we have an expression that does not depend on A while on the right

observe

hand side, we have an expression that does, so we may optimize the right hand side to obtain

P Algld
/Ifglduéigf{ 7 =——dp +/ﬂdu}
Arp q

Set a = [|f|Pdp and 8 = [ |g|?du. We may write the above infimum as
) 1 Al
o)

Since this function approaches co as A — oo, to find the infimum we should analyze the

critical points again. Setting the derivative with respect to A to 0, we have the equation

QAP = BAT

Solving for A yields A = ( ,8) I we plug this value of A back into the expression in the

b P
o (é) "B (g) L gt 4 Laitiart
p q

infimum, we derive

p\« q \p
- 1 p _ 1 i i
Substituting for o and g and simplifying 7 +p = 5 and oy = 7 We obtain our desired

inequality.

Now, we prove the case where p =1 and ¢ = oo, that is, we want to prove

1Fglly < W1 Mgl

Recall that || f|l, = [|f]dp and |g||,, = esssup|g|. Set ¢ = esssup|g| From a previous
proposition, we know that pu{z : |g(x)| > ¢} = 0. Using the linearity of the domain, we may

/ Fol dp = / Foldu+ / Fol di
{z:|g(x)|>c} {z:]g(z)|<c}

:/ Foldu < c/ £ (@) di
{z:]g(z)|<c} {z:]g(x)|<c}
c/fdu ~llgll 11,

write
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This completes the proof. |

Theorem. Minkowski’s inequality
Let 1 <p < oo. Let f,g be so that ||f||, < oo and [|g[|, < co. Then

I1f+gll, < I£1l, + llgll,

Proof. Note that if |[f][, or [|g]|, is infinite, the inequality is trivial, so assume both are
finite. This theorem follows from the usual triangle inequality and the monotonicity of the

integral for p = 1. So, assume p > 1. Observe that

[15+apan= [15+gl 15+ aldu< [ 15+ o705+ o do

We estimate each of the parts of the right-hand expression. Using Holder’s inequality, we

/ gl dpe < (/ f + gl7®D du) ‘ (/ I du) '

/|f+9|p‘1|g|du < (/|f+g|‘“p‘” du) lgll,

where ¢ is the conjugate of p. Hence

have

[ 15+l au < ( [ 15+ gl du)q (71 + 1l

- (/ If + g\”du)é A1l + llgll,)

We may assume that |f + g| # 0, otherwise the inequality holds. In this case, we may divide

to see that )
1—1
I +al,= (1740l dn) " <1fl, + ol

But 1 — % = %, so our desired inequality follows. [ |
Remark. In the case where p = oo, we have already proven this when we demonstrated

that d(f,g) = esssup|f, g| is a metric. For instance, observe that

d(f+g,0) <d(f+g,9) +d(g,0)
1f+ 9l < fllee + N9l

So, Minkowski’s inequality holds for all 1 < p < co. Now, we may define the space

L”(M)Z{f:fl%@:/lf|pdu<oo}
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Observation. If f,g € L? and a € R, then af + g € L”. So, L? is a linear space.

Proof. The homogeneity condition follows immediately when we write |af|? = |a|?|f|P. The
additivity condition follows from Minkowski’s inequality. If f, g € L, this means that | f|,
and ||g||, are finite. So, we apply Minkowski’s inequality to see that | f + g||, is bounded
above by a finite number and so f + g € LP as well. [ |

Proposition. | f|, is a norm.

Proof. There are three properties to verify

1. If a € R and f € LP, then we have |lafl|, = [a| [ f[|,- This follows immediately if we

inspect the integrals.

2. If [|[f]l, = 0, then f = 0 a.s. This follows from the properties of the integral we have

proven earlier.

3. 01f +gll, < IfIl, + llgll,- This is Minkowski’s inequality, which we have proven above.
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24 LP Spaces

Let (Q, F, i) be a measure space. Let f : Q — R. Recall that for 1 < p < oo

171, - (/|f|”du);

Lp:{f:Q—>Kz|]pr<oo}

Further, as we have seen in the last lecture, L? is a linear space. The goal of this lecture will

Also, recall that

be to show that the LP norm defines a distance and that the vector space is complete with

respect to that distance.

Proposition. Taking d(f,g) = ||f — g/, defines a distance function, or metric.

Proof. Suppose that d(f,g) = 0. Then [|f — g[Pdp = 0. But this means that f = ¢
a.s., showing that they belong to the same equivalence class. It is also clear that d(f,g) =
d(g, f) using the definition of absolute value. We may obtain the triangle inequality from
Minkowski’s inequality. Observe that

d(f.;h)=\f=nrl,=1f—-9+g="nhl, <|f=gll,+llg = hll, = d(f,g) + d(g,h)

Note that two functions that are equivalent f ~ g are considered to be equal in L?, as we

are dealing with equivalence classes of functions. ]

Definition. Convergence in LP
We say that f,, — f in L? if || f, — f||, — 0.

We list a few examples below. The key theme is that convergence a.e. or convergence in
measure is not enough to imply convergence in LP.
Example. Define
1
nr, if x €[0,1]
[ n(x) = "

0, otherwise

We see that f, — 0 a.s. For every point other than x = 0, we can find some N € N such
that f,,(x) =0 for all n > N. We also have f,, — 0 in measure. However, observe that

||fn—0||Z=/|fn|pd>\= I

Example. Define
2 ifx €0,n]

1
P

n
0, otherwise

fn(x) =
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This converges to 0 uniformly and in measure, but does not converge in L since

g — O] = / P dr =1
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