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1 Number Systems and Set Theory

1.1 Limit Superior and Inferior of Sets

limsup and liminf

The limit superior and limit inferior of a sequence of sets £ = {E,, : n € N} is defined

limsup F,, = ﬁ D E,

n—oo k=1 n=k

liminf F,, = [j ﬁ E,
neree k=1 n=k

as follows

If € limsup E,, it is equivalent to x € |J,—, E, for all k € Z,. We can also say for
every k € N there is n > k such that x € E,, or x € E, for infinitely many n € Z, .

If v € liminf E,, it is equivalent to = € (), E, for some k € Z,. We can also say
x € E, for all but finitely many n € Z,. Note that liminf F,, C limsup F,,.

We also have the relationship liminf £, C limsup E,,.

Example. Let E, = (—£,1 — 1]. Then liminf E, = limsup E, = [0,1).
If £, = (( DI - n) ], then liminf E,, = (0,1) and limsup E,, = [0, 1].
If £, =0, }L,n,...,”T_l,l}, then

UJE.=Qn[0,1] and () E.={0,1}

k>n k>n

Thus liminf £, = {0,1} and limsup E,, = QN [0, 1].

1.2 Set Theoretic Treatment of Sequences

Definition (Sequence). A sequence in a set X is a mapping from Z, into X. A finite
sequence is a mapping from {1,2,...,n} into X, where n € Z,. If we have f : Z; — X
with f(n) =z, € X, we will abbreviate to (z,)nen.

If f:N — X is asequence and g : N — N satisfies g(m) < g(n) for all m < n, the
composition f o g is called a subsequence of f.

If (X4)aea is an indexed family of sets, their Cartesian product

[~

acA

is the set of all maps f: A — J,c4 Xa such that f(a) € X, for every a € A.

Definition (Coordinate map). If X =[] ., X, and a € A, we define the o' projection or

a€cA
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coordinate map m, : X — X,, m.(f) = f(a). In other words, 7, takes an input from the
space of functions and outputs the value of that function at its o coordinate.

We will also write # = (24)aea € X = [[,c4 Xa instead of f and z, instead of f(a).
Suppose A ={1,2,...,n}. Then

X=]]X=Xix Xy x- x X,

j=1
={(z1,...,2,) 1 x; € X; forall j € {1,2,...,n}}

Suppose A = Z,. Then

X=]]X; =X x Xy x-

j=1

={(z1,22,...):x; € X, forall j € Z,}

If the sets X, are all equal to some fixed set Y, we denote

X:IIXd:YA

where Y4 can be understood as the set of all mappings from A to Y.
Definition (Partial Ordering). A partial ordering on a nonempty set X is a relation R on

X with the following with the following properties

(a) Transitivity. If xRy and yRz, then xRz

(b) Antisymmetry. If xRy and yRx, then z =y

(c) Reflexivity. xRz for all x € X.
)

(d) If R also satisfies: for all z,y € X, Ry or y Rz, then R is called a linear or total ordering
on X.

For example, if F is any set, then 2 (F) is partially ordered by inclusion.

Example 2. R is linearly ordered by its usual ordering.

1.3 More on Relations and Ordering

Let E = {1,2,3,4}. We may represent a graph of partial order by inclusion using a Hasse
Diagram.

Consider the subset of 2 (E), {@,{1},{1,2},{1,2,3}}. This is linearly ordered.

By contrast, there is no relation on the subset {{1,2},{1,3},{2,3}}. This situation is called

incomparable.
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Figure 1: A Hasse diagram for F.

We say that (X, <) is a poset if the relation “<” is a partial ordering on X, or (X, <) is
partially ordered by “<”.

Two posets (X, <x), (Y, <y) are said to be order isomorphic if there is a bijection f : X — Y
such that X; <y X if and only if Y} <y Y5. We will write 2 < y in a poset (X, <) if and
only if x <y and = # y.

If (X, <) is a poset, then we have the following definitions.

1. A maximal (resp. minimal) element of X is an element x € X such that if y € X and

x <y (resp. x > y) then z = y.

2. A greatest (resp. least) element of X is an element # € X such that y < z forall y € X
(resp. s.t. x <y for all y € X).

3. Let A be a poset and A C X. An element = € X is an upper bound of A (resp. lower
bound of A) if a < x for all a € A. (resp. x < a for all a € A).

Remark. z need not be an element in A.

4. Let A be a bounded from above subset of X. We say that an element 2y € X is the
least upper bound for A or the supremum for A (xzy = sup A) if the following holds:

(a) a < zq for all a € A. This means z is an upper bound.

(b) If a < x for all a € A, then xy < x. This means that z; is the least upper bound.

5. Let A be a bounded from below subset of X. We say that an element zy € X is the

greatest lower bound for A or infimum of A (zy = inf A) if

(a) o <aforalae A
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(b) If x < a for all a € A, then x < x.

Definition (Well-Ordering). If (X, <) is linearly ordered and every nonempty subset of X
has a (necessarily unique) minimal element, X is said to be well-ordered, by < and < is
called well-ordering on X.

Example. The positive integers, Z, have this property.

1.4 The Axiom of Choice

Below, we detail the Axiom of Choice and some of its equivalent formulations.

Equivalent Formulations of the Axiom of Choice

(A) The Axiom of Choice. If {X,},ca is a nonempty collection of nonempty sets,

then
[[X.#2

acA
Corollary. If {X,}.ca is a disjoint collection of nonempty sets, there exists a set
Y C Uae 4 Xo such that Y U X, contains precisely one element for each o € A.
Proof. Take Y = f[A] for f € [[,cn Xa # @. Then Y N X, = {f(a)} and
fla) € X,.
O

(B) The Hausdorff Maximal Principle. Every partially ordered set has a maximal
linearly ordered set. In other words, this principle says that if (X, <) is a poset,
there exists a £ C X that is linearly ordered by < such that no subset of X that
properly includes E is linearly ordered by <.

(C) Kuratowski-Zorn’s Lemma. If X is a partially ordered set and every linearly

ordered subset of X has an upper bound, then X has a maximal element.

(D) Well-Ordered Principle. Every nonempty set X can be well-ordered.

Theorem. The principles (A), (B), (C), and (D) are logically equivalent. We will show
(A) = (B) = (C) = (D) = (A). To begin, we will need to prove some other
theorems.

Theorem. Let (X, <) be a poset such that every linearly ordered subset of X has a supre-
mum (in X). Then, every function f : X — X obeying

x < f(z) for all z € X
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has a fixed point, that is, there is * € X such that
flz®) =z

Proof. Clearly, the empty set @ is linearly ordered. So it has a supremum in X, that is,
a =sup @ € X which is the smallest element in (X, <).
Let A C 2 (X) be the family of all A C X so that

(a) a€e A
(b) flA]C A
(¢) If L C Ais a linearly ordered set in (X, <), then sup L € A.
Observe that A # @ since X € A. Then consider
A.=(4
AcA
It is easy to see that A, satisfies (a), (b), (¢) <= A, € A.

A

AcA

F(A) =1 c () flAc A=A

AcA AcA

Our aim will be to prove that A, is a linearly ordered set in (X, <).
Consider
B={zeA,: ifye A, and y < z, then f(y) < x}

We shall show that B € A.
(Property (a) for B) Observe that a € B since a € A, and a is the smallest element of
(X, <), so there is no element y € A,, so that y < . Thus a € B, hence (a) holds for B.
Fix z € B and define

B,={z€A.:z<zor f(z) <z}

We show that B, € A for every x € B.

(Property (a) for B,) a € B, since a < z for all z € X, and a € A,.

(Property (b) for B,) Fix z € B, and we show that f(z) € B, < f(B,) C B,. Since
2 € By, s0z<uzor f(r) <z If 2 <z, then by the definition of B, we see that f(z) < z,
so f(z) € B,. (Note that f(z) € A,).

Otherwise z = z or f(z) < z.

If = z, then f(z) = f(2). Thus f(z2) € B,.

If f(x) <z, then f(z) < z < f(z) thus we also have that f(z) € B,. So, (b) follows, that
is, B, C A,.

(Property (c) for B,) Let L C B, be a linearly ordered set. We have the prove that
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sup L € B,.

If all elements z € L satisfy z < x, then sup L < z because L is a linearly ordered set.
Since sup L € L, so supL € B,. If f(z) < z for some z € L, then f(x) < z < sup L, then
sup L € B,.

Thus, B, € A for all x € B since

A= ()ACB. CA
AcA
this implies that
B,=A,forallz € B

This means that
z<zor f(x) < zforall z € Band z € A, (%)
(Property (b) for B) We show f[B] C B. Let x € B, we show f(z) € B. Recall that
B={xe€ A,: ifye A, and y < z, then f(y) <z}

Let y € A, be such that y < f(x). By (%) we have y < z. If y < z, then by the definition of
B, we have f(y) <z < f(z), so f(x) € B.

If x =y, then f(z) = f(y) so we also have that f(x) € B. Thus f[B] C B as claimed.
(Property (c) for B) Let L C B be a linearly ordered set in B. We have to prove that
sup L € B.

Let y € A, s.t. y < sup L, then there is x € L such that x £ y. By (%) we have y < =z,
in fact y < x. By the definition of B, f(y) < x. Since z € L so f(z) < x < sup L, we see
sup L € B.

We have shown that B € A.

A,= () ACBCA, thus B= A,
AeA
Hence by (x), for every x, z € A,, we have that z < z or f(z) < 2. So z <z or x < z. Now,
it is easy to see that z* = sup A, € A, and z* is a fixed point for f by (b).
¥ < f(2") < a* = sup A,

N——
€A,

which shows us that f(z*) = z*.
O
Theorem. If (X, <) is a poset such that every linearly ordered set has a supremum, then

X contains a maximal element.
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Proof. Suppose, for contradiction, that there is no maximal element. So for every x € X,
there is y € X so that x < y. In other words, for all x € X, the set

A, ={yeX z<y}l #0

Thus, the set [], .y Az # @ by the axiom of choice.
Take f € [[,cx As, then f(z) € A, for all z € X. So, v < f(z). By the previous theorem,
since x < f(x) for all z € X, then there is z* € X such that

< f(z*) =a"
This is a contradiction (4).

O
Theorem. We show (A) = (B). If (X, <) is a poset, then X has a maximal linearly
ordered set.
Proof. Let L be a set of all linearly ordered subsets in (X, <). Notice that (£, C) is a poset
ordered by inclusion. Let M C L be any linearly ordered set (by inclusion).
Notice that | J M is a linearly ordered set in (X, <). To see this, take z,y € |J M. We must
have x € M, and y € M, for some M,, M, € M. Without loss of generality, the linear
ordering of M implies that M, C M,. Hence z,y € M, and x < y or y < z. Further,
JM is the supremum for M. From the previous theorem, there exists a maximal element
L € (£,<) which is the maximal linearly ordered set in (X, <).

O
Theorem. We now show that (B) = (C), or that the Hausdorff Maximal Principle
implies Zorn’s Lemma.
Proof. Let (X, <) be a poset where (B) is true. Then there is a maximal linearly ordered
set L C X.
From the assumption in statement (C), L has an upper bound in X. Let a € X be the
upper bound for L. From the maximality of L in X, we must have a € L (or else L U {a}
contradicts the maximality of L).
Then a is a maximal element of X. If we take x € X \ L such that a < z, then a = =z,
otherwise, we consider L U {z} which is the linearly ordered set that contains L and this
contradicts the maximality of L.

O
Theorem. We now show that (C) = (D).
Proof. Let W be the collection of well-orderings of subsets of X defined by

W ={(E,<): EC X and < is a well-ordering on E}

and define a partial ordering on W as follows:
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If the relations <; and <, are well-orderings on F; and FEs,, then <; precedes <, in the

partial order if
1. <y extends <,. i.e. By C Ey and <; and <, agree on Fj.
2. If x € By \ Fy, then y <, z for all y € Ej.

It is easy to see that the hypotheses of Zorn’s Lemma (C) are satisfied on W. We take
L C W to be a linearly ordered set in W and we show that | J £ is an upper bound for L.
Then (C) implies that there is a “<” maximal element in W.
This must be a well-ordering on X itself. If < is a well-ordering on a proper subset £ C X
and o € X \ E, then < can be extended to a well-ordering on F U {z(} by declaring that
x < zg for all x € E, but this is a contradiction since (F, <) is a maximal element of W.

O
Theorem. Finally, we show that (D) = (A).

Proof. Suppose that (X, )ac is a nonempty collection of nonempty sets. Consider

X:UXQ

acA

Using (D), we pick a well-ordering on X. For any set, let f(a) be the minimal element of
X,. Then

fel[x.#e

acA

1.5 Cardinality

If X and Y are nonempty sets, we define the expressions
1. card(X) < card(Y)
2. card(X) = card(Y)
3. card(X) > card(Y)

to mean that there exists f : X — Y which is injective, bijective, or surjective, respectively.
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Surjective Non-surjective

Injective

Non-injective

We also define card(X) < card(Y’) to mean that there is an injection but no bijection.
We also have card(@) < card(X) and card(X) > card(@) for all X.

Proposition 1. card(X) < card(Y) if and only if card(Y") > card(X).

Proof. (=) If f: X — Y is injective, we pick zq € X and define

P E TN
9(y) = o, if y € fIX]
Then, we see that g is surjective from Y to X.
(<) If g: Y — X is surjective, then the sets

1.6 Sets with Cardinality Continuum

A set X is said to have cardinality continuum if card(X) = card(R).
We shall write card(X) = ¢ if and only if card(X) = card(R).
Theorem. card(? (N)) = card ({0, 1}") = card(R).

Proof. We first show that card(? (N)) = card({0, 1}").

Define a function F': 2 (N) — {0, 1} by:

lifzec A

F(A) =14 € {0, 1}, 14(2) =
Oifz & A

Note that 14 : N — {0,1}. F' is a bijection. For A, B C N with A # B, without loss of
generality, there exists a zp € A\ B. Thus, 1 = 14(zo) # 1g(x¢) = 0 since zy € B.
Hence, F(A) # F(B) which shows us that F' is injective.
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To show that F is surjective, take o = (v, )nen € {0, 1}, Also, consider the set
E={neN:q,=1}
Then notice that
F(E)=1lgp=a < 1=a, = 1g(n)

The above statement shows us how for every sequence o € {0, 1}V, there exists an £ C N
such that F(E) = a. The construction of F is the key step to show surjectivity here.
We show that card(% (N)) < card(R). Consider f : % (N) — R defined by:

2
f(A) = ZW’ ACN
neA

One can show that f is injective (Problem 6 on Homework 3).
Recall that card(N) = card(Q) = card(? (N)) = card(?(Q)).
We now construct an injection g : R — 2 (Q) by setting:

glx)={reQ:r<z}, foranyzeR

Since g is injective, we see that card(R) < card(?(Q)) = card(? (N)).
Now by the Cantor-Bernstein Theorem:

card(R) = card(% (N)) = card({0, 1})

Remark. Note the following facts:
card(R x R) = card(R)
card({0, 1} x {0, 1}") = card ({0, 1}")
card(R¥) = card(R), k& N U {oo}

Proposition. (a) If card(X) < ¢ and card(Y') < ¢, then card(X xY) < c.
(b) If card(A) < ¢ and card(X,) < ¢ for any o € A, then card({J, .4 Xa) < c.
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2 Topology, Sequences, and Series

2.1 Metric Spaces

A metric on a set X is a function p: X x X — [0, 00) such that:

—~
—-

~—

e

(,y) =0 <= =y
(i) p(z,y) = p(y, x) for all 2,y € X
(iii) p(x,y) < p(x,z) + p(z,y) for all z,y,z € X

The function p(x,y) can be interpreted as the distance from z to y.

A set X equipped with a metric p is called a metric space and is denoted (X, p).

Examples of Metric Spaces
(i) R with the metric p(x,y) = |z — y.
(ii) C complex plane. p(z1, 23) = |71 — 20| where |z| = (Re(2)2 4 Im(z)?)2

(iii) R¢, r=(x1,...,2q), Y= Y1,---,Ya)

,02(1', y) =

j=1

d
ry) =Y |z — yjl
j=1

Poo(il?,y) = Ssup !%’j - ?Jj\

1<j<d
(iv) If X is any set,
lifx=y
plz,y) =4
Oifz#y

This is called the discrete metric. (X, p) is called the discrete space.

(v) RN,z = (21,22,...), vy = (y1,%,...). The space of all real sequences.

9) =3 gomin(le, —y. 1)

n=1

The minimum is included to guarantee convergence.

d
Z(:Uj —y;)?, sometimes called the ¢ metric.

(vi) If p is a metric on X and A C X, then p|A><A is a metric on A. In other words, a subset

of a metric space is a metric space with the original metric restricted to the subset.
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(vii) Suppose (X1, p1), ..., (Xq, pa) are metric spaces.

d
X:HXi, r=(x1,...2q) €X, y=(U,...%1) €X

i=1

d
di(z,y) = pilx;,y))
=1

doo(xay) = Sup Pj(i’fjvyj)

1<j<d
Let (X, p) be a metric space. If x € X and r > 0, the open ball of radius r and center x is:
B(x,r)={y € X : p(z,y) <r}
Examples of Open Balls

1
() pa( ) = (Siaales —w)*) ", BO,1) = {y € R po(y,0) < 1)
This is an open ball in the Euclidean metric.

yﬂl
< x;
1 e
-1
. 2
(il) pi(z,y) = Zj:l |2 —
This is an open ball in the taxicab metric.
¥ 1
< x;
T T

(ili) poo(z,y) = maxi<j<a|z; — Yyl

This is an open ball in the Chebyshev metric.
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2.2 Topology of R

Definition (Open set and closed set). A set E C X is open if for every x € E there exists
a r > 0 such that B(z,7) C E. A set E C X is closed if its complement X \ E' is open.
For example, every ball B(z,r) is open, for if y € B(z,r) and p(x,y) = s then

B(y,’l"—S) - B(IE,T)
We have z € B(y,r —s) <= p(z,y) <r — s and

pl,2) < p(z,y) +p(y,2) <s+(r—s)=r

Also, X and @ are both open and closed.
Clearly, the union of any family of open sets is open. In other words, if we have (U, )aca

and U, is open for any a € A then

U U, is also open

a€A

Also, the intersection of any finite family of open sets is open. Indeed, if U;,..., U, are
open and x € ﬂ?zl U,, then for each j, there exists r; > 0 such that B(z,r;) C U;. Hence,

choosing r = min{ry,...7,} we have
B(z,r) C ﬂ U,
j=1

which shows that (;_, U; is open.
Remark.

1. The intersection of any family of closed sets is closed.
2. The union of any finite family of closed sets is closed.
Definition (Interior and Closure).

1. If F C X, the union of all open sets U C E is the largest open set contained in £ and
it is called the interior of E' and is denoted by Int(E)



2.2 Topology of R 17

2. The intersection of all closed sets F' O E is the smallest closed set containing E and it
is called the closure of E and it is denoted by CI(E) or E.

Observation. Let A C X.
(i) Int(A)c = CI(A°)
(ii) CI(A)¢ = Int(A°)

Proof of (i).

Observe that Int(A) C A <= A° C (Int(A))°. Since (Int(A))¢ is already a closed set, it
follows that CI(A°) C (Int(A))°.

Now we show that (Int(A))¢ C CI(A°). Since CI(A°) D A€, it follows that ClI(A°)¢ C A. Note
that CI(A€)¢ is an open set because it is the complement of a closed set. Thus, CI(A%)¢ C
Int(A) <= Int(A)° C CI(A°). Therefore, we conclude that Int(A)® = CI(A°).
Proposition 1. Every open set in R is a countable union of open intervals.

Proof. 1f U is open, for each x € U consider the collection 7, of all open intervals I such
that z € I C U. It is easy to see that the union of any family of open intervals containing a

point in common is again an open interval and hence

is an open interval. Moreover, it is the largest element of 7.
If z,y € U then either J, = J, or J, N J, = @. If not, then J, U J, would be a larger
open interval than J, in J,. Thus if J = {J, : * € U} then the distinct members of J are

disjoint and
v=\JJ
JeJg
For each J € J pick a rational number f(J) € J. The map f : J — Q thus defined is
injective, for J # J' then J N J' = & and since these sets share no elements in common, we
know that f(J) # f(J') and we conclude

card(J) < card(Q) = card(N)

so J is countable.

O
Definition (Dense). Let (X,p) be a metric space. E C X is said to be dense in X
if ENU # @ for every open set U in X. Equivalently, £ C X is said to be dense if
ENB(x,r) # & for every x € X and r > 0.

Examples

e Q is dense in R
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e Q% is dense in R?
e A={k27":0<k < 2"} is dense in [0, 1]

Definition (Nowhere dense). E C X is said to be nowhere dense if E has empty interior,

that is, Int(F) = @.
Examples
e X =R, then {z} for any = € R is nowhere dense in R.

e X =R, then Z is nowhere dense in R.

Definition (Separable). (X, p) is called separable if it has a countable dense subset.

Examples
e R is separable since QQ is dense and countable.
e R? is separable since Q¢ is countable and dense.

e [0, 1] is separable since [0,1] N Q or A are both countable and dense.

2.3 Convergence

Definition (Convergence of a sequence).

A sequence (x,,),en in a metric space (X, p) is said to converge if there is a point x € X
with the property:
For every € > 0, there is an integer N. € N such that for all n > N. we have
p(xn,x) < e
In this case we also say that (x,),en converges to x or that z is the limit of (x,),en
and we write:

Tp, —— T Or

n—oo

lim x, =z or
n—oo

lim p(z,,z) =0

n—00

Definition (Divergence). If (z,),en does not converge it is said to diverge.
The set of all points z,, that is, {x, € X : n € N} is called the range of (z,)nen. The range
of a sequence may be a finite set or it may be countably infinite.

Definition (Diameter). In a metric space (X, p) we also define the diameter of £ C X as
diam(E) = sup{p(z,y) : 2,y € E}

E is called bounded if diam(FE) < oc.

Examples
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e {z} is bounded, diam({z}) = 0.

e B(x,r) = {y € X : p(x,y) < r} is bounded. If z1,20 € B(xz,r), then p(xy,z5) <
p(xy, z) + p(z, x2) < 2r.

e (a,b) CR and —oo < a < b < oo, then diam((a, b)) =b — a.

Definition (Bounded sequence). The sequence (z,)nen is said to be bounded if its range is
bounded, that is
diam({z, € X :n € N}) < o0
Examples. Let X = C.
(i) If z,, = % then lim,, ,o, z, = 0, the range is infinite and the sequence is bounded.
(ii) If x,, = n? then the sequence (z,,)ney is unbounded, is divergent, and has infinite range.
(iii) If x, = i", the sequence (z,)nen is divergent, is bounded, and has finite range.
)
)

(iv) f 2, =1+ % the sequence (x,) converges to 1, is bounded, and has infinite range.

(v) If 2, =1 for all n € N, then (z,)nen converges to 1, is bounded, and has finite range.

Theorem 1. Properties of Convergence

Let (z,)nen be a sequence in a metric space (X, p).

(i) (2n)nen converges to z € X if and only if every open set containing x contains

x,, for all but finitely many n € N.

(ii) (Uniqueness of limits). If x,2" € X and if (2,)nen converges to  and ', then

x=2a.

(iii) If (zp)nen converges, then (x,),en is bounded.

Proof. (i) (=) Suppose (i) holds. Recall that lim,, o p(z,, ) = 0 means that (*) for every
e > 0 there is V. € N such that for all n > N, we have p(x,,z) < €.

Take an open set V' containing x € V. Since V' is open, there is r > 0 such that B(xz,r) C V.
It suffices to take e < r in (*) to see that z,, € B(x,r) for all n > N, since p(z,,x) < € by
(*) and we are done.

(<) Conversely, suppose that every open set V' containing = contains all but finitely many
of the z. Take ¢ > 0 and consider a ball V' = B(z,e¢), this set is open and x € V. By
assumption, there exists N € N, depending on V', such that z,, € V = B(z,¢) for alln > N.
Thus, p(x,,z) < e if n > N. Hence, lim,,_,, p(x,,z) = 0.

(ii) Let € > 0 be given. There are integers N, N/ € N such that

€
n>N. = p(x,,x) < 5
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n>N = p(z,, ) < g
Hence if n > max{N., N!)} we have
/ / 9 3
p(fE,l’) §p<m7$n)+0(mna$) < §+§ =&

Since £ was arbitrary, we conclude that p(z,2’) = 0.
(iii) Suppose that lim,, o p(z,,z) = 0. There exists N € N such that n > N implies
p(z,,x) < 1. Let
r = max{1, p(xs, ), p(3,2),...,plxy,z)}
then we see p(x,,z) < r for all n € N.
U
Proposition. If (X, p) is a metric space, £ C X and x € X, the following are equivalent:

a) x € F

(a)
(b) B(xz,r)NE # @ for all 7 > 0
c¢) There is a sequence (x,)nen in E that converges to x.

(
(a) = (b) We prove the contrapositive statement. If B(z,7) N E = &, then B(x,r)¢ is a
closed set containing £ but not z, so ¢ E. Note that E C E C B(z,r)¢, which follows
from E C B(z,r)¢ and taking the closure on both sides.
(b) = (a) Again, we will prove the contrapositive statement. If x & E, since (E)¢ is open
there exists r > 0 such that B(z,r) C (E) C E°. So B(z,7)NE = @.
(b) = (c¢) Suppose B(z,r) N E # & for all » > 0. Then for each n € N there exist
T, € B(xz,+) N E. Hence, p(x,,x) < + and we are done. To be more explicit, we take the
sequence (z,,)%; created from these points to show that such a sequence exists.
(c) = (b) If B(x,r)N E = &, then p(y,z) > r for all y € E. Thus, no sequence of E can
converge to x.

O
Definition (Accumulation point). Let (X, p) be a metric space. The point z € X is called
an accumulation point of E C X if for any open set x € U we have (FE \ {z})NU # @.
An accumulation point z of F C X is sometimes also called a limit point of E or a cluster
point of E.
Definition (Isolated point). A point z € E is called an isolated point of F if it is not an
accumulation point.

Examples

e X =R, E=]lab, —-oco<a<b<x

each x € F is an accumulation point of E.
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e X =R, E=(ab), —co<a<b<o

each point x € [a, b] is an accumulation point of (a,b).
e X =R, F =127, eachpoint of Z is an isolated point.

Remark. If x € X is a limit point of £ C X, it does not need to be an element of E.
Definition (Perfect set). A set E C X of a metric space is called perfect if £ = acc(F),
where acc(E) is the set of all accumulation points of E.
Proposition. Let (X, p) be a metric space, let £ C X and acc(F) be the set of accumulation
points of E. Then E = E Uacc(E) and F is closed if acc(E) C E.
Proof. If x € E then there is B(z,¢) C (E)°. Thus, B(z,e) N E = @. Hence z ¢ acc(E).
Thus F Uacc(E) C E.
If z ¢ EUacc(E), there is an open set U > z such that UNE = @. Then E CU¢sox ¢ E
thus E C E U acc(E).
Finally, E is closed if and only if E = E and this happens if and only if acc(E) C E.
Definition (Boundary). The difference E \ Int(E) is called the boundary of E in a metric
space (X, p) and is denoted by OF.
Examples.
e X =R, FE=(a,b)and —oo <a<b< oo, then
E =[a,b], Int(E) = (a,b)so OF = {a,b}
« X =R ple,y) = (X5 le—yf?)” for o= (1,225 = (1.32)
E=B(z,r)={y R :p(z,y) <r}, E=DBz,r)={yecR:p(z,y) <r}
OF ={y e R?: p(z,y) =}

e X =R, FE=17then Int(Z) =3, Z = Z, thus 0Z = Z.

Theorem Algebraic Limit Theorem

Suppose that (8,)nen, (tn)neny € C with

lim s, =sand lim ¢, =t
n—oo n—o0o

then we have the following results

(a) lim (s, +t,) =s+t

n—oo

(b) lim (es,) = cs and lim (s, +¢) = s+ ¢ for any ¢ € C

n—oo n—oo

(¢) lim (spt,) = st

n—oo

(d) lim (+) = ! provided s, # 0 for all n € N and s # 0.

n—oo  Sn 8
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Proof. Omitted. O
As we know convergent sequences are bounded, but bounded sequences in R* need not

converge. For instance x,, = (—1)" is bounded but lim x,, does not exist.
n—o0

However, there is one important case in which convergence is equivalent to boundedness -

this happens for monotonic sequences in R.

2.4 Monotone sequences

Definition (Monotone). A sequence (z,),eny C R is said to be
(a) monotonically increasing if x,, < z,,41 for all n € N.

(b) monotonically decreasing if x,, > z,.1 for all n € N.

Theorem Monotone Convergence Theorem

Suppose (2, )nen € R is monotone. Then (z,,) converges if and only if it is bounded.

Proof. Suppose that =, < z,41. Let E = {x, : n € N} CR. If (z,)nen is bounded, let

xr = sup E then
z, <xforallneN

For every € > 0, there is N € N such that
r—e<xy <xsince xr =supk

Note that the existence of such an xy is given by the epsilon criterion of a supremum of the
set . But (z,)nen is increasing, so xy < z,, < x for all n > N.
This shows that for every € > 0 there is N € N such that foralln > N,z —e¢ < 2, < x.
Hence, |z, — 2| < € for all n > N. Equivalently, nh_}rgo T, = .

O
Theorem (Squeeze Theorem). Suppose that (an)nen, (bn)nen, (Cn)nen € R are sequences
such that

a, <b, <c, for all n > N,

for some Ny € N and

lim a, = a = lim ¢,
n—oo n—oo

then lim,,_, b, = a.

Proof. Let ¢ > 0. We find Ny, Ny € N such that
n>N = |a,—a|<e <= a—c<a,<a+e

n>Ny = |c,—a|<e <= c—e<c¢, <c+e
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For n > max{ Ny, Ny, No}
a—c<a, <b,<c,<a+c¢

Thus
—e<b,—a<e <= |b,—a|l<e¢

Theorem. (Convergence in R¥) (a) Suppose that x,, € R* for n € N and
Ty = (al,n7 cee Jak,n>
Then (z,)nen converges to x = (ay, ... qy) if and only if

lim o, =a;, 1<j5<k

n—oo

(b) Suppose (2, )nen, (Yn)nen are sequences in R*, (8, )peny € R and x, > X, Yp >,
n—oo n—oo
and 3, —— (3, then

n—oo

lim (z, +y,) =2+y, limz, y,=x-y, lim p,x, =0z
n—oo n—oo

n—oo

Proof. (a) Let |z| = ) be the Euclidean distance.
1

If x,, —— « then for 1 <j<k;

n—0o0

1
k 2
2
0 < lojn — oyl < (Z|%n — o ) = |z, — 2| ——0
j=1
More explicitly, since the distance between x,, and z converges to zero, this inequality is
satisfied for arbitrary € > 0. Thus, lim, .« a;, = ;.
Conversely, if lim, o o, = «;, then for any € > 0 there exists N € N such that for all
n>N
€
laj, —oj| < —= for1<j <k

Vk

v — 1] = (me a]|2> <(i(

J=1

Hence,

) -

4

thus z,, —> x.
(b) Suppose we have x,, —— z and y, —Y Then

n—00

OS|$n+yn_<x+y)|Slxn_x|+|yn_y’T>0
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Also,

0< |In'yn_x'y| = |<xn_x)yn+x(yn_y>|
<(@n =) - yal + 2 (gn = y)l < lzn = 2llyal + [2|lyn —y[ ——=0

The above limit converges to 0 since:

lim |z, —2|=0, lim |y, —y|=0, |y, <CforallneN
n—oo

n—o0

2.5 Subsequences

Definition (Subsequence). Given a sequence (z,)nen in a metric space (X, p) consider a
sequence (ny)gen of positive integers such that n; < ny < ng < --- Then the sequence
(@n, Jken 1s called a subsequence of (x)nen. If (%, )ren converges, its limit is called a
subsequential limit of (z,)nen.

Remark. It is clear that (z,),en converges to x if and only if every subsequence of (x,,)nen
converges to .

Theorem. The subsequential limits of a sequence (x,),en in a metric space (X, p) form a
closed subset of X.

Proof. Let E* be the set of all subsequential limits of (x,),eny and let ¢ be a limit point of
E*. We will show that ¢ € E*.

Choose n; € N so that x,, # ¢. If no such n; exists, then £* has only one point and there is
nothing to prove. Set § = p(z,,,q) > 0. Suppose ny,...,n;_ are chosen. Since ¢ is a limit
point of E*, there is z € E* so that p(z,q) < 627"!. Since z € E* there is n; > n;_; such
that p(z,z,,) < 627!, Hence

p(q, zn,) < plg, ) + p(z,1,,) < 52771 462771 =527

This means that (z,,);eny converges to ¢, thus ¢ € E*.

2.6 Cauchy Sequences

Definition (Cauchy sequence). A sequence (z,)nen in a metric space (X, p) is said to be
a Cauchy sequence if for every & > 0 there is an integer N € N such that p(x,,z,,) < € if
n,m > N.

A subset E of a metric space (X, p) is called complete if every Cauchy sequence in F
converges and its limit is in E.

Theorem. (Nested Interval Property). If (I,,),en is a sequence of closed intervals in R such
that I, 2 I,,11, then () oy In # 9.
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Proof. 1f I, = [a,,b,], let E = {a, : n € N} then notice that a, < a1 < b1 < b, < by.
Thus

lim a, = a exists, lim a, =supa,

Note that because a,, < tmin < bpin < by, for all m,n € N, it follows that a,, < a < b,,.
Thus a,, <a <b,,=a € I, for all m € N and so

Theorem Bolzano-Weierstrass

Every bounded sequence in R contains a convergent subsequence.

Proof. Let (z,)neny € R be bounded, that is, there exists M > 0 such that |z,| < M for all
n € N. Equivalently, z,, € [-M, M| for all n € N.

Bisect the closed interval [—M, M] into the two closed intervals [—M, 0] and [0, M]. Now, it
must be that at least one of these closed intervals contains an infinite number of the terms
in the sequence (x,). Select a half for which this is the case and label that interval as I;.
Then, let z,, be some term in the sequence (z,) satisfying z,, € I;. Consider the picture

below, with z,, in place of a,,.

Any Is

We can repeat the process indefinitely to get the terms of our candidate subsequence. Fur-
ther, we have produced Iy 2 I; D --- D I, DO, ---, a decreasing sequence of closed intervals
each containing infinitely many elements of (z,)nen. The Nested Interval Property guaran-
tees that:

(I #2

neN

Moreover, diam(/,,) — 0 thus there is = € R such that

ﬂ[n:{x}

neN
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If there is ¥y € (),en
e > 0 and take N € N such that

I,, such that y # z, then 0 < p(z,y) < diam(l,,) —— 0 (4) So, let

n—oo

n <N = diam([,) < ¢

Let 2, € I1,7,, € I3, and in general x,,, € I; for all j € N. Then p(z, z,,) < diam([}) < e.
Finally, we conclude

lim p(z,,,z) =0

k—o00

Theorem Completeness of R

R is complete, that is, every Cauchy sequence converges to a point in R.

Proof. Let (2,)neny € R be a Cauchy sequence.
Claim 1. If (x,),en is Cauchy in a metric space (X, p), then (z,)nen is bounded.
Proof 1. Since (z,,) is Cauchy, there is N € N so that for all m,n > N, one has

p(xp, ) <1

In particular, p(z,,xy) < 1 for all n > N. So this bounds the terms greater than N.
Define r = max{1, p(z1,2n),...p(xn_1,2N)} then we have p(x,,zy) < r for all n € N.
Thus (2, )nen is bounded. d
Claim 2. If (z,)nen is a Cauchy sequence in a metric space (X, p) and kll)rgo Tp, = x for
some sequence (ng)geny € N, then lim z,, = z.

n—o0

Proof 2. Let € > 0 then there is N; € N so that

m,n > Ny = p(Tpm, Ty) <

DO | ™

There is also Ny € N so that
k> Ny = p(ap,,z) < g and ng > N;
Then for n > N; we get

E—E
5=
Thus lim z, = x. ]

n—o0
Now we can easily conclude that R is complete. Indeed take any Cauchy sequence (z,)nen €

9
p(L{En) < p(x7$mg) + p(xnkvxn) < 5 +

R. By Claim 1, (x,)nen is bounded. By the previous theorem, it has a converging subse-

quence, i.e. there is (ng)ren such that

lim z,, = x for some z € R
k—o0
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By Claim 2, we conclude that

lim z, =z
n—oo

and we are done.

O
Corollary. R¥ is complete for any k& € N.
Proof. Let (x,)nen € R¥ be a Cauchy sequence in R*. If z,, = (a1, - . ., Qg.n) then (o) nen

is a Cauchy sequence in R for each 1 < 5 < k since

k 2
| — tjm| < (Z |ajn — %m’Q) = [ = Tp| —— 0
j=1 ’

By the previous theorem, each component of z,, has a limit. In other words, there is a; € R

such that

lim o, = o
n—00 Jn J

Taking x = (ay,...,a;) € R¥, we can see that z, —

[
Proposition. A closed subset of a complete metric space is complete and a complete subset
of an arbitrary metric space is closed.
Proof. 1f (X, p) is complete, E C X is closed and (z,)nen is a Cauchy sequence in E, then
(Zn)nen has a limit in X. But E = E. Because z € E, we have z € E.
If £ C X is complete and z € E then we know there exists (Zn)nen € E converging to z.
But (2, )nen is Cauchy, so its limit lies in £. Thus E = E.
Remark. We have used the fact that if (x,,),en converges, say to x, in a metric space (X, p)
then (x,)nen is Cauchy.
Indeed, let £ > 0 then there is N € N such that n > N implies p(z,,x) <
Thus, p(2m, 1) < p(Tm, ) + p(2y,7) < 5+ 5 =< for all m,n > N.

£
ok

Theorem. Every metric space (X, p) can be always seen as a dense subset of a complete
metric space (X, p).

Proof. Let (X, p) be a metric space and [X] the set of all Cauchy sequences in X.

We define a binary relation = on [X] as follows

(xn)nGN = (yn)nEN <~ p(xnayn) —0

n—oo
It is easy to check that = is an equivalence relation. Let & denote the set of all equivalence
classes. For any Cauchy sequence (z,)nen let [2,] denote the equivalence class containing

(xn)nGN'
We define a metric p on X by

p([n]; [Yn]) = nlgIolO P(Tn, Yn)
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Define f : X — [X] by f(z) = 2, where & = (z,z,z,...). We can easily check the following:
1. p is well defined.

2. p is a complete metric on X,

—_—

3. The function f : X — X is an isometry, that is, for all 7,y € X we have p(f(x), fly) =
p(z,y)

4. The set f[X] is dense in X
5. If X is separable, then X is separable.

Thus, we see that every (separable) metric space can be seen as a dense subset of a complete
(separable) metric space.

The metric space (X, p) is called the completion of (X, p).

Remark. If we apply this construction to Q then we obtain Q=R

Theorem Cantor Intersection Theorem

A metric space (X, p) is complete if and only if for every decreasing sequence of sets
Fy O F, D -+ of nonempty closed sets in X with diam(F},,) —— 0, the intersection
n—,oo

ﬂ F,, = {xo} for some zy € X
neN

Proof. Assume that (X, p) is complete. Let {F), : n € N} be such that F; O Fy D --- and
diam(F},) — 0.

Choose x,, € F,,. Let ¢ > 0 and pick N € N such that diam(F,,) < ¢ for all n > N. Note
that for n > m > N we have

Ty € F, CF,, sop(x,,z,) <dam(F,) <e

This ensures that (z,)nen is a Cauchy sequence and consequently converges to some xy € X.

Since each F;, is closed, then zy € F}, for all n € N, so

l‘oEﬂFn

neN

Suppose there is y # g so that y € () _y Fn, then

neN

0 < p(zo,y) < diam(F,,)) —— 0 (4)

n—oo

Thus, (,en £ = {20}. To prove the converse implication, assume that (,),en is Cauchy
and that
F,={z,:m>n}  diam(E) = diam(FE)
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We see F; D F D --- and diam(F},) = diam({z,, : m > n}) —— 0. Thus, [,y £ = {20}
n—oo
for some zg € X. Finally, we conclude

lim z, = g
n—o0

O
Let (X, p) be a metric space. Let Y C X. Then (Y, p) is also a metric space.
Recall that we say E C X is open if for every x € E there is 7 > 0 such that B(z,r) C E.
Since (Y, p) is a metric space, so that our definitions may equally well be made within Y.
We say that E C Y is open relative to Y if to each x € FE, there is r > 0 such that
B(z,r)NY C E.
Example. Let X =R, Y =[0,1] then E = [0, 1) is open relative to Y since for any z € E
there is 7 > 0 such that (z — e,z +¢) N [0,1] C [0, 3).
Theorem 1. Let (X, p) be a metric space and Y C X. A set E C Y is open relative to Y
if and only if £ =Y NG for some open G of X.
Proof. (=) Suppose that E is open relative to Y. Then for each = € F there is 7, > 0 so

that (B(z,r,) NY) C E. Consider

G = U B(z,r,) C X
2€E
which is open and we see Y N G = E. Indeed, if x € E then x € B(z,r,) thusz € GNY.
We also know B(z,r,)NY C E, thus GNY C E.
(<) If Gisopenin X and E = GNY then for any x € E there is r > 0 so that B(z,7) C G
since G is open. Thus (B(z,7)NY) C (GNY) C E and we are done.
0

2.7 Compact Sets

Let (X, p) be a metric space. If £ C X and (V,,)aea is a family of sets such that £ C (. 4 Va-
Then (V,,)aea is called a cover of F and F is said to be covered by the V,,’s. If additionally
each V,, is open, (V,,)aca is called an open cover of E.

Definition (Compact). A subset K of a metric space (X, p) is said to be compact if every
open cover of K contains a finite subcover.

More explicitly if (Vi )aca is an open cover of K, then there are finitely many indices «,, € A
such that

K C|JVa,
j=1
Example.

1. Every finite set in R* is compact.
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2. K ={%:neN}U{0} is compact.
Let (Vi )aca be any open cover of K. Then there is ay € A such that 0 € V,,,. Since
lim,, o0 % = 0 and V,, is open thus it contains all but finitely many %’s. In other words,
there is ng € N such that
n>ny = % € Vi,

To be more explicit, since V,, is open, we can find a ball B(0,r) with r > 0. This
is equivalent to the interval (—r,r) if we are considering K C R with the Euclidean
metric. Because limn_m% — 0, there exists a ng € N such that for n > ng, we have
|£ — 0] < r. This shows all the details.

For each j € {1,2,...n9 — 1} we pick «o; € A so that % € Vo, and we see

Hence, (V,)aca has a finite subcover.

Theorem 2. Suppose that K CY C X and (X, p) is a metric space. Then K is compact
relative to X if and only if K is compact relative to Y.
Proof. (=) Suppose that K is compact relative to X and let (V,)aca be a collection of sets

open relative to Y such that
Kc|Jva

acA

By the previous theorem on the relative openness of sets, there exist open sets GG, in X such
that V, =Y NG, for all a € A. Since K is compact in X, we find a4, ..., «a, so that

KC| ]G, but KCY
j=1
thus, K C U?Zl Gy, NY = U?Zl Va,, so K is compact relative to Y.
<) Conversely, suppose that K is compact relative to Y. Let (G )aca be a collection of
Y
open sets in X such that

Kc|JG. Kc|Br)

a€A rzeK

Set V, =Y NG, C G,. Since K CY, then we have

KQU%

acA

and there exists a finite subcover V,,,...V,, so that

KcJve, UG,
j=1 j=1
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Thus K is compact in X.

O
The above shows that compactness is a property that can be ”inherited” from the ambient
space, and that if a set is compact in a subspace, then it is also compact in the ambient
space. Such properties show how compactness differs from openness £ = |0, %) in the first
example from the lecture is open relative to Y, but clearly it is not open in R.
Theorem 3. Compact subsets of metric spaces are closed.
Proof. Let K be a compact subset of a metric space (X, p). We shall prove that K¢ is open
in X. Let z € X\ K. If y € K let V,, = B(z,r) and W, = B(y,r) where r < 1p(z,y), then
W,NV, =a.
Since K is compact and K C UyeK W,, then there are finitely many v, ...,y, € K so that

KgOWyj:W
j=1

ItV =V, n---NV,,, then V is a neighborhood of x and VNW = &. Note that VNW = &
follows from that fact that since v € V/, this means that v € V,,,,...,V,, and by construction
vg&Wy,,...,W,,. Hence x € V C K. Thus, z is an interior point of K*.

O
Theorem 4. Closed subsets of compact sets are compact.
Proof. Suppose that FF C K C X and F is closed in X and K is compact. Let (V,)aca be

an open cover of F. Observe that

FCKC|JV,uFe
acA
where the rightmost set is open because it is the union of open sets.
But K is compact, thus there is a finite subcover of (V,,)aeca U F° that covers K. But F' C K,
thus this is also a finite subcover of F' upon removing F*.
O
Theorem 5. If (K, )aca is a collection of compact subsets of a metric space X such that

the intersection of every finite subcollection of (K )aca is nonempty, then

() Ko # 2

a€A

Proof. Fix a member K, of (K,)aca and set G, = K¢. Suppose, for contradiction, that

NEe=FEe,n| (] Ko =2
acA acA\{ao}
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then Ko, C U,c A\{ag} G- To see why this is true, consider that

(0+) -

U Kiukg =X
ac€A\{ao}

U G.2K.,

acA\{ap}

This shows that (Ga)aca\{ao} is an open cover for K.

Since K,, is compact, there are a, ..., q, so that
n
Koy €| JGa,
j=1

Hence, Koy N Ko, N---NK,, =@ (4).

O
Definition (Totally bounded). Let (X, p) be a metric space. A subset F C X is called
totally bounded if for every € > 0, E' can be covered by finitely many balls of radius ¢, i.e.
there is N, € N so that

Ne
EC UB(xj,E) for some zy,...,2;, € X

j=1
Remark.

1. Every totally bounded set E is bounded.
If v,y € E C Uj.\]:slB(xj,e), without loss of generality say that x € B(zy,¢),y €
B(za,¢). Then

p(z,y) < p(x,21) + p(a1, v2) + p(a2,y)
< 2e 4+ max{p(z;,x;) : 1 <i,j < N.}

Note that the converse is false in general.
2. If E is totally bounded, then so is E, for it is easily seen if

E C U B(z;,¢)

=1

then
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2.7.1 Equivalent Formulations of Compactness

Theorem 6. Some Equivalent Formulations

If E is a subset of a metric space (X, p), the following are equivalent:
(a) E is complete and totally bounded.

(b) (The Bolzano-Weierstrass Property). Every bounded sequence in E has a subse-

quence that converges to a point of F.

(¢) If (Va)aea is a cover of E by open sets, there exists a finite F' C A such that

(Va)aer covers E.

. J

Proof. We shall show that (a) and (b) are equivalent, that (a) and (b) together imply (c),
and finally (c) implies (b).
We claim (a) = (b). Suppose that (a) holds and (x,),en is a sequence in E. We find a

subsequence (z,, )ken such that lim z,, = x( for some z( € E.
k—o0

E can be covered by finitely many balls of radius % and at least one of them must contain

x,, for infinitely many n. Say x, € By for n € Ny C N and |N| = oc.

Now E N B; can be covered by finitely many balls of radius 2% = i and at least one of them
must contain z,, for infinitely many n € Ny C N; say x,, € By for n € Ny C Ny, |No| = 0.
Continuing inductively, we obtain a sequence of balls B; of radius 277 and a decreasing

sequence of subsets N; of N such that
iL’nGBj fOI'TLGNj, Nj+1 QN] QN, |N]| = 00, and Bj+1 QB]

Pick ny € Ni,my € Na, ... such that n; < ng < ng--- then (z,,)jen is a Cauchy sequence
because

p(Tn;, Ty, ) < 2'77 if k > j since z,,;, z,, € B;

and diam(B;) < 2'77. Note that 2! follows from the fact that the twice the radius is the
diameter of a ball, thus 2-277 = 277, Since E is complete, the sequence (2, )ren has a limit
in £ and we have proven (a) = (b).

We claim (b) = (a). We show the contrapositive, that is if £ is not complete or not totally
bounded, then (b) does not hold.

If £ is not complete, there is a Cauchy sequence (x,)neny in E with no limit in E. No
subsequence of (z,)nen can converge in E, for otherwise the whole sequence would converge
to the same limit. Put another way, recall that all Cauchy sequences are convergent, which
means that every subsequence must converge to a point outside of F.

On the other hand if E' is not totally bounded, there exists a € > 0 such that E cannot be
covered by finitely many balls of radius . Choose z,, € F inductively as follows: Let x1 € F,
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and having chosen zq, ..., x,, pick

Tni1 € B\ (U B(.rj,e))

Then p(x,, z,,) > € for all n # m so (x,)n,en has no convergent subsequence.

Hence, we see that (a) <= (b).

We claim that (a) and (b) imply (c). It suffices to show that if (b) holds and (V,,)aca is an
open cover of F, there exists ¢ > 0 such that every ball of radius € > 0 that intersects E is
contained in some V. But E can be covered by finitely many such balls by (a), thus this
allows us to find a finite subcover of (V,)aca-

Suppose to the contrary that the claim is not true. For each n € N there is a ball B,, of
radius 27" such that B, N £ # @ and B, is contained in no V,. Pick z, € B, N E, (by
passing to a subsequence we may assume that lim,, . 2, = = for some x € F). We have
x € V, for some o € A and since V,, is open there is € > 0 so that B(x,e) C V,. But if n is
large enough so that p(z,,z) < § and 27" < £, then B, C B(z,¢) €V, (4).

Indeed, pick y € B,, then p(y, ) < p(xy, y) + p(an, ) <2'7" + £ <e.

Finally, we claim (¢) = (b). If (z,)nen is a sequence in E with no convergent subsequence,
for each x € FE there is a ball B, centered at x that contains x,, for only finitely many n
(otherwise, some subsequence would converge to x). Then, (B,).cg is a cover of E by open
sets with no finite subcover.

Remark.

(1) The previous theorem can be thought of as a characterization of compactness in metric

spaces.
(2) Every compact set in (X, p) is closed (and totally bounded thus) bounded.

(3) It is not true in general that every closed and bounded set is compact. However, it is

true in R¥.

Proposition 1. Every closed and bounded subset of R¥ is compact.
Proof. Since every closed subset of R is complete, it suffices to show that bounded subsets
of R are totally bounded.

Since every bounded set is contained in some cube, define

Q= [-R,R]" ={z € R" : max{|z1], ..., |z.|} < R}.
It is enough to show that (@) is totally bounded.
Given ¢ > 0, pick an integer K > B and express () as the union of K™ congruent subcubes

by dividing the interval [—R, R] into K equal pieces.

The side lengths of these subcubes is 2% and hence their diameter is \/n - 22 < 2 (this
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follows from an inductive application of the Pythagorean Theorem). So they are contained
in the balls of radius € about their centers.
OJ

2.8 Connected Sets

Definition (Separated sets). Two subsets A and B of a metric space (X, p) are said to be
separated if both AN B and AN B are empty.

In other words, no point of A lives in the closure of B and no point of B lives in the closure
of A.

Definition (Connected). A set £ C X is said to be connected if E is not a union of two
nonempty separated sets.

Remark. [0,1] and (1,2) are not separated since 1 is a limit point of (1,2). However, (0, 1)
and (1,2) are separated.

Theorem 7. E C R is connected if and only if for every z,y € F if x < z < y, then z € FE.
Proof. 1f there exist x,y € E and some z € (x,y) such that z ¢ E, then E = A, U B, where

A, =EN(-o00,z) and B,=FEnN(z00)

Since x € A, and y € B,, we see that A, and B, are nonempty. Also A, C (—o0, z) and
B, C (z,00), which shows that they are separated. Hence, E' is not connected.
For the converse, suppose that £ is not connected. Then there are nonempty separated sets
A, B such that AU B = E. By the definition of separated, we must have AN B = @ and
AN B = @. Pick z € A and y € B and without loss of generality, assume z < y. Define
z = sup(AN[x,y]), hence z € A and z € B. In particular, z < z < y. If 2 & A, it follows
that < z <y and z ¢ E.
If z € A, then z ¢ B, hence (by the density of rationals) there is z; such that z < z; < y and
z1 ¢ A. Note that z; € A because of how z is defined as a supremum of A. Then x < 2; <y
and z; € F.

O

2.9 Perfect Sets

We say that a subset E of a metric space (X, p) is perfect if E is closed and if every point
of F is a limit point of E. Also see the earlier definition on the topology subsection.
Theorem 8. Let @ # P C R* be a perfect set. Then P is uncountable, i.e., card(P) >
Ng = card(N).

Proof. Since P has limit points, P must be infinite. To see this, suppose that p € P is a
limit point. Recall that for every open set U, we must have that UN (P \ {p}) # @. We can
choose a ball of radius 1 as our first U, then select some p; € B(p,1) N (P \ {p}). After we
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can build a sequence inductively by considering balls of radius p(p, p1), which shows that P
must be infinite since {p, }nen C P.
In fact, for every x € P and r > 0, we claim that B(z,r) N P is infinite. Suppose
not, i.e., there is o € P and ry > 0 such that B(xg,ro) N P = {z1,...,2,}. Consider
p(xo,x1), ..., p(xo, x,) and let r = 1151<nn p(xo, ;). Then B(zg,r) N P = @, which shows that
Zo is not a limit point, a contradiction.
Thus, we can assume that card(P) > Ry. Suppose, for a contradiction, that card(P) = N,
that is P is countable and assume P = {x, 2o, ...}.
Let Vi = B(zy,7). Then of course V; N P # &. Suppose that V,, has be constructed so that
V., N P # @. Note that we are taking an inductive approach in this construction and we
show the explicit construction in the inductive step. Since every point of P is a limit point
of P, there is a neighborhood V,,;1 such that

(1) Vay1 € Va

(ii> T, & W—H

(iii) Vysr NP #£ @

For instance, we could just choose balls with progressively smaller radii to see that neigh-
borhood with such properties as above exist.

Let K, = V,, N P. This set is closed and bounded, and thus it is compact by Proposition 1
in Lecture 14. Since x,, ¢ K,, 1, no point of P lies in ﬂflo:l K,, but K,, C P so we have

Ao
n=1

On the other hand, each K, = &, is compact, and K, .; C K,,, and the family (K,),en has

the finite intersection property, i.e., any finite intersection of members (K, ) ey is non-empty:
K, n---NK,, #9
Thus, by Theorem 5: N
K. #2. (4)
n=1

Hence, P must be uncountable.

Corollary. Every interval [a, b] is uncountable. In particular, R is uncountable.

2.10 The Cantor Set

The set which we are now going to construct shows that there exists a perfect set in R which

contains no segment.
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0 1
C[j Y Y
0 1/3 2/3 1
C1 e i A °
0 1/9  2/9  1/3 2/3  7/9  8/9 1
Co o o — o L — o
Cs 9o oo 9o oo oo oo o oo

Figure 3.1: DEFINING THE CANTOR SET; C' = [.-_g Ch.

Given (), that consists of 2" disjoint closed intervals each of length 37", take each of these
intervals and delete the open middle third to produce two closed intervals each of length
37"~1. Take C,41 to be the union of the 2"*! closed intervals so formed and continue.

The set C'= (.-, C,, is called the Cantor set or the ternary Cantor set.

Clearly C' is compact (because it is the arbitrary intersection of closed sets), and since
Co 2 Cy; 2 Cy--- and each O, is compact, it follows that the family (C,),en has the finite
intersection property and thus C' # &.

No segment of the form

<3k+1 3k+2> ()

gm 7 3m
where k and m are positive integers, has a part in common with C'. Since any segment («, ()

contains a segment of the form (x) if m is sufficiently large, then the set

L= {%:mGNandfzo,l,...,Sm—l}
is dense in [0, 1]. Thus C' contains no segment («, ). More explicitly, suppose we have an
interval (o, 3). Because the above set L is dense, we can find some interval of the form (x)
that is a subset of («, 3). Since the Cantor set has no elements in common with an interval
of the form (x), it also cannot contain (a, ).

This also shows that the interior of the Cantor set is empty, that is, Int(C') = &. Hence,
along with the fact that the Cantor set is closed, we deduce that the Cantor set is a nowhere
dense set by definition.

To show that C'is perfect, it is enough to show that C' contains no isolated points. Let x € C
and let I,, be the unique interval from C,, which contains x € I,,. Let x, be an endpoint of
I,, such that z,, # x. It follows from the construction of C' that z,, € C'. Hence z is a limit

point of C' and thus C' is perfect.



2.10 The Cantor Set 38

2.10.1 Measure

Definition. We say that a subset £ C R has measure zero (or the Lebesgue measure 0) if

for every € > 0 there is a countable collection of open intervals (I,),en € R such that

EC UI" and Z|In|<5

neN neN

where |I,,| is the length of the interval I,,. That is, if [ = (a,b), then |I| = b — a.

Examples.
1. The empty set has obviously measure zero.
2. Q has measure zero. Let Q = {r, : n € N} and for a given ¢ > 0 consider
€ €
In:: (Tn'— 5;15,Tn-+-§51§)

Then we have

Q= U{rn} C U (m—#mﬂrﬁ)

neN neN
and

> > ¢ € 1
Z‘[n’:22n+1:§(1_%_1><8
n=1 n=1

oo 1

where the geometric sum represented is )~ ;5.

Refer to Figure 3.1 on Page 29 for a visual representation of the C,, which form the Cantor
set.

Each €, consists of 2" disjoint closed intervals each of length 37". We shall write

2"’1
Cn = U ]n,k: and |In,k| =3
k=1

czﬂon and CCC, forallnéeN
n=0

Given ¢ > 0, take N € N so that n > N implies

2\" _
- €
3
In particular C C (), for n > N and
on on n
1 2
Sl =3 5= (3) <
k=1 k=1 3 3
since

2n
On = U [n,k and |In,k| =3
k=1
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We conclude that C has measure zero.

Each component of C), can also be described as the set

o0 E .
cnz{Zg—Hsje{o,Lz} andej%lforléﬂén}

=1

Consequently

o) c. .

C= {23—; | e, €{0,2} for all j GN}

]:
Note that leaving out the 1 in the above definition is equivalent to leaving out the middle
third in the pictorial representation of the Cantor set.
Take € = (g;)jen and § = (6;)jen € {0,2}" such that e # 0.
Let N =min{j € N:¢; # J,} and assume that ey = 0 and d5 = 2. Observe that

Thus we have shown that any number 2511 ;—j is uniquely determined by its sequence ¢ =

(g5)jen € {0,2}".

Remark.
1 gy .
5223_;:14 e1=1 g =0forj>2
j=1
L o R S R Py
3= 3 e1=VY, g =zlorjg=

o(z) = g : Z Z1 forall z = (2j)jen € {0, 1}1

This shows that
card(C) = card({0,1}") = card(R) = ¢
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2.11 Some Special Sequences
Theorem 9.

(a) If p > 0, then lim L =0

P
n—oo "

(b) If p > 0, then lim /p=1

n—oo

(¢) lim {/n=1

n—oo

(d) If p > 0 and o € R, then lim

na
n—soo (14P)"

(e) If |x| < 1, then lim 2™ =0

n—oo

=0

2.11.1 Basic Inequalities
Binomial Theorem. For z,y € R, n € N, the following identities hold:

(z+y)" = zn: (Z) zty"

k=0

n n!
o l—1.92... ol =1
(k) Mkl " !

Bernoulli’s inequality. If » > 0 is an integer and x > —1, then
I+x)" >1+rx (%)
Proof of (x) We prove a stronger statement.
(14+z) - Q+z)>1+z+... 4z, (%)

where x4, ..., x, are real numbers all greater than —1, all with the same sign.
We use induction.

Base case. n = 1. It is clear that 1 + 21 > 1 + x;.

Inductive step. Assume that (xx) holds up to r. Observe that this means

r+1

[[O+2) > Q42+ + ) (L + 2pg)
j=1
=1+ +... .+, +Q+z1+...+2,)21
:1—|—x1+...+xr+1+£x1+...+xr)xr+1
>0
>l4z1+ ...+ 200
This proves (xx). If we take x; = -+ =z, = x, then (%) gives (x).

Proof of Theorem 9.
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(a) If p > 0, the lim L =0.
n—oo

p

D=

Let € > 0 be arbitrary and choose n > (%) , then

1 1
— 1

p < 1
RO

(b) We proceed by cases. If p > 1, let x,, = {/p—1, then z,, > 0. By the Bernoulli inequality

m|>—t| —_
I
™M

p=1+z,)" >1+nz,

thus
p—1
<, <— —0

n n— 00

Hence lim =z, = 0.
n—oo

If p=1, then lim /p=1. If 0 <p <1, we show

n—oo
1 . 1
= lim {/-=1
n—00 \7/]_) n—00 P

lim

and we reuse the previous argument since 117 > 1 when 0 <p < 1.
(c) Set x,, = /n— 1. Then x,, > 0. Hence, by rearranging x,, and by the binomial theorem,
we see that: ( 0
n n(n —
— 1 n n > . 2 —_ N 7, 2

n=(1+xz,)"> (2) x: 5 x:
We derived the first inequality by only keeping the k = 2 term in the binomial expansion.
Hence,

2
— 0
n—1 nooco

0<z,<

Note that rearranging n > @ - 22 allows us to derive the inequality above.
(d) If p> 0 and o € R, then lim

R
n—oo (1+P)" )

Let k € N be so that k > «, k > 0. For n > 2k, we get

e (M) D)okt D) (B ak
(1+p) ><k:)p - i P T

The second inequality follows from the fact that § >k = n—k >n — 5 = 5. Hence,

n® - ok kL,
‘n
(T+pr P
Since a — k < 0, we see that lim n®* =0 by (a).

n—o0

(e) If |x| < 1, then lim 2™ = 0. Simply take a = 0 in (d). We do not have to worry about
n—oo

0<

the case where x is negative in our replacement since when we test the limit, we will be
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evaluating |z" — 0| < ¢, and the absolute value sign will make all the 2™ positive.

Pythagorean means. Let A,,G,, H, denote the arithmetic, geometric, and harmonic

means of n positive numbers aq, as, ..., a,.
ar+...+a
An — 1 n
n
1
G?’L — (al .. .an)n
n
Hy = 1
L4 +1
Then we have
Proof. Using induction, one can easily prove that if =, ..., x, are positive real numbers such

that x1---x, = 1, then 1y + ... + z, > n. So, if the product of n real numbers is 1, then
their sum must be at least n.

Base case. Suppose we have one real number whose product is 1. This is the same thing as
saying 1 = 1. Thus the inequality is satisfied.

Inductive step. Suppose that for k real numbers, z1, ..., x;, the inductive hypothesis shows
us that if -2, = 1, then 21 + ... + 2, > k. Let xpyq satisfy x1--- 251 = 1. 1t is clear
that

xl"'$k+1:(I1"'$k)'$k+1:1'$k+1:1

Since 1 = 1, we add this to the inequality we have from the inductive hypothesis to see
that 1 + ...+ 251 > k4 1, as desired.
Now, we prove that A, > G,,. Take

a .
(al PN a/n>ﬁ
where x; > 0 since ay, ..., a, are positive numbers. Observe also that
[,
" a
Ty Xy = =1 =

((ay---an)w)"
Thus, from the previous inequality we proved, it follows that " | x, > n, which shows us
that

n
. a;
(al...an)ﬁ
n

ZaiZW(al---an)

i=1

3=
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To prove G,, > H,,, we apply A, > G, with aL in place of a;. Hence
J

L+ d (1 1)i
n a  a,

1 1\ »
Gn—<__) > 1 i 1 :Hn
(43] Qap, a_+ +a
O
Corollary. (14 z)" > 1+ nx for z > 0.
Proof. Observe that
n—1
——
14+1+...+14(1
l+z= it A1 +nm)2(1---1-(1+nx))%

n
(1+2)">14nx

2.12 Series

Given a sequence (a,)neny C C, we shall write

q
Zan:ap+&p+1—|—...+aq, p<gq

n=p

With (a,).eny We associated a sequence (S, )en of its partial sums

n
Sp — Z Qg
k=1
If (sp)nen converges to s, we say that

o
Zak < 00

k=1

o
lim s, = s and write s = g aj or

where the last symbol we call an infinite series or just series.

If (s,,)nen diverges, the series is said to diverge. We then write | Y r | ai| = co.

Theorem 10. The series > a,, converges if and only if for every ¢ > 0 there is N € N such
that

<e ifm>n>N (*)
k=n

Proof. It | 3~ | a,| < oo, then lim,_, s, = s where s, = >__; ax. Since (s,)nen converges,
it must satisfy the Cauchy condition. This means that for every ¢ > 0, there is N € N such
that m > n > N implies |s,, — sp_1] = | Y _pe, ax| < .
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On the other hand, if (x) in Theorem 10 holds then

m
>
k=n

for all m > n > N. So, the sequence (s, )nen is Cauchy in C, which is complete. Thus there

|3m_8n—l| = <€

is s € C so that lim,,_, s, = s.
Theorem 11. If >~

Proof. 1t suffices to take m = n in Theorem 10

m
D

k=m

a, converges, then lim, . a, = 0.

la,| = <e forn>N

Since € may be made arbitrarily small, we must have lim,,_, a, = 0.
O

The condition a, —— 0 is not, however, sufficient to ensure convergence of > _\ ay.
n—oo

Example. The harmonic series satisfies 1imn_>oo% = 0, but Zf;li = 00. See Example
2.4.5 on Pg. 58 of Abbott’s Understanding Analysis for a proof.

Theorem 12. A series of nonnegative (note that nonnegative always refers to real numbers)
terms a; > 0 converges if and only if its partial sums form a bounded sequence.

Proof. If 77 ar < oo, then there is M > 0 such that for all N € N we have Sy =
Zszl ar < M. In fact, we can take

o0 N
M=) a,>>» ay=58y foral NeN
k=1 k=1
since a; > 0 and Sy < Syy1. In other words, if the sequence of partial sums converges, we
can just use the value it converges to as its upper bound, and the sequence is bounded below
by 0 since the terms are nonnegative.
On the other hand, if there is M > 0 such that Sy = Zszl ar < M for all N € N, then

lim Sy exists
N—o0

since Sy < Sy;1 and Sy is bounded (limit exists by Monotone Convergence Theorem).
Theorem 13. (a) If |a,| < ¢, for n > Ny where Ny is a fixed integer and if ) ¢y
converges, then ) . a, converges as well.

(b) If a, > dy, > 0 for n > Ny and if ) d, = 00, then ) _a, = 0.

These are the comparison tests.

Proof. Given € > 0 there is N > Ny so that m > n > N implies

m
E CL S 15
k=n
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by the Cauchy Criterion. Hence,

m m m
Zak §Z|akz| Szck <e
k=n k=n k=n

and (a) follows.
If Y27 dn = oo, then also 3\ d, = oo. Thus

00 No—1 00 No—1 00
g An = E an + E Ap > g an + E d, = oo
n=1 n=1 n=Np n=1 n=Np

and we see that Y _a, diverges.

neN
2.12.1 Series of Nonnegative Terms

It is very well-known that:
1—z)Q4+z+2>+... +2")=1—2"" forzeC

This follows from the fact that the sum telescopes after distributing.
Theorem 14 (Geometric series). If 0 < z < 1, then

> 1
an:l—x

n=0

If > 1, then the series diverges, that is, Y, 2" = co.
Proof. If x # 1, then

Recall that lim, o 2" = 0 for |z < 1. Thus lim, .« s, = 7 for |2| < 1.
If x > 1, then

Sp = Zxk > (n+1).
k=0

The above inequality follows from the proof about arithmetic, geometric, and harmonic

means on Pg. 29 of these notes. Thus lim,, . s, = 0.
O
Theorem 15. Suppose that a; > ay > ... > 0, then the series

o0
S:Zan<oo
n=1

if and only if

oo
T:ZQk-a2k<oo
k=0
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Proof. Let s, = a; +...+a, and t;, = a1 +2as + ... +2F - agr. Also, let lim,_,o 5, = S and

For n < 2% one has

Sp<a;+ (ag+az) + ...+ (age + ... + agwsn_;)
§a1—|—2a2+...—|—2k~a2k =t
Thus s, < t;. Conversely, if n > 2F
Sp > a1+ ag+ (a3 +as) + ...+ (age-n4g + ...+ age)
> %al +as+2a4+ ...+ 2k’1a2k = %tk
so that 2s;, > t;.

Hence, we conclude that the sequences (s,)nen, (tx)ren are either both bounded or un-
bounded.

O
Corollary (p-series).
Z —<oo ifp>1
np
n=1
and
— =00 ifp<1
n=1 n

Proof. If p < 0, then lim,,_,oc n™? = 00 thus Y ° | - = oo.
Let a, = nip If p > 0, then we apply Theorem 15 and we are led to the series

o0 o0 1
k _ k
> Yaw =3 25
k=0 k=0
— o(1-p)k
k=0

Now 277 < 1 if and only if 1 —p < 0. Also 1 — p < 0 if and only if p > 1. Hence

Cp<oo ifp>1

Z o(l-p)k _

0 00 ifp<1

(o]
k=

We are using 2'7? in place of the x of a geometric series with terms 2. The result follows
by comparison with the geometric series, Theorem 14.
2.13 Absolute Convergence

The series Y~ | a, is said to converge absolutely if the series >~  |a,| < oc.

Theorem 16. If >  a, converges absolutely, then Y~  a, converges.
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Proof. The claim follows from the inequality:
>
n=k

and the Cauchy criterion. The inequality follows from Theorem 1.33(e) in Rudin, which is

m
§Z|an|§5, for m >k > N.
n==k

a form of the triangle inequality.

Examples.

(1) For series with positive terms, absolute convergence is the same as convergence.

(2) >0, (—n12)n converges absolutely since Y >° | > < co. In fact, > oo | & = s

-
Proof.
Recall the following identity:

Observe that:

A
j:
gE

—_

_|_

1M

3
SHI
|

=

N——

— lim <1+1+—) =2
n—00 n
(3) If > | a, converges but Y >°  |a,| = co, we say that >~ | a, converges non-absolutely.

Consider the series Y 2, (_:L)n and

(=) 1 1 1 (—1)m
m= =—1l4+-—c+-—...
§ nzl n L T R

Then it turns out that lim,,,_, S, exists thus the series ZZ; % converges non-absolutely

since we know »_>° | £ = co. In order to prove this we show a more general result.
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2.14 Summation By Parts

Theorem 17. (Rudin 3.41)
Given two sequences (a,)nen and (b, )nen set

n

AnZZak if n >0 and

k=0
A_l = 0
Then if 0 < p < g one has
Zanb = ZA = bus1) + Agby — Ay,

Proof.

q

> anby Z(A —An 1) by, _ZAb —ZAn 1by,

n=p n=p
_ZAb—ZAan
n=p—1
_ZA n = bni1) + Agby — A, 1,

Note that for the last step in the chain of equalities, we resolve the indices by taking out the
Agb, term from the first sum and the A,_1b, term from the second sum.

O
Theorem 18. (Rudin 3.42) Suppose that

(a) The partial sums A,, = >~ ax of (a,)nen form a bounded sequence.
(b) bo > by > bs...

(¢) lim b, =0

n—oo
Then Y7 a,b, converges.
Proof.
Choose M > 0 so that |A,,| < M for all n € N. Given ¢ > 0, there is N € N so that

13
<_
v < 5n
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since lim,, .o, b, = 0. For N < p < ¢, one has by the summation by parts that
q q—1
D anbn| =D Au(by = busr) + Agy — Ay,
n=p n=p
q—1
< M- (Z by, — bui1| + b, +bp>
n=p

< 2Mb, < 2Mby < ¢

To expand on one of the steps above, by Property (b) we know
q—1 q—1
> by = bugi| = Y by — bupr = b, — by
=p =p
OJ

We now show that Y >, % converges. Let a, = (—1)" and b, = & in the previous
theorem. We see then

DL ) P

n=1 n=1
since |A,| = [ (=1)F| < 1.
More generally, we have:
Corollary. (Rudin 3.43) Suppose
(a) er] = Jea] = fes| = ...
(b) com-1>0, ¢ <0formeN
(¢) lim ¢, =0

n—oo
Then > | ¢, converges.
Proof. Apply Theorem 18 with a,, = (—1)"*! and b, = |c,|.
OJ

2.15 Upper and Lower Limits

We write that s, — +oc if for every M > 0 there is N € N such that n > N implies s, > M.
Similarly, we write s,, — —oo if for every M > 0, there exists an integer N € N such that

n > N implies s, < —M.

Let (s,)nen be a sequence of real numbers.

The upper limit is defined by the first expression below, the second expression is the analo-
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gous formulation for sets

limsup s, = inf sup s,
n—00 1 n>k

limsup F,, = m U E,

n—reo E>1n>k

limsup s,, = inf {sup {s,, : n >k} : k > 0}

n—o0

whereas the lower limit is defined by

liminf s, = sup inf s,
n—00 E>1 n>k

lim inf E, = U ﬂ E,

k>1n>k

liminf s, = sup {inf {s, : n > k} : k > 0}

n—

Remark. Let oy = sup,,>, Sn, then a1 < oy and

limsup s, = inf sup s, = lim «y,
n—00 21>k k—o0

~——

where the limit is possibly infinite.

If B = inf, > s, then B < Bry1 again, and

(o35

liminf s, = sup inf s,, = lim G,
n—00 k>1 n>k k—o0

where the limit is possibly infinite.

Bk

We always have 3y = inf,>¢ s, < sup,,>y sp = ag, thus

liminf = lim gy < lim o = limsup s,
k—oo k—o0

n—oo

n—o0

note that the above follows from the Order Limit Theorem.

Examples.

(1) Consider a,, = (—1)" - =,
Let
Bn = sup {(—1)”

n

Then we have

Bn: "

n+1

n+1_n+2

—1 =
(et B

if n is even

if n is odd

The above follows from the fact that if n < m, then ”T“ > mTH with the analogous

argument for the case where n is odd.

Thus, lim,, B, = 1. Therefore, limsup,,_,. a, = 1. Similarly, liminf,,_,, a, = —1.
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(2) Take

0 ifnisodd
an, =
1 if nis even
Then put §, = sup{a,, : m > n} =1 and a,, = inf{a,, : m > n} = 0.

Therefore liminf, , a, = 0 and limsup,, , a, = 1.

(3) Let a, = + and put

1 1
ansup{—:mzn}: , then lim g, =0
m

E n—00
Similarly, a,, = inf{% :m >n} =0. Thus liminf, - a, = limsup,,_,. a, = 0.
Definition (Rudin 3.16) Let (s,).en be a sequence of real numbers. Let E be the set of

all z € R, where R refers to the extended reals, such that Sny, k—) x for some subsequence
—00

(Sn, )ken- In other words, F is the set of all subsequential limits of (s,,)nen. Let
s*=supF ands,=infFE

Fact: Let (X, p) be a metric space. If (x,,),en converges to zg € X, then for every (ng)ren C
N, the subsequence (z,, )ren also converges to x.

Proof. Given € > 0 we find N € N such that n > N implies p(x,,z¢) < €. Fix (ng)ren and
pick Ky € N such that for all £ > Ky we have nj, > N. Then we see that p(x,,,z¢) < € and

we are done.

2.15.1 Relationship to Subsequential Limits

Theorem. Let (s,),en be a sequence of real numbers. Let E be the set of all subsequential
limits as given in Definition 3.16. Then
limsups, =s*=supF and liminfs, =s, =inf F
n—00 n—o0

Proof. We proceed by cases.

1. Suppose that limsup s,, = +00. Thus, by definition, we have

n—o0

inf sup s, = +00, so sups, = +oo for all £k € N
k21 >k n>k

Hence, there is (ng)ken so that limg . S5, = +00. This gives s* = sup F = +o0.

2. Suppose that inf sup s,, = —o0, that is,
kZank

lim sup s, = —o0
hﬁa}nZk
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This means that for every M > 0 there is N € N so that n > N implies sup s, < —M.
n>k

Hence s, < —M for all n > N, that is, lim, ,o S, = —0o. Hence E = {—occ} and
s* =sup /' = —o0.

3. Assume now that limsups, = L and L € R. We show

n—oo
(a) supE < L
(b) Le E

where s* =sup £ = L.

This gives us the strange conclusion that limsup s, = sup £ = max F.
n—oo

Proof of (a). Suppose, for contradiction, that L < sup E. Thus, there is x € E such

that L <z <sup E. Since x € I, there is a sequence (sy;)jen so that lim s, = .
Jj—00

In particular, there exist K > 1 so that

L ~
Y s, forallj> K

We obtain the above through an appropriate choice of €, observe that since lim; ;. s,,, =
x, we see that for all € > 0, there exists K € N such that for all j > K we have

|sn; — L] <€

z—L

But choosing € = #5= > 0 (this is true since # > L by our hypothesis), we see that

T —¢e < Sy,
z—L :L‘+L<
= Sp.
2 2 J

€r —

as claimed. Since

limsups, = infsups, =L
n—00 k21 >k

we obtain that for every € > 0, there is K. € N so that k£ > K. implies
L <sups, < L+c¢
n>k

z—L
2

, we obtain sup < L +¢ = % By picking jo > K so that n;, > K,
n>k

Taking € =

we obtain

+ L

T
Sns, < sup <

< S,
n>K- 70

which is a contradiction (4). Thus (a) must be true.
Proof of (b). We now construct (s,,)jen such that

lim s, =L
- J
Jj—00
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Recall if

limsups, = infsups, =L
n—00 2l n>k

then for any € > 0, there is K. € N so that £ > K. implies that
L <sups, <L+¢ (%)
n>k
Let ¢ = 1 and consider K; € N so that (%) holds. Then, by the epsilon criterion for
supremum, there is n; € N so that

L-1<sups,—1<s, <sups,<L+1
n>Kq n>Ki

note that we can invoke the epsilon criterion (Lemma 1.3.8 in Abbott) because limsup s,, = L
n—oo

and we have sup £/ < L by (a). This shows that sup,>, s, is finite.

Suppose that inductively we have constructed a sequence n; < ... < n; so that

1 1
J J

We now construct n;4;. Put ¢ = ]ﬁ in (%) which yields a corresponding K 1€ N.
J

Let [?j = max{n;, K%} + 1. Using () we get

1
L< sup s, <L+ ——

n>K, Jj+1
and we can find n;q > IN(j > n; such that
L L < ! < < <L+ !
——— < sup s, — —— < Sp,,, < Sup s, —
J+ 1 anI?j J+ 1 o nzgj J+ 1

and we are done since lim s, = L
Jj—o0 7

Proposition. The sequence (s, )nen is convergent and has a limit L € R if and only if
liminf s, = limsup s,
n—0o n—00
Proof. If lim s, = L then E = {L}. This follows from the fact that if a sequence converges,
n—oo
then its limit is unique. Thus
s =s5,=1
and by the previous theorem limsup,, ., S, = liminf,,, s, = L.

Conversely, if liminf s, = limsup s,, = L then
n—roo n—00

ay = inf 5, < 5, <sup s, = B
n>k n>k

and lim oy = lim S = L, thus by the squeeze theorem we see that limy_,., s = L.
k—o0 k—o0
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2.16 FEuler’s Number ¢

Theorem 1. ¢ = lim (1 + %)n exists.
n—oo

Proof. The sequence a,, = (1 + %)” is bounded and increasing. This will ensure, by the
monotone convergence theorem, that a, has a limit.

We will appeal to the AM-GM inequality to show that this sequence is increasing.

1 n+1
n =11
-+l ( +7”H—1)

B n+2 n+1
S \n+1

N n—+1

1 n
21-(1~|——> = ay,
n

Explicitly, we have n terms as (14 %) and 1 for n+1 total terms, and the AM-GM inequality

we are using above is

1
n(l+4)+1 1\ "+
App1=—2——— > (1-[1+= =G,
+1 1 _( (+n)) +1

This shows that a,, is an increasing sequence.
Consider b, = (1+ 2)"*! = a, - (1 + 2), then

1\" 1 1\
an:<1+_> San'(1+—>:bn:<1+—>
n n '

We will use the fact GM-HM inequality to show that the sequence is bounded. The inequality

is given by
n+1 1
Hyp = (m) < (@1 Tpgr) " = G
where z,41 =1 and 2y = -+ =z, = (1 — )71, Observe that

1n+1 n+1 n+1
)
n n
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This shows us that (a,)nen is increasing while (b, ),en is decreasing. We have
an < bn < bl =4
Therefore, (a,)nen is bounded and lim,, ., a,, exists. Additionally, we have
1 n 1 n+1
lim <1—i——> =e= lim (1+—)
n—oo n n—oo n
1\" 1 1
Im (1-—) = lim ——F5— =-
O

Consider the series > °° L where n! = 1---n and 0! = 1. Notice that

n=0 nl’
"1 1 1 1
n = — = 1 1 .. I
5 Z%m R T R W S
1 1 1
<1l4+14+=-4+=++... <3
Fltgt gt t o
Theorem 2.
=1 _ 1\"
Z —=1lm (14+—-| =e
n!  nooo n
n=0
Proof. Let
"1 \"
Sp = E and tn = (1 -+ E)
k=0

By the binomial theorem

() S

Hence, we see that

1 1 1 1 2 —1
tp=1+1+-(1——)+.. . +—(1-=)(1=-2)--(1-"
21 n n! n n n

1 1
<1+4+1+=—+...+—=s,
21 n!
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Since each term past the second term in ¢, is being multiplied by some number less than
one, we have t, < s, and by Theorem 3.19 in Rudin, we see that

(e 9]

limsupt, <limsups, = Z

n—o0 n—oo

1

n!
n=0

e8] 1

neo w1 = € because (s,)nen converges (refer to the Propo-

We know that limsup,,_,. s, = >
sition on Page 45).

Next, if n > m then

1 1 | 1 1
o>l lb—(1—=)+. .+ —(1-=). (1T
2! n m! n n

Keeping m fixed and letting n — oo, we get

1
h,?l) g.}f t, > % T
Letting m — oo, we get
[o.¢]
.. 1
hrrlri golf t, > 2% o
n—
Hence

o
1
liminft¢, > E — > limsupt, > liminft,
n—00 — n! N300 n—00

So we conclude

. — 1
e=lim =2
O
Corollary.
1 1
O<e—s,<—— and e>—forallneN
n-n! n!
Proof.
1
eE— S, = E —‘
k=n-+1

1 1 1
 (n41)! <1+n+2+(n+2)(n+3)+'”>

1 1 1
< 1
(n+1)!< i Ty T >

1 11 n+l
T+l 1L D) n
11
— =
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Also,
e = EOO l>l for all n € N
N k n!

Theorem. e is irrational.
Proof. Suppose e = § for some p,q € N.

Since 0 < e — 5, < ——, we have
n-n

1
0<ql-(e—sy) <—

with gle € N. Since

1 1
ls = ! —_ -
q.sq_q.(1+1+2!+...+q!) eN

we see that g!(e — s,) € N, thus
1 .
0<qglfe—s,) <-<1 ifgeN
q
This is a contradiction because no integer exists between 0 and 1 (4).

2.17 The Root and Ratio Test

Theorem (Rudin 3.33) (Root Test). Given ) _ya, set

a = limsup /|a,|

n—oo

Then
(a) If @ < 1, then ) _an, converges.

(b) If > 1, then ) _\ a, diverges.

neN

(c) If a =1, the test is inconclusive.

We use lim sup rather than lim to ensure that o always exists.
Proof. If a@ < 1 we can choose  so that a < f < 1 and an integer N so that

Vian| < forn >N

since

nf sup v/|a,| < 8

i
k>1 o>k

o =

Essentially, we can find 8 by the density of rationals in R. Then, by the definition of lim sup,
there must be N satisfying the condition above. This choice is also justified by Theorem
3.17(b) in Rudin.
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Hence, for n > N we have |a,| < g". But 8 < 1, thus ) ., 8" converges and the comparison
test implies that ) _ a, converges as well.

If a > 1 then by the Theorem (3) on Pg. 40 (also Rudin 3.17) there is a sequence (ny)reny € N
such that

lan, | — «
k k—oo

Hence |a,| > 1 for infinitely many values of n € N so that the condition a,, —— 0, which

n— oo
is necessary for the convergence of ) . a, does not hold (Rudin 3.23).

To prove (c), observe the following counterexample:

=1
Z—:oo and {/n——1
n

n—o0

00 1 .
Z—<oo and Vn?z2 ——1

n2 n—s00

Theorem. (Rudin 3.34) (Ratio Test). The series )\ an

QAnt1
an

(a) converges if lim sup <1

n—oo

fatll > 1 for all n > ny where ny is fixed

(b) diverges if

Proof. 1f (a) holds we can find 5 < 1 and N € N such that

a
ot <pf foraln>N
G,
In particular, for p > 1 and p € Z
An+
|@ntp| = |ansp-1] - < B |@ntpl
n+p—1

< Blanipal < ... < BPlay| forn>N
Thus |ay4,| < BP|lan| and consequently
jan| < lan]- 87V - B"

for all n > N. The above expression is obtained by substitution with N +p=n = p =

n — N. The claim follows from the comparison test since
Y <o, B<1
n>N

(b) If |ayny1] > |ay,| for n > ng, then a,, —— 0 does not hold.

n—o0
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An41
an

Remark. As before, lim,,_,, =1 is useless. Consider

[oe)

1 An+1 n
g — =00 and =

n

ay, B n -+ 1 n—ooo
n=1
=1 a n 2
1
Z — <oo and ntl _ v 1
n ap, n—+1 n—00
n=1
Example.
o
n!
S
nn
n=1

1Y 1
o 1—|—% n—)oo/6

Since % < 1, the series converges by the ratio test.

2.18 Power Series

Definition (Power series). Given a sequence (¢;,)neny € C, the series

o
chz”, zeC

n=0

is called a power series. The numbers ¢, are called the coefficients of the series.
Theorem 1 (Rudin 3.39). Given the power series >~ ¢,2", set

1
a =limsup {/|¢,|] and R=—
a

n—oo

(If @« = 0, then R = +o00, if @ = +oo, then R = 0). Then ) > c,2" converges if |z] < R
and diverges if |z| > R. R is called the radius of convergence of >~ ¢,2".

Proof. Consider a,, = ¢,z" and apply the root test

timsup 3/ Jan] = |2] - Timsup /Jer] = 2
n—oo R

n—oo

Examples.
(a) The series > 2 n™z" has R = 0.

(b) >o02 27 has R = +o0.
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Fact. For a sequence (¢, )n_0o Of positive numbers

Cn+1 Cn+1

lim inf < liminf /¢, <limsup /¢, < limsup

n—oo  Cp n—00 n—00 n—oco  Cn

Cn+1
Cn

We shall prove limsup,,_, . /¢, < limsup,,_, = a.

If a = 400 then there is nothing to do. Assume « < oo and choose > «

Cn+1 Cn+1

lim sup = lim sup
n—+00 Cn k—oo >k Cp

=«

Thus there is N € N such that n > N implies

Cn1
<
Cn b

For any p > 0, we have cyyr1 < ey for E=0,1,...,p— 1. Thus

CN+p < BCN—i—p—l < 62CN+I;_2 <...< ﬂch

So
cn < cenBNB for any n > N
Hence
Ven < AV enfN -
Thus
limsup {/¢, <
n—oo

when we take the lim sup on both sides and consider Rudin 3.20(b) or Theorem 9(b) in these
notes. But § > « and the choice of § was arbitrary. Thus

lim sup /¢, < «

n—oo

. n .
Hence if > | %, then R = 400 since

: 1
a=limsup {/— =10
n—00 n!

lim sup ¢/~ < i W Lo

imsup {/ — <limsup ———— = limsu =

(c) >°° 2" has R = 1. If |z| = 1, the series diverges since z" does not tend to 0 as n — oc.
(d) 302 = has R =1. If z = 1, the series diverges since ) - 1 = oc.

> o2, = also converges for all z € C such that |z| =1 and z # 1. More generally:

n=1

Theorem (Rudin 3.44). Suppose the radius of convergence of Y~  ¢,z" is 1 and suppose
co > €1 > ¢ > ... with lim,,_, ¢, = 0. Then Z;’LO:O c, 2" converges at every point on the

circle |z| = 1 except possibly at z = 1.
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(a) The partial sums A, of >~ a, form a bounded sequence

n

>

m=0

1+ |z|m™+t 2

An: =
[ 4] |1 — 2| 1 —z|

‘1 _ zm+1

1—2

if |2/ =1 and z # 1.
(b) b, = ¢y, is fine since by > by > by > ...
(¢) lim, 400 b, =0
This shows us Y~ a,b, converges by Theorem 17 (Rudin 3.41).
0
(e) > % has R = 1. Since > o7, -5 < oo, we see that > »° | 25 converges for all z

satisfying |z| = 1.

2.19 Addition and Multiplication of Series
Theorem 2 (Rudin 3.47). If }° _a, = Aand ) b, = B then
Z(an+bn):A+B and ann:cA

neN neN
Proof. Let A, =3 p_,a, and B, = >"}_by. Then by the algebraic limit theorem (Pg. 10)

we have
n

Av+By=> (ax+b) — A+ B

n—o00
k=0

Definition (Product of two series). Given ) _ya, and ) _b,, we put

Cp = Zakbn,k (n=0,1,2,...)
k=0

and call ) ¢, the product of two given series.
Motivation.

Suppose we have two power series »_ a,2" and > b,z", observe that

(Z anz”> (Z bnz”) = (ag+ a1z + apz® +...)(bg + b1z + by2® +..)
n=0 n=0

= aobo + ((lobl + albo)z + (aobg -+ a1b1 + a2b0)22 + ...
:co+clz+0222—|—...+cnzn—l—...
Setting z = 1, we arrive at the definition of ¢,. It is very important to note that the sums

must be infinite in order for the definition of ¢,, to make sense.

Example. The series

~ o o1 11
Z n+1_1 \/§+\/§ \/Z+...

n=0
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converges.

But the product of this series with itself diverges. Consider
SIS N
n= n + 1 =0

1 1 1 1 1 1
= — + + +— |+
( ) (\/_ NNV ) (\/1 V3V2 T V2V3 \/71)
See Rudin 3.49 for the rest of the details of this proof.
Theorem 3 (Rudin 3.50). Suppose

(
(

a) >, a, converges absolutely, i.e., Y > |a,| < oo
b) Xgan=A

) 2onobn =B

) Cn ZZ:o kb

Then we have

(c
(d

Z ¢, = AB
n=0
Proof. Put
An = ag, Bn = bk7 Cn = Ck, ﬂn = Bn - B
k=0 k=0 k=0

Then it follows that

Cy, = apbg + (aghy + arbg) + ... + (agb, + a1b,—1 + ... + anbo)
=qyB,+a1B,-1+ ...+ a,By
=ag(B+ 5,) + a1(B+ Bu-1) + ...+ an(B + bo)
=A,B +goﬁn +a1Bp 1+ ...+ anﬁg

g

Tn

We will show that ¢, — AB. Since A,B — AB, it suffices to prove 7, —— 0. Set
n—oo

a=> " la,]. Let € > 0 be given. By (c), we have 3, — 0. We find N € N such that
|Bn| < € for n > N, then

|'Yn| < ]ﬁoan + ...+ 5N6LH_N‘ + |5N+16Ln_N_1 + ..+ ﬁna0|
< |Boan + ... + Byvan_n| +ca

Keeping N fixed, and letting n — oo, we obtain

limsup |y,| < ea
n—oo
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since ay k—> 0. More explicitly, looking at the N summands, we have that each a,_, — 0
—00
for k € {0,1,2,..., N}. Since ¢ is arbitrary, we have limsup,,_,.. || < 0. Since |v,| > 0,
we always have limsup,,_, . |v»| > 0. Thus limsup,,_, . |7.| = 0. But also
0 < liminf |v,| < limsup|y,| =0
n—oo

n—oo

Therefore, lim |7,| = 0 which implies 7, —— 0, as desired.
n—oo n—o0
]
Remark. If Y~ a, = A, > b, = B, and ) ¢, = C with ¢, = apb, + ... + a,by, then
C = AB.

Proof. Later!

2.20 Rearrangements

Definition (Rearrangement). Let (k,)n,en be a sequence in which every positive integer
appears once and only once.

Setting a], = ax, we say that

/.
E a, is a rearrangement of E ap,

neN neN

Example. Consider the convergent series

UUE SR DS SNSRI O
S R B
~—— =

<0 <0
and one of its rearrangements

SEDENE S S UUE SRS SRS B BN SR L,
STy T T s Ty st e T k=3 T ak—1 2%

Observe that s <1 — % + % = % and

! + ! = >0 fork>1
- — or
4k -3  4k—-1 2k -
If s/, is the partial sum of &', then s} < sy < sq < .... Hence

. / r
limsups,, > s5 = G
n—o0

Thus, s’ does not converge to s.
Theorem 1 (Rudin 3.54). Let ) a, be a series of real numbers which converges, but
not absolutely. Suppose

—co<a<f<oo
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Then there exists a rearrangement ), _a;, with partial sums s;, such that

liminf s/, = « limsup s, = f8
n—00 n—00
Proof. For n € N, let
Qp| +a an| —a
pn:MTnzoa anMT”ZO

Then we have p, — ¢, = a, and p, + ¢, = |ay|. The series > _ pn and Y ¢, both
diverge. In fact, if both were convergent, then

> atan) =) lan| =

neN neN
would converge, contradicting the hypothesis ().

Since
N

N N N
Zan = Z(pn - Qn) = an - an
n=1 n=1 n=1

n=1
divergence of > p, and convergence of ) g, (or vice versa) implies divergence of »_ a, (4).
Let Py, P, Ps, ... denote the nonnegative terms of ) _ a, in the order in which they occur
and let Q1,Q2,Qs, ... be the absolute values of the negative terms of ) _ a, also in their
original order. (I think he means the terms of (a,)nen)-
The series Y, .y Pn, D nen @n differ from >« pon, D, cn @n only by zero terms and there-
fore they also diverge.

We shall construct (my,)nen and (ky)nen such that the series

P1+--'+Pm1_Q1_~~_Qk1+Pm1+1+~--+Pm2_le-i-l_-'-_ng"’n- (*)

which is a rearrangement of > _ a,, satisfies

neN

liminfs), =a and limsups, =
n—00 n—00

Choose real-valued sequences (i, )nen, (Bn)nen such that

o, —— « B ——

n—o0 n—00

with «,, < 3, and ; > 0.

Let mq, k1 be the smallest integers such that
P +...+ P, > p,
P+...+P,, —Q1—...—Qr, <

Let mao, ko be the smallest integers such that

P1+---+Pm1_Ql_~--_Qk1+Pm1+1+---+Pm2>527
Po+.. . +Py, —Q1— ... — Qi+ Pji1+ o+ Py — Qi1 — - — Qpy, < o
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and continue in this way. This is possible since

>

neN

=00 and = 0

> Qn

neN

If x,,y, are partial sums of (x) whose last terms are P,,, , —Qy, , then

|xn_/8n| SPmna |yn_an| San

The above inequalities follow from the fact that

0<zp—PBn<Pp,

Since ), .y an converges, we know that a, —— 0. Since P,, @, are both subsequences of
n—oo

(@pn)nen, we have P, —— 0 and @),, —— 0. Thus, x, —— § and y, — «.
Finally, it is clear tha%?foo number lessn?ho;n « or greater T%ﬁ;on [ can be an;uoﬁsequential limit
of the partial sums of ().

U
Theorem 2 (Rudin 3.55). If > _a, is a series of complex numbers which converges

absolutely, then every rearrangement of > _.a, converges and all converges to the same

neN
sum.
Proof. Let ) _\ a, be a rearrangement with partial sums s),. Given ¢ > 0, there is N € N

such that m >n > N implies

m

> akl <

k=n
Now choose p such that {1,2,..., N} C {ky,ko,...,k,}. If n > p, then the numbers a1, .. .ay
will cancel in the difference s, — s, so that |s,, — s/,| < e. Hence, (s],)nen converges to the

same sum as (S, )nen-
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3 Continuity

3.1 Functional Limits

Definition 1 (Functional limit). Let (X, px), (Y, py) be metric spaces. Suppose £ C X and
f:E =Y and pis a limit point of E. We write f(z) — ¢ or

T—p

lim f(z) = q

z—p

if there is a point ¢ € Y with the following property: For every € > 0, there exists a 6 > 0
such that

py(f(z),q) <e
for all points z € E for which 0 < px(x,p) < . We require p to be a limit point of E
because if p is not a limit point, then ¢ is not unique (vacuously true for all ¢ as long as ¢ is
less than the interval that exists around the isolated point p).
Remark. If X =Y =Ror X =Y =R", then px(z,y) = py(x,y) = |z — y|.
For every ¢ > 0 there is 6 > 0 such that for all x € E if 0 < |z —y| < §, then |f(x) —q| < e.
Theorem 1 (Rudin 4.2). Let (X, px), (Y, py), E, f and p be as in Definition 1. Then

(A) lim f(z) = ¢ if and only if

T—p

(B) lim f(p,) = q for every sequence (p,)nen in E satisfying p, # p and lim p, = p.
n—oo

n—oo
Proof. Suppose that (A) holds. Choose (p,)neny C E satisfying p, # p and p, —— p. Let
n—oo
€ > 0 be given, then there exists 6 > 0 such that

py(f(x),q) <e

if 2 € E and 0 < px(x,p) < §. Also, there exists N € N such that n > N implies
0 < px(pn,p) < 9. Thus, we have

py(f(pn);q) <€

Hence, (B) holds.
Conversely, suppose (A) is false. Then there exists some ¢ > 0 such that for every § > 0
there exists a point z € E (depending on ¢§) for which

py(f(x),q) > but 0<px(z,p) <9
Taking 0, = ,n € Z,, we thus find a sequence (p,)nen in E satisfying

n’

lim p, =p  but py(f(pn),q) > €
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Thus (B) is false as desired. Note that we set d, = 1 at each step and use the fact that (A)
is false to find an x which we designate as p,, in order to generate this sequence.
Theorem 2 (Rudin 4.4). Suppose E C X, (X, px) is a metric space, p is a limit point of
E, f,g: E — C are functions such that

lim f(z) = A limg(z) =B

x—p T—p

Then
(@) lim(f +9)(a) = A+ B

(b) lim(fg)(x) = AB

T—p

(c) lim (g) (z) = 4 if B# 0 and g(z) # 0 for all z € E.

T—=p

The proof is omitted in light of its similarity to the proofs for sequences.

3.2 Continuous Functions

Definition 2 (Continuity). Suppose (X, px), (Y, py) are metric spaces, £ C X,p € E and
f:E—=Y. Then f is said to be continuous at p if for every € > 0, there exists a § > 0 such
that

py(f(z), f(p) <e
for all points for which px(x,p) < 0.

If f is continuous at every point of E, then f is said to be continuous on E.
Remark. If p is an isolated point of E, then our definition implies that every function f
which has F as its domain of definition is continuous at p. For, no matter which £ > 0 we

choose, we can pick § > 0 so that the only point x € E for which px(x,p) < § is © = p, then

py (f(z), f(p) =0<e¢

Fact 1. In the situation of Definition 2, assume also that p is a limit point of E. Then f is
continuous at p if and only if lim,_,, f(z) = f(p).

Proof. Tt is obvious when we compare Definition 1 and Definition 2.

Theorem 3 (Rudin 4.7). Suppose that (X, px), (Y, py), (Z,pz) are metric spaces, let
ECXand f:EF—Y andg: f(E) — Z and h: E — Z be defined by

W) =g(f(x), zek

If f is continuous at a point p € E and if g is continuous at the point f(p), then h is
continuous at p.

Proof. Let € > 0 be given. Since g is continuous at f(p), there is 7 > 0 such that

pz(9(y),9(f(p) <e, if py(y, f(p)) <nandy e f[E]
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Since f is continuous at p, there is 6 > 0 such that

py(f(z), f(p)) <n if px(z,p) <dandz € &
It follows that

pz(h(z),h(p)) = pz(g9(f(z)), 9(f(p))) <e
if px(z,p) <dandz € E

Thus, h is continuous at p € E.

Theorem 4 (Rudin 4.8). A mapping f of a metric space (X, px) into a metric space
(Y, py) is continuous on X if and only if f~![V] is open in X for every open set V in Y.
Proof. Suppose f is continuous on X and V is an open set in Y. We have to show that
f7'[V] is open in X. Let p € f~![V], since V is open, we know that B, (f(p),e) C V
for some € > 0. Since f is continuous at p, there is 6 > 0 such that py (f(z), f(p)) < ¢ if
px(z,p) < é. Thus B, (p,0) C f'[V] ={z € X : f(z) € V}. In other words, we know
that B, (p,d) C f~![V] because the continuity of f guarantees that

f(Bpx (p,6)) € B, (f(p),e) CV

Taking the preimage across the equation, we see that

B, (p,6) € f_l[pr (f(p),e)] € f_l[v]

Conversely, suppose f~*[V] is open in X for any open set V C Y. Fix p € X and € > 0 and
consider V = B, (f(p),e) which is open. Thus f~'[V] is open. Hence, by the openness of
V], there exists § > 0 so that

BPX(p7 5) g fﬁl[v]
Thus if px(z,p) < 0, then = € f~[V]. Hence, it follows that

f(@) eV =B, (f(p),e) < py(f(x),f(p)) <e

So this ¢ satisfies the condition for the continuity of f at p.

O
Corollary. A mapping f : X — Y between metric spaces (X, px) and (Y, py) is continuous
if and only if f71[C] is closed in X for any closed set C' in Y.
Proof. A set is closed if and only if its complement is open. Since f~'[E‘] = (f~[E])¢ for
every ' C Y, we are done by invoking Theorem 4. To be more explicit, take E to be any
open set and the result follows.
Theorem 5 (Rudin 4.9). Let f and ¢g be complex continuous functions on a metric space
(X, px). Then f+ g, fg, and % are continuous. In the last case we assume g(x) # 0 for all
reX.
Theorem 6 (Rudin 4.10).
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(a) Let f1,..., fx be real functions on a metric space (X, px) and let f : X — R* be defined
by

then f is continuous if and only if each of the functions fi,..., fi is continuous.

scalar product
=~
f-g

(b) If f,g: X — R¥ are continuous, then f + g and are continuous on X.

The functions f1,..., fi are called the components of f. Note that f + ¢ is a mapping into
R*, whereas f - ¢ is a real function on X.
Proof. Part (a) follows from:

2

k
\fi(z) = f;(w)] < |f(x) = fy)] = (Z | fi(z) — fj(y)l2>

for j =1,2,..., k. Part (b) follows from (a) and Theorem 5.

Examples.

(1) Let @ = (x1,...21) € RF. The functions ¢;(7) = z; are continuous for j = 1,2,...,k
since
|6;(7) = ¢ (V)| < |77 = 7|
and we can take & = ¢ with respect to Definition 2. The ¢;(7) are sometimes called

coordinate functions.
(2)
P(S—C)) = Z Cnlmnkx?l o 552%
where card(A) < oo and A C N*¥ and ¢, _,, € C.

(3) The mapping ¥ — | 2| is continuous since

To be more explicit, let £ > 0 be arbitrary. Then we can simply take ¢ =  to see that
for all |7 — | < 6, it follows that || 7] — |J|| < = e.

(4) If f,g: X — R are continuous, then

max(f,g)_f+9+2|f—g| min(f’g)_wag—z!f—gl

are also continuous functions.
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3.3 Continuity and Compactness

Definition (Bounded map). A mapping f : £ — RF is said to be bounded if there is a
number M > 0 such that |f(z)| < M for all z € E.

Theorem 7 (Rudin 4.14). Suppose f is a continuous mapping of a compact metric space
(X, px) into a metric space (Y, py). Then f[X] is compact in Y.

Proof. Let (V4)aca be an open cover of f[X], so

rxrc Yva

aEA

Since f is continuous, then each set f~1[V,] is open in X. Since X is compact and

xXc vl
acA
thus, there are finitely many indices as, ..., a, € A such that X C (J,_, f~!{[Va,]-
Since f[f~'[E]] C E for every E C Y, we have

n

U Vail

k=1

fXIc s

— Uvak

0
Theorem 8 (Rudin 4.15). If f: X — R¥ is continuous and (X, px) is a compact metric
space, then f[X] is closed and bounded. Specifically, f is bounded.
Proof. Use Theorem 7 with Theorem 2.41 in Rudin.
Theorem 9 (Rudin 4.16). (Extreme Value Theorem). Suppose f : X — R is a continuous
function on a compact metric space (X, px) and

M =sup f(p) and m = inf f(p)

peEX pEX

Then there are p,q € X such that f(p) = M and f(q) = m.
In other words, there are p,q € X such that f(q) < f(z) < f(p) for all z € X, that is f
attains its maximum of p and its minimum of gq.
Proof. By Theorem 7, f[X]| C R is closed and bounded. Thus
M =sup f(x) and m = inf f(z)

zeX zeX

are members of f[X]| and we are done. This follows from Theorem 2.28 in Rudin.
Theorem 10 (Rudin 4.17). Suppose f is a continuous one-to-one mapping of a compact

metric space X onto a metric space Y. Then the inverse mapping f~! defined on Y by

fﬁl(f(w)) =z, VrelX
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is a continuous mapping of Y onto X.

Proof. f~!:Y — X is well-defined since f : X — Y is one-to-one and onto. It suffices to
prove that f[V] is open in Y for any open V in X.

Fix an open set V' C X. V¢ is closed in X and thus compact. Hence f[V¢] is a compact
subset of Y and consequently f[V¢] is closed. Since f : X — Y is bijective, we have

SV = fvi

Thus, f[V] is open as desired. Note, since f is bijective we have f[V¢] = f[V]°.
Definition 3 (Uniformly continuous). Let (X, px) and (Y, py) be metric spaces and f :
X — Y. We say that f is uniformly continuous on X if for every € > 0 there exists § > 0
such that

py(f(2), f(y)) <e
for all z,y € X for which px(z,y) < 4.

Remark.

(1) Uniform continuity is a property of a function on a set, whereas continuity can be defined

at a single point.

(2) If f is continuous on X then for each ¢ > 0 and p € X there is a number 6 > 0 such
that if px(z,p) < 0, then py(f(z), f(p)) < e. Thus § depends on p and ¢ > 0.

(3) If f is uniformly continuous on X, then for each £ > 0, there is § > 0 such that for all
xz,y € X if px(x,y) < 9, then py(f(x), f(y)) <e. Thus § > 0 depends only on ¢, but is

uniform for all z,y € X.
(4) Uniform continuity implies continuity.

Theorem 11 (Rudin 4.19). Let f be a continuous mapping of a compact metric space
(X, px) into a metric space (Y, py). Then f is uniformly continuous on X.
Proof. Let € > 0 be given. Since f is continuous, we can associate to each point p € X a

positive number ¢, > 0 such that

If ¢ € B(p,dp), then py(f(p), f(q)) <

DN ™

Observe that X C UPGX B(p, %”) Since X is compact, there are p1,...,p, € X so that

" 1)
XC| |B Lk

Set § = 1 min{d,,, ..., 0y, } > 0. The finiteness of the p;, terms is used here to see that § > 0.
Let p,q € X be such that px(p,q) < d. Then there is 1 < m < n such that p € B(py,, 5"7)
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This follows from the fact that p € X, so it must belong to one of the sets in the finite

subcover. Hence

Opy,
px(4,Pm) < px(a,p) + px(Pm,p) <6+ pT <0y,

Thus, we conclude

py (f(p), F(@)) < py (F(0), f(pm)) + py (f(pm), f@)) <€
0

Theorem 12 (Rudin 4.22). If f is a continuous mapping of a metric space X into a metric
space Y and if E is a connected subset of X, then f[E] is connected in Y.

Proof. Assume for a contradiction that
fI[E]=AUB
where A and B are nonempty separated subsets of Y. Put G = E N f7![A] and H =
En f~YB]. Then
E=GUH
and neither G nor H is empty.

Since A C A we have G C f~'[A]. The latter set is closed since f is continuous hence by
taking the closure on both sides we see that G C f~![A]. Hence

fIGI S fIfHA € A
Since f[H] = B and AN B = @ we conclude that
fIENG| S (fIGINf[H]) S (ANB) =2

So HN G = @. The same argument shows that G N H = @. Thus G and H are separated,
which contradicts our hypothesis that E is connected ().

Theorem 13 (Rudin 4.23). Let f be a continuous real function on the interval [a,b]. If
f(a) < f(b) and if ¢ is a number such that f(a) < ¢ < f(b), then there is a point = € (a, b)
such that f(z) = c.

Remark. A similar result holds also if f(a) > f(b).

Proof. [a,b] is connected so f|[a,b]] is connected in R by the previous theorem. Thus if
f(a) < ¢ < f(b), then ¢ € f][a,b]] so there is x € [a,b] so that f(z) = ¢ (by Rudin 2.47).

3.4 Banach Contraction Principle

Let (X, p) be a metric space. We say that ¢ : X — X is a Lipschitz mapping of X into itself
with a Lipschitz constant C, > 0 if it satisfies

plo(x), o(y)) < Cy - p(z,y)
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for all z,y € X.
Remark: Every Lipschitz mapping is uniformly continuous.

Examples.

(1) X =R and ¢(x) = ax then ¢ is a Lipschitz map with C, = |a| since

o(x) = e(y)| = lallz =y
for all z,y € X.

(2) Let (X, p) be a metric space and @ # E C X. Define the distance from = € X to E by
pe(r) =inf{p(x,z): z € E}
Sometimes we write pg(x) = p(x, E).

One can easily prove that p(z, F) = 0 if and only if z € E.

Moreover
Thus X > x — p(x, E) is Lipschitz with the Lipschitz constant 1. Indeed, for z € E

p(z, B) < p(z,2) < p(x,y) + p(y, 2)
thus p(z, E) < p(z,y) + p(y, E) so

p(r, E) — p(y, E) < p(z,y)

By symmetry, p(y, E) — p(z, F) < p(z,y) and we are done.
Definition (Contraction). Let (X, p) be a metric space. If ¢ : X — X and if there is
¢ € (0,1) such that

p(e(r), 0(y) < cp(z,y)

for all z,y € X, then ¢ is said to be a contraction of X into X.

Remark. In other words, contractions ¢ : X — X are the Lipschitz maps with with
Lipschitz constants L, < 1.

(The Banach Contraction Principle)

Theorem 1 (Rudin 9.23). If (X, p) is a complete metric space and if ¢ is a contraction
of X into X, then there exists one and only one z € X such that p(z) = =.

Recall that ¢ : X — X is a contraction, i.e., there is 0 < ¢ < 1 such that

p(e(x),0y)) <cplz,y) foralzyeX

The idea is that after applying the contraction ¢ successively, the image shrinks after each

application to eventually end up at the unique x for which ¢(z) = x.
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Proof.
Uniqueness: If there are 2,y € X so that z # y, p(z) = x, and ¢(y) =y, then

p(x,y) = p(e(z),¢(y)) < cp(z,y) and ¢ < 1

This is impossible since it shows us that ¢ > 1 after we divide by p(x,y) # 0.

Hence we must have x = .

Existence: The existence of a fixed point of ¢ : X — X is the essential part of the proof /
theorem. The proof furnishes a constructive method for locating the fixed point.

Pick zy € X arbitrarily and consider

r1 = p(x0)
zy = (1) = ¢* (o)

Tni1 = o(xn) = " (o)

for n € N. Observe that

P(Tnt1, Tp) = p(0(Tn), P(Tn-1) < p(Tn, Tn1

Thus inductively we obtain
p(xn—&-l? xn) < Cnp(xl, xO)

for n € N. If n < m if follows that

m

p(xnaxm) < Z :0<xj7$j—1)

Jj=n+1
< ("M Y p(a, T0)
<Al +c+E+. .+ Y p(ay, w0)
cn
= - p(xy, 9) —— 0

1—c¢ n—00

Thus the sequence (z,),en is a Cauchy sequence in X. But X is a complete metric space,
so there is x € X such that

lim z, ==
n—oo

Since ¢ : X — X is continuous, thus

© ( lim a:n> = lim p(z,), Tpa = p(z,)

n—oo n—oo

o) = lim p(z,) = lim 2,41 =2
n—oo n—oo

Remark. The Banach contraction principle says that ¢ has a unique fixed point.
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3.5 Discontinuities

If z is a point in the domain of definition of a function f at which f is not continuous, we
say that f is discontinuous at x or that f has a discontinuity of x.

Definition. (Left and right limits). Let f be defined on (a,b). Consider any x such that
a < x <b. We write

flz+) =q
if f(t,) —a for all sequences (,,)nen in (x,b) such that ¢, —
Similarly, we write

flx=)=q

if f(t,) —— q for all sequences (t,)nen in (a,x) satisfying t,, —— x, for any a < z < b.
n—o0 n—oo
It is clear for any = € (a,b) that lim f(t) exists if and only if
—

flat) = flz—) = lim f(2)

t—x

Proof. Suppose lim,_,,. f(t) exists. Recall by Theorem 1 (Rudin 4.2) that this means

lim f(t,) =q

n—oo

for every sequence (t,),en in (a,b) such that ¢, # = and lim ¢, = z. Since this conclusion
n—oo

holds for all sequences in (a, b), it also holds for all sequences in (a,z) and all sequences in
(x,b) and we have f(z+) = f(x—) = limy_,, f(¢).

The converse direction is established similarly. If we have a sequence that has infinitely many
t, € (a,x) and infinitely many ¢, € (z,b), we can simply form two subsequences consisting
of the t,, terms in only (a, z) or (z,b) and apply our hypotheses to reach the conclusion.
Definition (Discontinuity). Let f be defined on (a,b).

(a) If f is discontinuous at a point z and if f(xz+) and f(x—) exist, then f is said to have a

discontinuity of the first kind or a simple discontinuity.
(b) Otherwise, the discontinuity is said to be of the second kind.
Remark. There are two ways in which a function can have a simple discontinuity:
(a) either f(z+) # f(2—)
(b) or f(z+) = f(z—) # f(=)
Definition. (Left and right continuity).
(a) If f(x—) = f(x) for all x € (a,b) then we say that f is continuous from the left.

(b) If f(x+) = f(x) for all = € (a,b) then we say that f is continuous from the right.
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Examples.

(1) f(x)=|z| =max{n <z:n€cZ}

~

N

N

f is continuous from the right.

(2) fz) ={o} =2 — [2]

o~

N

SIS S

N

f is also continuous from the right.
(3) Let

1 ifzeQ

fx) = .
0 ifzeR\Q

f has a discontinuity of the second kind at every point z since neither f(z+) nor f(z—)

exists.
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(4) Define

fa) = x ?fxe(@
0 ifzeR\Q

Then f is continuous at x = 0 and has a discontinuity of the second kind at every other

point.

(5)

r+2 if v € (-3,-2)
flx)=4q—2x—-2 ifze[-2,0)
z+2  ifzelo1]
Then f has a simple discontinuity at x = 0 and is continuous at every other point of
(_37 1)
Definition (Monotonically increasing). Let f : (a,b) — R. Then f is said to be monotoni-
cally increasing on (a, b) if

a<z<y<b = flz)<f(y)

If f(x) > f(y) for all z,y € (a,b), we obtain the definition of a monotonically decreasing
function.
Theorem (Rudin 4.29). Let f be monotonically increasing on (a,b). Then f(z+) and
f(z—) exist at every point of x € (a,b). More precisely,

sup f(t) = f(z—) < f(z) < flz+) = inf f(t)

a<lt<z r<t<b

Furthermore, if a < z < y < b then f(z+) < f(y—). Analogous results hold for monotoni-
cally decreasing functions.

Proof. The set E = {f(t) : a <t < x} is bounded by f(x) hence it has a least upper bound
which we denote A = sup E. Clearly

A< f(z)

We have to show f(z—) = A. Let € > 0 be given. Since A = sup F, there is a § > 0 such
that a <z — 0 < x and
A—e< flz—0) <A

Since f is monotonic, we have

fla=8)<ft) <A forte(x—0,x)
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Thus A —e < f(t) < A, so
|f(t) — Al <e forte (x—0,2)

Thus A = f(x—). To elaborate, suppose we have a sequence (t,)nen C (a,z) satisfying
t, —— x. Because this sequence converges to x, taking the § given above, we can find
N g_ﬁmsuch that n > N implies |¢, — 2| < §. But then by what we have shown above, we
have |f(t,) — A| < e. Hence f(t,) — A as desired.

Next, if a < x <y < b, then

f(z+)= inf f(t)= inf f(¢)

z<t<b z<t<y
Similarly
fly=) = sup f(t) = sup f(t)
a<t<y z<t<y
Thus

fla+) = nf f(z) < sup f(t) = f(y—)

z<t<y s<t<y
O

Corollary. Monotonic functions have no discontinuities of the second kind.

Theorem (Rudin 4.30). Let f : (a,b) — R be monotonic. Then the set of points of (a, b)

at which f is discontinuous is at most countable.

Proof. Without loss of generality, we may assume that f is increasing, and let E be the set

of points at which f is discontinuous.

Let r: E — Q. With every point # € E we associate a rational number r(x) € Q such that

flz=) <r(z) < flzt)

Since z1 < x5 implies f(z1+) < f(x2—), we see that r(z1) # r(xq) if 21 # xa.
We have thus established a one-to-one correspondence between the set £ and a subset of Q.

The latter, as we know, is countable card(Q) = Ny.

3.6 Infinite Limits and Limits at Infinity

For any x € R we have already defined a neighborhood of x to be any segment (z — ¢,z + ).
Definition. For any real c, the set of real numbers x > c is called a neighborhood of +o00
and is written (¢, +00). Similarly, the set (—oo, ¢) is a neighborhood of —oc.
Definition. Let f be a real function defined on £ C R. We say

ft) — A

t—x

where A and x are in the extended real system if for every neighborhood U of A there is a
neighborhood V' of x such that V N E # @ and such that f(¢t) € U forallt € (VN E)\ {z}.
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Theorem (Rudin 4.34). Let f,g: E — R. Suppose

f) —> A and g(t) — B
then

(a) f(t) —> A" implies A = A’

(b) (f +9)(t) — A+B

(©) (fo)(t) —> AB

() (f/9)(t) —>

provided the right members of (b), (¢), (d) are defined.

Remark. Note that oo - 00, 0-00, 2, and % are not defined.
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4 Differentiation

Definition (Derivative).
Let f :[a,b] = R. For any x € [a, b] form the quotient
f@t) — f(x)

o(t) =
() t—x
with a <t < b and t # z, and define

fi(z) = lim ¢(t)

t—x

provided the limit exists.
We thus associate with the function f a function f’ whose domain is the set of points
x at which the limit

lim ¢(t) exists

t—zx

f' is called the derivative of f.

Remark:

e If [’ is defined at a point x, we say that f is differentiable at x.
o If f"is defined at every point of a set E C [a,b], we say that f is differentiable on E.

e It is possible to consider right-hand and left-hand limits of ¢(¢). This leads to the
definition of right-hand and left-hand derivatives. In particular at the endpoints a, b,

the derivative, if it exists, is a right-hand or left-hand derivative respectively.

e If f is defined on a segment (a,b) and if a < x < b then f’(z) is defined by
O~ f(@)

t—ax t—ux
but f’'(a) and f’(b) are not defined in this case!

Theorem 1 (Rudin 5.2). Let f : [a,b] — R. If f is differentiable at a point x € [a,b],
then f is continuous at x.

Proof. Observe

F0) — fay = TO=I@ Gy pay0=0

t—=x t—x

Rewriting this, we have
lim f(t) = f(x)
—T

which shows us that f is continuous by Fact 1 on Page 55.

Remark:



4 DIFFERENTTATION

81

e The converse of this theorem is not true. As a counterexample, f(z) = |z| is continuous

at every x € R but it is not differentiable at = 0. The function is continuous because

it is Lipschitz continuous: |f(z) — f(v)| = ||| — y|| < |z — y|.

e It is also possible to construct a continuous function on R which is not differentiable at

any point of R.

Theorem 2 (Rudin 5.3). Let f,g: [a,b] — R be differentiable at a point x € [a, b]. Then

f+g9,fg, and f/g are differentiable at x and
(a) (f +9)(z) = f'(z)+d'(2)
(b) (f9)'(z) = f'(2)g(z) + f(z)g'(2)

(c) (%)’(l‘) _ I (x)g((a;)(;)f)(f)g @) with g(z) #0

Proof. (a) is clear since

(f + 9)'(x) = lim

t—x t—=x
i SO =@ g 9 — g()
t—x t—2x t—x t—1

(b) Let h = fg, then

Thus
(f9)'(z) = W(x) = lim w
— lim f () - w + lim g(x) f(ti - i(-””
= f(2)g'(z) + f'(z)g(x)
For (c) let h = £ and observe
MQ:Z@):g@;@ o) - LI — gy 2000

Letting ¢ — x we obtain the desired claim.

Examples.

(1) f(z) =ceRforall x € R, then f'(x) =0 for all z € R
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(2) f(x) =a™, then f'(z) =nz" !, neN.

Indeed,
" — yn — (l’ . y)(xn—l +xn—2y+ o +yn—2x +yn—1>
Thus ;
f( ) B f(l‘) _ tn—l + tn_2$ 4+ J]n_2t + xn—l nxn—l
t—x t—x
(3) f(z) = - then f'(2) = —m;;:l = —=1, © # 0 (by Theorem 2c above).

(4) Every polynomial P(z) = ZZ:O apx” is differentiable.

(5) R(z) = ggg where P(z),Q(x) are polynomials.

R(x) is differentiable for all x € R such that Q(z) # 0.

Theorem 3 (Rudin 5.5). Suppose that f : [a,b] — R is continuous and f'(z) exists at
some point = € [a,b], ¢ is defined on an interval I which contains the range of f, and g is
differentiable at the point f(x).

If

then h is differentiable at x and

the latter identity is called the chain rule.
Proof. Let y = f(z). By the definition of the derivative we have

f@) = f(x) = (¢t —2)(f(x) +u(t)) and  g(s) —g(y) = (s —y)(g'(y) + v(s))
where t € [a,b], s € I and
%gr% u(t) =0 and nglil’ll/ v(s) =0

Note that we are defining

ft)—f(z) :
T—f’(x) ift£ux
0 ift==x

u(t) =

and v(s) similarly, so that these functions work as error functions.
Let s = f(t) and note that



4.1 Mean Value Theorems 83

or if t # x then
PO M) _ () + o) (@) + (D)
Letting t — x we see that s — y (this is the same as f(¢t) — f(z)) by the continuity of f.
e R B
lim —————= = ¢'(y) f'(z) = ¢'(f(2)) - ['(2)

t—z t—=x

4.1 Mean Value Theorems

Definition 2 (Local maxima). Let (X, p) be a metric space and f : X — R. We say that f

has a local maximum at a point p € X if there exists § > 0 such that

flg) < f(p) forall g € B(p,d)

Local minima are defined likewise.

Theorem 4 (Rudin 5.8.) Let f be defined on [a,b]. If f has a local maximum at a point
x € (a,b) and if f'(x) exists, then f'(x) = 0.

The analogous statement is also true for local minima.

Proof. Let z € (a,b) be a local maximum. Thus, there is ¢ > 0 such that if |¢ — x| < J then

fla) < f(=)
We can assume that a <z —d<zx <x+d<b Ifz—0§ <t<uz, then
)~ f@)
t—x -
Letting t — x we see that f'(z) > 0.
If z <t<x+4, then
f) -~ f@) _
t—x -

Letting ¢t — x then we obtain f’(z) < 0, thus we conclude that f'(z) = 0.
Theorem 5 (Rudin 5.9). (Mean Value Theorem).
If f,g: [a,b] — R are continuous on [a,b] and differentiable in (a,b) then there is a point
x € (a,b) at which

(f(b) = f(a))d'(x) = (9(b) — g(a)) f'(x)
Note that differentiability is not required of the endpoints.
If g(x) = x, then we recover the Lagrange theorem

f(bl)) - Z:(a) )

for some z € (a,b).
Proof. For a <t < b, put
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then h is continuous on [a, b] and h is differentiable in (a,b) and

To prove the theorem, we have to show that
h'(z) = 0 for some x € (a,b)

If h is constant, this holds for every = € (a,b).

If h(t) > h(a) for some t € (a,b), let = be a point on [a, b] at which h attains its maximum.
Recall that a continuous function always attains its maximum and minimum on a compact
set. Since h(a) = h(b), then x € (a,b). We know this since there is some t for which
h(t) > h(a), so h(a) cannot be a maximum. By the previous theorem, h'(z) = 0.

If h(t) < h(a) for some t € (a,b), the same argument applies if we choose for = a point on
[a, b] where h attains its minimum.

Since h'(z) = 0, we have

)g'(t)

g (g(b) = g(a)) f'(t)
)g ()

— (g(b) — g(a)) f'(z) =0

)
)
as desired.

Theorem 6 (Rudin 5.11). Suppose f is differentiable in (a, b)

(a) If f'(x) > 0 for all x € (a,b), then f is monotonically increasing.
(b) If f'(x) =0 for all x € (a,b), then f is constant.

(c) If f'(x) <0 for all z € (a,b), then f is monotonically decreasing.

Proof. From the mean value theorem, for each a < x1 < x5 < b, we have

f(x2) — f(z1) = f/(x)(xg — 1)  for some x € (21, 2)

thus if f/(x) > 0, then f(z2) > f(x1).
It f/(x) <0, then f(zs) < f(z1).
If f'(z) =0, then f(z2) = f(z1).

O
Derivatives which exist at every point of an interval have one important property in common
with functions which are continuous on an interval: “Intermediate values are assumed.”
Theorem 7 (Rudin 5.12). Suppose f is a real differentiable function on [a, b] and suppose
f'(a) < X< f'(b). Then there is a point = € (a,b) such that f'(x) = A.
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(A similar result holds, of course, if f'(a) > f'(b)).
Proof. Set g(t) = f(t) — At. Then ¢'(a) = f'(a) — A < 0 so that g(t1) < g(a) for some
t1 € (a,b). Observe that

/ T g(t) B g(a)

0> g'(a) = lim =—=—"——
This shows the existence of such a t;. More explicitly, suppose for contradiction that g(¢) >
g(a) forallt € (a,b). Take e < |¢'(a)|. Notice that for all 6 > 0 and ¢ satisfying 0 < |t—a| < §

we have .

MO =9 _ () > Ig'(a) ==
Thus, ¢'(a) is not the limit of the difference quotient, a contradiction. ()
In a similar way, since ¢'(a) > 0, we obtain g(t2) > ¢(b) for some t5 € (a,b).
Hence, g attains its minimum on [a, b] at some point x € (a,b). By Theorem 4, we have
g'(z) = 0. Hence f'(z) = A

O

Corollary. If f is differentiable on [a, b], then f’ cannot have any simple discontinuities on

[a,b]. But, f’ may very well have discontinuities of the second kind.

4.2 L’Hospital’s Rule
Theorem 8 (Rudin 5.13). Suppose f,g : (a,b) — R are differentiable in (a,b) and
g'(x) # 0 for all z € (a,b) where —oco < a < b < +00. Suppose

f'(x) §
g'(x) e A )

If

f'(x) — 0 and ¢(z) — 0
z—a T—a

or if

g(x) — 400
Tr—a

then
@ — A
g(z) z—a
Remark. The analogous statement is of course true if x > b or if g(z) - —o0.
Proof. We first consider the case —oo < A < +00. Choose a real number ¢ such that A < ¢

and then choose 7 such that A < r < ¢. By (%) there is ¢ € (a,b) such that a < x < ¢ implies

f'(x)
g ()

<r
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To be explicit, recall that % —— A means that for all € > 0 there exists § > 0 such that
T—a

if 0 < |z —al| <4, then

!/
f/ (z) — A‘ <e
g'(x)
Thus, by choosing € = r — A, we see that
f'(z) f'(x)

g0 AT W

as desired. If a < z < y < ¢, then the Mean Value Theorem shows that there is a point
€ (x,y) such that

fl@)—fly) _ f'@)

g@) —gl) gt ="

If f(zr) — 0 and g(z) — 0, then we see

r—a T—ra
M§7’<q fora<y<c (%)

9(y)

Suppose g(x) — 400 holds. Keeping y fixed in (xx), we can choose a point ¢; € (a,y)
r—a
such that g(z) > ¢g(y) and g(x) > 0if @ < x < ¢;. Then

Thus

Hence

f(x) 9)  fy)

o@ =" e g

If we let © — a (since g(z) — +00) we find ¢y € (a,¢;) such that

Tr—a

fora<z<c¢

f (=)

——r<q foralla<xr<c
9(x)

Hence we conclude that for any A < ¢, there is ¢y so that

f(z)

L <qg ifa<zr<e
g(x)
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In the same manner, if —oo < A < 400 and p is chosen so that p < A we can find a point
c3 such that
p<m fora <z <cs
9(x)
If —0o < a < 400 we take ¢ > 0 and set p= A — e and ¢ = A + . Then there is c. so that
for a < x < ¢, we have
x
A—e< M <A+e¢

9(x)

and we are done.

4.3 Derivatives of Higher Order

Definition (Second derivative). If f has a derivative f’ on an interval, and if f’ is itself
differentiable, we denote the derivative of f’ by f” and call f” the second derivative of f.

Continuing this way, we obtain:

f7f/7f”7f(3)?"'7f(n)7"‘

each of which is the derivative of the preceding one. £ is called the n-th derivative, or the
derivative of order n of f.

Remark. In order for f(™(x) to exist at a point z, £~ (¢) must exist in a neighborhood of
x (or in a one-sided neighborhood, if x is an endpoint of the interval on which f is defined).
and f™=1 must be differentiable at x.

Example.

F(z) = "L, (z) = n(n — 1)z
fO)=nn—1n-2)2"2 .., fYz)=nn-1)---2-1=nl

4.4 Taylor’s Theorem

Theorem 1 (Rudin 5.15). Suppose f : [a,b] — R, n is a positive integer, ™V is
continuous on [a, b] and f(™(t) exists for every t € (a,b). Let a, 3 be distinct points of [a, b]
and define
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Remark. For n = 1, this is just the Mean Value Theorem. In general, the theorem shows
that f can be approximated by a polynomial of degree n — 1 and that (x) allows us to
estimate the error term if we know bounds on | f(™(z)]|.

To see that this is the Mean Value Theorem at n = 1, notice that

0 £k (g
£8) =3 T8 - o) 1 @8~ 0

f(B) = fle) = f'(z)(B — )

and the statement regarding the existence of such an x is precisely the MVT.
Proof. Let M be a number such that

f(B)=PB)+M(B—a)

and set
gty =f(t)—P(t)— M({t—a)" fora<t<b

We have to show that
n!M = f™(z) for some z between o and f3

Since

n—1 f(k) o
PO =3 1Dy

By taking the n'* derivative of P(t), we see that

(]

PM(t) =0

thus
g() = 1(t) - niM

The proof will be completed if we show that ¢™ (x) = 0 for some z between a and f3.
Since P®(a) = f*)(a) for k =0,1,...,n — 1, we have

9(0) = g'(a) =+ = g V(@) =0

Our choice of M shows that g(8) = 0, so that ¢’(x1) = 0 for some z; between « and /3 by
the Mean Value Theorem.

0=yg(B) —g(a) = 9’(351)(5 —a), a<z <f
Since ¢'(a) = 0, we conclude similarly that

Z

0=¢'(z1) — ¢(a) = (x1 — @)g"(x3) for some o < 29 < 14
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thus ¢”(z2).
After n steps we obtain that ¢ (x,) = 0 for some a < 2, < T, < ... < 2 < S.
Details. We know that ¢g(/5) = 0 by the substitution below:

9(8) = f(B) = P(B) = M(5 — a)"
=P@)+M(B—-a)" = PB)-M(—-a)=0

We know that P*)(a) = f)(a) by the following

"1 () (o |
P)=Y7 jf (o~ ay

= fla) + fa)(a—a)+
= f(a)

Taking derivatives eliminates the term at the beginning, which is how we get the chain of
equalities.

U
Theorem 2. Suppose that f : [a,b] — R is n-times continuously differentiable on |[a, b]
and f"*1) exists in the open interval (a,b). For any z,2¢ € [a,b] and p > 0, there exists
6 € (0,1) such that

n ) (g
1) = 2 )

where i)
n 0 _
’[”n(;E) _ f (SL’O + (37 QJO)) . (1 _ 0)n+1—p . (ZE o xo)n—i—l
nlp
Remark. The remainder function r,(x) is usually called the Schlémlich-Roche remainder.

Proof. For z,x € |a,b] set

n. k) o .
@) = f@) = 3 T o)
k=0 )

Without loss of generality, we may assume that > z5. On [z, z] define

Based on this definition, we have p(zg) = r,(x) and ¢(z) = 0.
Moreover, ¢ exists in (xq,z) and
FOHD ()

¢'(2) = —T(ﬂ? —2)"
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The derivation follows below

n (k) ( '
QOI(Z) - f ( )(LC o Z)k)

k!
k=0
(Product rule) = — ” (%(l‘ —2)*+ (’Z'(z)k(x — Z)kl(—l))
k=0 | '
:7Léff;@—zﬁ*— Ly
g .

T

Let 1(z) = (x — 2)P. Then v is continuous on [z, ] with nonvanishing derivative on (zo, x).
By the Mean Value Theorem
p(x) — p(xo) _ ¢'(c)
() —d(mo)  Y'(c)
Thus, by letting ¢ = x4+ 0(x — x¢)

for some ¢ € (zg, z)

¥'(c)
Fr(e) n, _—(@ = x0)"
ol (x=c) —p(x — c)p~!
() (20 + Oz — g . »
_ f ( 7—;}?( )) (1 9)n+ P . (ZL’ 930)”

4.4.1 Lagrange and Cauchy Remainders
Remark. Under the assumptions of the previous theorem:

1. If p =n+1, then we obtain the Taylor expansion formula with the Lagrange remainder

SO (0 4 0(x — x0))

CF (x — )"

Tn(7) =

2. If p =1, then we obtain the Taylor expansion formula with the Cauchy remainder

FO D (20 4 0(x — x0))
n!

(1—0)"(x — xo)"**

Tn(x) =

4.5 Differentiation of Vector-Valued Functions

Remark. The definition of differentiation applies without any change to complex functions
f:la,b] — C. If fi = Ref and f, = Imf, then

f1(t) = fi(t) +if5(t)
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Also, f is differentiable at x if and only if both f; and f; are differentiable at x.
Passing to vector-valued functions in general: f : [a,b] — R*, the definition of differentiation

also applies. In other words, f'(z) exists as a point of R¥ if

i [EO=E@) el Z o

t—x t—ux

where the distance is the Euclidean norm. If f = (f1,..., fx) : [a,b] — R* then

' =, i)

and f is differentiable at a point z if and only if each of the functions fi, ..., f is differentiable
at x.

Remark. However, the Mean Value Theorem and the LL’Hospital rule may fail in the vector-
valued case.

Theorem 3 (Rudin 5.19). Suppose f : [a,b] — R* is continuous and f is differentiable in
(a,b). Then there exists © € (a,b) such that

£(b) — £(a)| < (b—a) - [f'(=)]
Proof. Put z = f(b) — f(a) and define
et)=z-f(t) a<t<b

Then ¢ is a real-valued continuous function on [a, b] which is differentiable on (a,b). The

Mean Value Theorem ensures that
p(b) — pla) = (b —a)g'(z) = (b—a)z- {'(z)
for some = € (a,b). On the other hand
p(b) —pla) =z-£(b) —z-f(a) =z 2 = |z
By the Cauchy-Schwarz inequality
2] = (b~ a)|z - '(x)] < (b—a)lz| - [f'(2)]

Hence |z| < (b—a) - |f'(z)] as claimed.

4.6 Convexity

Definition (Convex function). A real-valued function f : (a,b) — R is convex if

FOz+ (1 =Ny) <Af(z)+ (1 =N F(y)
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whenever a < x <b, a<y<band(<A<Ll
Observation 1. If f: (a,b) — R is convex and if a < s <t < u < b, then

F(6)— Fls) _ f(u) — f(s) _ Fw) ~ £(2)

t—s - uU—Ss - u—t

Proof. Since s < t < u, then we may write t = au + fs for some «, 5 € [0,1] and o+ 5 = 1.

More precisely

t—s u—t
t=au+ fs= u+ s
u—=:s u—S=S
Thus L y L Ly
p = (St 2 < P2+
Hence
£ = £(5) £ = 1) + S p(s) = =2 (s)
£~ F(5) < T2 ) — S22 4
£ = £(5) _ fw) = £
t—s - u—S

The remaining conclusion follows similarly.
Observation 2.
If f:(a,b) — R is convex, then for any A\; + ...+ A\, = 1 with A,..., A\, € [0,1] we have

Proof. For n = 2, it follows from the definition of convexity. Suppose that the statement
is true for n > 2 and we show it also holds for n + 1. Let Aj,..., A\yp1 € [0,1] so that
A+ ...+ A1 = 1. Observe that

= A
f <)‘n+lxn+1 + (1= Anta) [Z 1_—;“%])

(CODVG‘Xity) S >\n+1f(xn+l> 1 - n+1 f ( kz)
n+1

n

(Induction) < Aja1f(Tpyr) + (1 — A Z = xy)
k=1

)\k+1

n+1

=3 Aef(zp)

since

- A 1 1=\,
D i wed DR s el
1= Ar 1A — I — Ant1
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O
Theorem 4. If f is convex on (a,b), then f is continuous on (a,b).
Proof. Let a < s <u<wv <t<b. By Observation 1,
f) < () + T2 T,
and also £(0) - f(w)
f0) < flu) + S5 =" (v —w)
e Flu)  £(5) £(8) — f(w)
F($) + =L 0 - 8) < () € flw) + = —m e (v =)
If v, — > u converges to u, then we see that
Tim f(vn) = f(u)
Therefore, by Rudin 4.1 we conclude
lim f(x) = /()
O

The sign of the first derivative has been interpreted in terms of a geometric property of the
function, whether it is decreasing or increasing. We shall now interpret the sign of the second
derivative.

Let f be a function defined on a closed interval [a,b]. The equation of the line passing

through (a, f(a)) and (b, f(b)) is

(z —a)

y fa s O =@

h—
Below is a representation of how such a line would look together with a convex function

“y

VH

a A+ (1—=XNzg T2 b
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The condition that every point on the curve y = f(z) lies below this line segment between
xr =a and x = b is that

f(x) < fla) + M

P (x—a) fora<z<b (%)

Any point & between a and b can be written in the form x = a + t(b — a) with ¢ € [0, 1].

In fact, one sees that the map ¢t — a+t(b—a) is a strictly increasing bijection between [0, 1]
and |[a, b].

If we substitute the value for z in terms of ¢ in (%) then we find an equivalent inequality

F(L=t)a+1tb) < (1 —1)f(a) +1f(b)

which is the convexity of the function f on (a,b).

Theorem 5. Let f : [a,b] — R be continuous. Assume that f” exists on the interval (a,b)
and f”(xz) > 0 on (a,b). Then f is strictly convex on the interval [a, b].

Proof. If a < ¢ < d < b we define for a < x < b

then by the Mean Value Theorem we get

g = L0y~ o) - pia

for some a < ¢ < b. Using the Mean Value Theorem on f’, that is f'(c)— f'(z) = f"(d)(c—=x),

we find

for some d between ¢ and x.

If a <z < ¢, then using f”(d) > 0 we conclude that g is strictly increasing on [a,c]. If
¢ < x < b we conclude that g is strictly decreasing on [c,b]. Since g(a) = 0 and g(b) = 0, it
follows that g(x) > 0 when a < z < b, thus

f($)<f(a)+ﬁ($—a)

as desired.

Definition (Concave). A function f : (a,b) — R is concave if

fQz+ (1 =Ny) 2 Af(x)+ (1= AN)f(y)

for all a < z,y < band X € (0,1).
Remark. Analogues of the above proved theorems hold for concave functions in place of

convex functions.
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5 Functions

5.1 Inverse Functions

Let f : [a,b] — R be a strictly increasing function. Assume also that f is continuous.
We know from the Intermediate Value Theorem that the image of f is an interval [o, f].
Furthermore, given a@ < y < /8 suppose that f(x) = y and @ < z < b. This number z is
uniquely determined by y because if 1 < z, then f(x1) < f(x3). We define

g: [O‘vﬁ] — [a’ b]

such that ¢g(y) = unique z € [a, b] such that f(z) =y. Thus

gof(x)=x and fog(y)=vy

We call g the inverse function of f.

Theorem 6. Let f : [a,b] — R be a continuous and strictly increasing function. Then the
inverse function of f is continuous and also strictly increasing.

Proof. Let g be the inverse function. It is clear that g is also strictly increasing. To be
explicit, since f is strictly increasing, this means that for all 21, xo € [a, b] satisfying z1 < x5,
we have f(z1) < f(z2). Choose y1,y> € f([a,b]), which is the domain of g, such that y; < yo
and y; = f(x1) and yo = f(x2). By the definition of g, we see that g(y1) = 1 < x2 = g(y2)-
So g is strictly increasing.

We must prove that g is continuous. Let v € [«, 8] (notation as above).

Given ¢ > 0 and v = f(c) consider the closed interval [¢c — €,c+ €] C [a,b]. Let 1y =¢c—¢
if a <c¢—¢and x; = a otherwise. Let 2y = c+ ¢ if ¢+ ¢ < b and xy, = b otherwise. Then
fla1) < fla2).

We may assume a < b. We select § to be the minimum of

fza) = f(e) and  f(c) — f(x1)

except when the minimum is 0. Suppose first that 6 > 0. If |y — v| < J, then there is the

unique z such that y = f(x) and ; < x < 23 and we have

l9(y) —c| <e

If the minimum is § = 0, then either a = ¢ or b = ¢, that is ¢ is an endpoint. Say ¢ = a. In
this case we disregard x; and let § = f(z2) — f(¢). The same argument works. If ¢ = b, we
let 6 = f(c) — f(z1).

O
Theorem 7. Let f : [a,b] — R be continuous and a < b. Assume that f is differentiable



5.2 The Exponential Function 96

on (a,b) and f(x) > 0 for x € (a,b). Then the inverse function g of f defined on [«, ] is

differentiable on the interval o < y < § and
, 1 1
g y = =
W= P@ T )
Proof. Let a < yoy < 8 and yo = f(xo) and y = f(x). Then
9(y) —9(y) _ = — w0 1 1 1

Y — Y B f(z) — f(x0) B %ﬁgwo) v=vo f'(20) B f'(9(yo))

Note that y — y9 = x — 7 since g is continuous.

5.2 The Exponential Function
We define

Observe that
|E(2)| =

IEIEP I

Thus, the ratio test shows that the series (to the right of the less than or equals to sign)

converges for every z € C. So E(z) converges by comparison. Moreover, FE(z) is defined by
the absolutely convergent series.
Recall that if

(a) >0°, a, converges absolutely

(b) > ngan=A

() b= B

(d) en =>F_garbn_g withn =10,1,2,...

Then ) ° ¢, = A-B.
Applying this result to absolutely convergent series F(z) and F(w), we obtain E(z)E(w) =
E(z + w) for any z,w € C.

Indeed
0 o S~ w™ > n kan k
BB =3 512 0 =22

n=0 m=0 n=0 k=0
o0 1 n

_ Z = (Z) kg
=0 """ k=0

= Z—(ZjL'w) = E(z+w)

n.

3
Il
=)
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(2.1) This gives that E(z + w) = E(z)E(w) for z,w € C. As a consequence we obtain for
z2e€C

E(z)E(—2)=FE(z—2)=E(0)=1 (2.2)

This shows that F(z) # 0 for all z € C.
We also have E(z) > 0 if z > 0 since E(z) = > o, £: and by (2.2) we conclude that

E(x) >0 forallzeR
It is easy to see that lim E(z) = oo since E(z) = > oo % thus by (2.2) we have

T——400
lim FE(z) = 0. This result follows after rearranging (2.2):
T——00
1
E(—z) =
(=) E@)

Thus we see that ( ) — 0.

T—r00

If 0 <z <y, then E(z) =Y " % <> % = E(y). Since E(z)E(—x) = 1, thus
E(z) < E(y), E(y)E(-z)>1

E(-2)> % — B(—y)

hence F(z) is strictly increasing on the whole of R.

The addition formula also shows

}Li_%E(Z—i_hf)L_E(z) _ B() }llli%% B2
—_———

=1
To prove the identity we used above, observe that

1 1<=h
“(E —1:—§-—
ﬁ(m ) B2

1 h K2 B

:F—FQ‘—F?—FE—F ..

hnl
—Z

thus

hn2

< |hIE(|h|)

(\h\<1)
|hle —— 0
|h|—0
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In particular, if z € R we obtain
E'(z) = E(x)

thus E(x) is continuous on R (because it is differentiable everywhere on R).
Since E(z +w) = E(z)E(w) then

E(z1+...4+2z,) = E(z1) - E(z)

for z1,...,2, € C.

Taking z; = -+ = 2, = 1 we see

E(n)=¢€" since E(1) =e
If p=_ and m,n € Z,, then

E(p)™ = E(mp) = E(n) = ¢"

thus F(p) = e? for all p € Q and p > 0. We also have E(—p) = e ? for all p € Q and p > 0.
Ifz>1and y >0 and y € R, then

¥ =sup{z? : p € Q and p < y}

If we thus define
e’ =sup{e? :pe Qand p < z}

the continuity and monotonicity of £ and the fact that

E(p)=¢e’ forallpeQ

allows us to conclude that
E(z)=¢€" foralzxzeR

the last equation is why F is called the exponential function. Note also that

lim (1 + E>n ="
n

n—0o0

Sometimes we will write exp (z) instead of . From now on,

oo
X xn
e’ = 5 —
n!

n=0

We now summarize what we have proved so far below
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Theorem (Rudin 8.6).

Let e =Y & Then

e is continuous and differentiable for all z € R.

b) (e*) =

a)
)

(c) e is strictly increasing on R and e* > 0 for all z € R.
)
)

(
(
(d Tty — eTe¥

lim e* = 400 and lim e* = 0.

(e

—+00 T——00
(f) lim z"e* =0 for all n € Z,.
r—+00

Proof. We have proven (a) - (e) above. So, we only need to prove (f) to finish.
Observe that

n+1

2 "
— f
z:;n CESN orxz >0

so that
1)!
et < (n+1) > 0
€T Tr——+00
O
In other words (f) shows that e* tends to +o0o faster than any polynomial. If P(x) =
ZZZO cpx® where ¢, cq,...,c, € R and z > 0, then
n k
o< | < Thalo
er er
2 (Silede
- e” T—r+00

5.3 The Logarithmic Function

Since FE is strictly increasing and differentiable on R it has inverse function L, which is also

strictly increasing and differentiable and whose domain E[R] = (0, 00). L is defined by
E(L(y) =y forally>0

or equivalently L(E(x)) =z for all z € R.

Differentiating the latter equation
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thus

hence 1
L'(y)=- forally >0
Y

Writing © = E(z) and v = E(y), observe that
L(uv) = L(E(z) - E(y)) = L(E(z +y))
=z+y=Lu)+ L(v) foru,v>0

From now on we will write log(z) = L(z). Since hIJP e’ = +oo and lim e* = 0, we
T—>+00 T—>—00

conclude that
log(x) —— 400 and log(z) — —o0
r—r+00 x—0

It is also easily seen that © = E(L(z)) implies

2" =EnL(x)) ifx>0andne€Z,

g = F (%L@))

1® = E(aL(x)) = e*'os® (7.1)

Similarly if m € Z, we have

Thus

for any rational a € Q.
We now define z® for any real o and x > 0, by (7.1) the continuity and monotonicity of £

and L show that everything makes sense, and this definition coincides with

2 =sup{af :p<a, peQ}

ifaeRand z > 1.
If we differentiate z* = E(aL(z)), then

Finally, we show that
lim 2z %log(xz) =0

T—>+00
for every o > 0. That is, logx —— 400 slower than any power of x. Notice that
r—r+00
log(z 1
lim g() = lim L
r—+o00 z—+oo 1
1

z—+o0
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since x® —+> +oo and by L’Hospital’s rule.
T—r+00

Example. Let

n—1 1
an = . log(n), ne€Z,
k=1
and
1
b, = i log(n), ne€Zs
k=1

We shall show that

lim a, = lim b, =~y
n—0o0 n—o0

The number « is known as the Euler-Mascheroni constant.

We proved some time ago (see the section on Euler’s number) that
1 n 1 n+1
<1+—) <e<(1—|——)
n n
1 1
nlog|{1+—)<l<(n+1)log(l+—
n n

Observe now that log (”T“) <z L and n_+1 < log ("T“) Thus

and similarly,

1 n+1
bpy1 — b, = — —1
+1 ol Og( ><0

Clearly,
a1 S ap < bn S bl

Since every bounded and monotonic sequence has a limit, let v be a limit for (a,)nen

1
. _ 1
Jn o = Jim (Zz log(r )4

and

Thus lim b, = v as claimed.
n—oo

Remark. It is not even known whether v is irrational. Again, v is called the Euler-

Mascheroni constant and v ~ .5772. ..
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Now we consider log(1 + =) as a Taylor series.

> (_1)k+1
log(1+4z) = Z p z  for x| <1
k=1

Recall (see Pg. 77) that if f : [a,b] — R is n-times continuously differentiable on [a,b] and

f+1) exists in the open interval (a, b).

(a) Then for any x,zq € [a, b] there exists 6§ € (0, 1) such that

n ) (g )
:Zf k:(! )(:c—a:o) + ()
k=0

where we have the Lagrange remainder

SO (0 4 0(x — x0))
(n+1)!

ro(z) = (z — )"

(b) Then for every x, xy € [a, b] there exists § € (0,1) such that
k)
=S M g e
k=0 '

where we have the Cauchy remainder

JO (@0 4 0(x — x9))
n!

(1—0)"(z — x)"**

ro(x) =

Observe that
1

(log(1+x)) =

1+
st 2 - (1 )_ Hix)
(o

(log(1+ )" =

Inductively

(og(1+ ) = (-1t B ()

If 0 <z < g, then we use the Taylor’s expansion with Lagrange’s remainder at o = 0. Then
—~ f*(0)
log(1+z) = Z Txk + 1 (2)
k=0

FO(0) = log(1) = 0
)

§00) = (-

= (C) - 1))
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thus
" R0
log(1+2) =37 k,( ot 11, @)
k=0
n —1)k+1
= ( k? " + ()
k=1
where 0 <z <1, 2g=0,and 0 <6 < 1.
Further
n+1
|T n+1
" n+ 1
( 7’L+1 <
= . — —0
(n+ ).(1+9x)” TSN e

If —1 < 2 < 0, we shall use Taylor’s expansion at xqg = 0 with the Cauchy remainder. Then

log(l1+x) = Z ﬂxk + 7 ()

k
k=1
where )
(g
raw) = 0 gy g
n!
Thus
n!

. (1 _ e)n X xn—i—l

ru ()] =

n!(1 4 Ox)n+!

We have —1 < 0z < 0, which means —6 < 0z, thus 1 — 6 < 1 + 6x. Hence

1—0)" n
ra(z)] < W e
S (il —‘9§2+1 . | |n+1
n+1
2 .

1—60 n—x

since |z|" —— 0 as |z| < 1.
n—oo

5.4 Some Useful Formulas
5.4.1 Newton’s Binomial Formula

Recall that for n € N
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We now show that if « € R\ N and |z| < 1, then

(1+2)* = 1+§ (Z‘)x”

This is called Newton’s binomial formula.
Proof. Suppose that x > 0 and let f(x) = (14 z)®. Notice that

f(”)(;(;) = Oé(Ck — 1) . (Oé —n4+ 1)<1 _'_x)a,n

Using Lagrange form for the remainder in Taylor’s formula of f and with zy = 0, we have

_ JOD (20 4 0(x — x0))

rn(T) 1) (z — o)
- D(ﬁi(f)!_ D (1 gy

For |z| < 1 we have

lim ala—1)--+(a—n) g
n—00 (n+1)!

Gn+1

Indeed, we can use the fact that if lim,,_,, =q and ¢ < 1, then lim,, ., a, = 0.

Let
:a(a—l)---(a—n). i
" (n+ 1)!
then
Anp+1 | 04(04—1)"'(04_”_1)_xn+2. (n+1)!
an | (n+1)! ala—1)-- (a—n)znt!
-1
Y y x| < 1

Thus lim 7,(z) = 0 if we show that (1 + x)* ! is bounded. (1+ 6z)™ <1 and
n—oo
For a > 0, we have

1<(140)*<(1+x)*<2?

For a < 0, we have

20 < (1+2)* < (1+62)*<1
o<1

and we are done.

We now assume —1 < z < 0. The Cauchy form for the remainder in Taylor’s formula of f is

a(a—l)---(a—n).
(n+1)!

J}n+1(1 o 0)71(1 4 Qx)a—n—l

ro(z) =
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We shall show that (1 — )"(1 + 0x)>~""! is bounded. Since z € (—1,0), then

(1—0)" < (1—0)"(1+0z)" = % <1

For a < 1, we have
1< (1+0x) ' <1 +a2)*!

For a > 1, we have
(1+z)* ' <(1+02)* <1

and we are done.
O
Example. A function which is differentiable infinitely many times, but cannot be expressed

as a Taylor series.

1
e 22 ifx#0
flz) = ,
0 ifx=20
It is easy to see that f is infinitely many times differentiable at any = € R. Moreover

f™(0)=0 for any n >0

and f(z) # 0, that is, f(z) is not the zero function. However, we have
AU N
O%f(l’)?é;T$ =0
—0

where the sum is 0 because the coefficients £ (0) are all 0.

5.4.2 Bernoulli’s Inequality for General Exponents

For x > —1 and = # 0 we have

(a) (I+z)*>14+arifa>lora<0

(b) (14+z)*<l4+arif0<a<l

Proof. Applying Taylor’s formula with the Lagrange form for
fl@) = (1 +x)"

we get

— 1)(1 + Ox)>2 >(14+ar) fa>lora<0
(1+af)a=1+a:ﬂ+a(a )1+ 6a) cx? = ( )
2 <(l4+azx) if0<a<l
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with some 0 < 8 < 1. We now observe that
a(a—1)(1 + fz)>2

5 >0 fora>1ora<0
and D1+ B2
afa - )<2+ ?) <0 for0<a<1
O
5.4.3 The Weighted AM-GM Inequality
If xq,...,2, >0and ay,...,a; >0 and
k
S a=t
i=1
then
it <onxg + .+ gy (18.1)

Proof. Let f(z) = log(z). Observe that f'(z) = < and f”(z) = —=5. Thus f”(z) < 0 for all

x > 0, which means that f is concave by Theorem 5. In other words, for all z1,...,2, >0

and a1 + ...+ a, =1 with aq,...,a, > 0 we have
flagzy + ..o+ apxy) > arf(x) + ..o 4 anf(z,)

to prove (18.1) consider

k
log (2§ - 2*) = >~ ajlog(x;)
=1

k
<log (Z Ozjxj>
j=1

thus we are done since log  is concave on (0, 00).

O
Corollary. If 110 + é =1 with p,q > 0 and x,y > 0, then
1 1
xy < —2P + -y (*)
p q
It suffices to apply the previous result with a; = Il), gy = %, x1 = 2P, and x5 = y?. Observe

that

pog o1 1o 1
TY = X7 Ty §2—9x1+—$2:1—?m + -y

We now use this inequality to prove Holder’s inequality.
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5.4.4 Holder’s Inequality

pr,q>1and%+%:1,then

S o < (Z xjp); (Z yjq>é

j=1

Proof. Set

|y;]
1

(325wl

5 = T and t; =

Then it suffices to prove

Il M
||

By our hypotheses, we see that (x) from the corollary above is valid. Thus by the corollary,
we have

1 1
sjt; < —sh 4 —t]
P oq

for all j € {1,2,...,n}. Observe that by adding the above inequalities we have

n

_ lz |x3‘p 1 ‘y]‘q
PiE (I |x]|) =R
1 1
P q

We now use Holder’s inequality to prove Minkowski’s inequality.

5.4.5 Minkowski’s Inequality

n » n v n »
(Z |$i+yi|p> < <Z|9€z|p> + (Z|yz|p>
i=1 i=1 i=1

Indeed, if p = 1, there is nothing to prove, it is just the triangle inequality.

If p> 1, then

So, assume p > 1. To start, notice that

1 1

P q
1 p-1 D
q
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Now, consider that

Z|xz+yz|p Z|mz+%| |xz+y1|p !

< (Z EAEE +yi|”_1> + <Z |yil|zi ‘|‘yi|p_1)
i1 i=1

We apply Holder’s inequality and obtain

1 1
n n 1 " 1
Z il |z + il < (Z ’5’5j|p> (Z(‘% + Z/z'|p1)q>
=1 i=1

i=1

Similarly,

1 1—1
n n P n P
S il + il < (Z |yz-|p) (Z 2 + yi|p>
=1 =1 3

Thus, we conclude that

n n 1_% n
<Z |z; + yvz|p> < <Z |z + yz’|p> (Z \l’i|p>
=1 =1 =1

0

Dividing both sides by (1), we are done.

Consider the pair (R, p,) for 1 < ¢ < oo with the following definition

n 3
:(chj—yj]q) 1<g<oo
j=1

Poo(x,y) = sup |z; — yj]

1<j<n

The function (z,y) — p,(z,y) is a metric for any 1 < ¢ < oo. For instance, if ¢ = 2, we have

the Euclidean metric. On the other hand, if ¢ = oo, then we have cubes as our open sets.

5.5 The Trigonometric Functions

Recall that i2 = —1. Let us define



5.5 The Trigonometric Functions 109

We shall show that C'(z) and S(x) coincide with the functions cos(x) and sin(z), whose
definition is usually based on geometric considerations.

Since E(z) = Y o0 %, thus E(z) = E(z). To be more explicit, since E(x) is a power series,
it is a linear combination of powers of z. By Theorem 1.31 (a) and (b) in Rudin, recall that
addition and multiplication are equivalent regardless of the order in which the operation of
conjugation is carried out with respect to that addition and multiplication. In other words,
if z,w € C, we have

z+w=zZ+w and Zw=%zZ-w

So it follows that F(Z) = E(z). Hence, we have C(z) = C(z) and S(z) = S(z), so C(z) and
S(x) are real for x € R. Recall that a number z € C is real if z = Z, and the outputs of the
functions C(x) and S(z) satisfy this relation.
Also

E(iz) = C(z) + 1S(x)

thus C'(z) and S(x) are the real and imaginary parts, respectively, of E(iz) if x € R.
Moreover
|E(iz)|* = E(iz)E(iz) = E(iz)E(—iz) = 1
so |E(iz)| = 1 for any z € R.
Since

C(z) = %(E(w) + E(—iz)) and S(z)= %(E(zm) — E(—ix))

we can read off that C'(0) # 1 and S(0) = 0 and also
C'(x)=—=S(x) and S'(z)=C(x)

Since

() = %(z’E(ix) iE(—iz)) = %(E(m;) _ B(—iz)) = —S(z)

We assert that there exist positive numbers x such that C'(x) = 0. If not, since C'(0) = 1,
it follows that C'(z) > 0 for all > 0. This is because of the Intermediate Value Theorem
(How do we know C'(z) is continuous?), if there is some C'(z1) < 0, then there must be some

value at which C(x2) =0 for 0 < x9 < x1, a contradiction. Hence S’(x) > 0 since

But S(0) = 0, thus S(x) is strictly increasing on (0,00). By the Mean Value Theorem
Cly) —C(z) =—(y—x)-S(0,,) forsomed,, € (z,y)

thus
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and we conclude
(y—2)S(z) < Clz) — Cly) < 2

Note that we are using 2 because C'(x) is defined by the exponential function taking values
only in the unit circle, and the maximum of any difference of values on the unit circle is 2.

But this is impossible if y is large since S(x) > 0 (4).

Let xo be the smallest positive number such that C(xy) = 0. This exists since the set of
zeroes of a continuous function is closed and C(0) # 0.

We define the number 7 to be

T = 2%

Then C'(5) = 0 and since |E(iz)| = 1 we deduce

“(5)-=

Since C(z) > 01in (0, F), S is increasing in (0, 7). Hence S(3) = 1. Thus we have

(3

Since E(z + w) = E(z)E(w) thus we have

=1

N———

E(mi)=—-1 and E2mi)=1

hence E(z 4 2mi) = E(z) for all z € C.
Theorem (Rudin 8.7).

(a) The function FE is periodic with period 27i.

(b) The functions S and C' are periodic with period 2.

(c) If 0 <t < 2w, then E(it) # 1.

(d) If z € C and |z| = 1, there is a unique ¢ € (0,27) such that E(it) = z

Proof. (a) easily follows since FE(z + 2mi) = E(z) for all z € C.
Since C(z) = L (E(iz) + E(—iz)) we see

Cla +2m) = 5(Bli(a +2m)) + B(=i(z +2m)))
= %(E(ix) + E(—iz)) = C(x)

Similarly, S(x) = S(x 4 2x). Thus (b) is proved.
To prove (c) suppose 0 < ¢ < 7 and

E(it)y=x+1iy withz,y €R
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Our preceding discussion shows that 0 < x < 1 and 0 < y < 1. To be more explicit, set
x = C(t) and y = S(t), what we know is

B(it)] = |C(t) +iS(1)] = 1

We know that S is increasing on 0 < ¢t < 7, S(0) = 0, and S(5) = 1. This shows that
0 < y < 1. Once we interpret the absolute value, we see that C(t)? + S(¢)*> = 1, and this
relation shows us that 0 < x < 1.

Now note that 0 <t < 7 <= 0 <4t < 27 and that
E(4it) = E(it)" = (z +iy)* = 2" — 62°y* + y* + dizy(2® — y?)

If E(4it) € R, then it follows that 22 — y?> = 0. We are only considering real E(4it) because
if F(44t) is imaginary, then it clearly is not equal to 1. Since

|E(is)| =1 forallseR

Equivalently, % + y* = 1 so we have 2% = y* = 1. Hence E(4it) = —1 and we are done.
To prove (d), if 0 < t; <ty < 2m, then

E(ity)E(it)) ™! = E(i(ty — 1)) # 1

thus we obtain uniqueness.
To prove the existence we fix z € C so that |z| = 1. Write z = z + iy with z,y € R. We will
consider cases. Suppose first that x > 0 and y > 0.

On [0, 7], C(t) decreases from 1 to 0. Hence C(t) = x for some ¢ € [0, 7).

Since C* + 5% =1 and S > 0 on [0, 5], it follows that z = E(it).
If + < 0 and y > 0, the preceding conditions are satisfied by —iz. Hence —iz = E(it) for

some ¢ € [0, 7].

Since 1 = F (%) we obtain

T
=2(i(t+3))
z vt + 7
Finally, if y < 0, the preceding two cases show that z = FE(it) for some t € (0,7). Thus,
z=—FE(it) = E(i(t + 7)) since E(ir) = —1.

y f(a)
y f(0)=sin 0

)

by
5
=
=1
=
1]
g
]
5
|=3
L

2

ols -
coly
e
W]
o
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Remark. The curve y(t) = E(it), with (0 <t < 27, is a simple closed curve chose range is
the unit circle in the plane. Since 7/(t) = iE(it), the length of v as well shall see in a few

lectures is )
| 1lat =2
0

This is of course the expected result of the circumference of a circle of radius 1.
In the same way we see that the point «(¢) describes a circular arc length ¢y as ¢ increases
from 0 to t.

Considerations of the triangle whose vertices are

z21=0 2=7(t) 2 =C(to)
show that cos(t) = C(t) and sin(t) = S(t)

e (_1)kx2k+1

sinx = Z —(Qk: 1)

sinz | Z (—1)kg?*
x B — (2k +1)!
> |x|2kz ) |x’2k’—2
< =
_2(2/{;—1—1)! | ’Z(Qk—kl)'

which proves the claim.

5.6 Fundamental Theorem of Algebra

Theorem (Rudin 8.8). Suppose ag, ay,...,a, € C and a, # 0 with n € Z,. Let

P(z) = Z a2
k=0

then P(z) = 0 for some complex number z € C.

Proof. Without loss of generality, we assume that a,, = 1 and let

p = inf |P(2)|

zeC
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If |z| = R, then by the reverse triangle inequality we have
|P(2)] = [lan2"] = lag—12"7"] = ... = |aol|
=R"-(1—|ap|R"—...—|ag|R7")

The right-hand side tends to co as R — oo.
Hence, by the definition of divergence, there is Ry > 0 such that

|P(z)| > if |z] > Ry

Since |P| is continuous on the closed circle with center 0 and radius Ry, we conclude by
Theorem 4.16 in Rudin that there is 2z so that |z9| < Ry and

|P(20)| =

In other words, |P(z)| attains its minimum value for some z € C on this closed circle, and

this minimum value is the infimum and thus equal to p by definition.

We claim that p = 0. If not, set Q(z2) = P(Z—’LZ)O) then @ is a nonconstant polynomial with

P(zo
Q(0) =1 and
|Q(z)] >1 forallzeC

there is a smallest k € Z, 1 < k < n such that
Q(z):1+bkzk+...+bnz”, by # 0
By Theorem 8.7(d) in Rudin, there is § € R such that
e = by
If r > 0 and 7¥|bg| < 1, then the equation above implies that
11+ bprFe™| =1 — r*|bF|

so that
1Q(re”)] < 1—r*{|bg| = rlbgsa] — ... — 7" bal}

For sufficiently small r the expression above in braces is positive. Hence |Q(re®)| < 1. (4)
Thus ¢ =0 and P(z) = 0.
U
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6 The Riemann-Stieltjes Integral

6.1 Setup

Definition (Partition). Let [a,b] be a given interval. By a partition P of [a,b] we mean a

finite set of points g, x1, ..., x, where
a=w0<2; < ... <2y <2, =0

We write Az; = x; —x;—1 for i € {1,...,n}.
Now suppose f is a bounded real function defined on [a, b]. Corresponding to each partition
P of [a,b] we set

M;= sup f(z)

zi—1<z<z;

mi=_ nf  f@

=1

Below is a picture, note that the curve does not have to be monotonically increasing and the
partitions do not have to be the same size.

Y
A

> T

a X1 Tz T3 Tj Ti41-°*

U(P, f) is called the upper partial Riemann sum corresponding to the partition P of [a, b].
L(P, f) is called the lower partial Riemann sum corresponding to the partition P of [a, b].
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Finally, the upper and lower integrals of f are respectively denoted
b
/ fdz =infU(P, f)
)
/ fdx =sup L(P, f)
where the inf and sup are taken over the set of all partitions P of [a, b].

Definition.

o If the upper and lower integrals are equal

ffdx = /abfdx

we say that f is Riemann integrable on [a, b].
e R([a,b]) denotes the set of Riemann integrable functions on [a, b]

e The common value of f_j fdx = fab fdx will be denoted by

/fdxo /f

This is the Riemann integral of f over |[a, b].
Remark. Since f : [a,b] — R is bounded, there are two numbers m and M such that

m< f(xr) <M  foranya<z<b
Hence for every partition P of [a, b]
m(b—a) < L(P, f) <U(P, f) < M(b—a)

so that the numbers L(P, f) and U(P, f) form a bounded set. This shows that the upper
and lower integrals are defined for every bounded function f.

The question whether

/abfdx:/abfdx

i.e. about the integrability of f is a more delicate one. We shall investigate a more general
setup.

Definition. Let o be a monotonically increasing function on [a, b]. Since a(a) and «(b) are
finite, it follows that « is bounded on [a,b]. They are finite because the function must be

defined at these endpoints. For each partition P of [a,b] we write

Ac; = alx;) — alr;_q)
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It is clear that Aa; > 0.
For any f : [a,b] — R which is bounded, we define the upper and lower partial Riemann-
Stieltjes sum respectively by

U(P, f,a) =Y M;Aa;

L(P7 f7 CY) = ZmZAO%
i=1

If a(x) =z, then U(P, f,a) = U(P, f) and L(P, f,a) = L(P, f).
We define respectively the upper and lower Riemann-Stieltjes integral (RSI) of f with respect
to a by

/bfda =infU(P, f,«a)

b
/ fda = sup L(P, f, «)

where the inf and sup are taken over the set of all partitions P of [a, b].

If _
/abfda:/abfda

then we say that the Riemann-Stieltjes integral of f with respect to « over [a, b] exists and

their common value will be denoted by

[ sae= [ s@aato

The set of all bounded functions f : [a,b] — R which are integrable in the Riemann-Stieltjes
sense with respect to « is denoted by R, ([a, b]).

We see that if a(z) = x, then R([a, b)) = R.([a, b]).

6.1.1 Refinements

Definition (Refinement). We say that the partition P* is a refinement of P if P* D P.

| | |

[ [ [

a T1 Tz T T Ti+1 T p P—{xg x}
- A Rad (2

|
I
a Yy T3 =z Xz 77 Xy Tyl T

P*=PU{y,z}

Note that the partition is still over the same length, but we have made it longer in the picture

so the added points y and z fit better visually.



6.2 Theorems 117

Given two partitions P; and P, we say P* is their common refinement if P* = P U Ps.

6.2 Theorems

Theorem 1 (Rudin 6.4). If P* is a refinement of P, then

(a) L(P, f,a) < L(P*, f, )

(b) UP", f,a) <U(P, f, )

Proof. We only prove (a). The proof of (b) is analogous. We suppose first that P* contains
just one point more than P. Let P* = PU{z*} and x;_; < * < z;, where z; 1, x; are two

consecutive points of P.
Let

= ﬂﬁifllgdfﬁﬂﬁ* f(ZL‘)

wp=_inf f(z)

Clearly, wy > m; and ws > m;, where

m; = inf  f(z)

zi—1<z<z;4
Hence
L(P*, f,a) = L(P, f,a) = wi(a(z") — a(wi-1)) + wa(a(z;) — a(z?)) — mi(a(z;) — a(zi-1))
= (w1 —my)(a(z”) = a(zi-1)) + (w2 — mi)(e(z;) — az?))
>0
thus L(P*, f,a) > L(P, f, «).
If P* contains k points more than P we repeat the reasoning k times and arrive at (a).

U
Theorem 2 (Rudin 6.5).

/abfda < ffda

Proof. Let Py, P, be arbitrary partitions of [a, b] and consider P* = P; U P,. By the previous

theorem, we see
L(P, f,a) < L(P* f,a) <U(P*, f,a) U(P, f,«a)

Hence L(Py, f,a) < U(Ps, f,«) and consequently

/a fda < ffda
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Theorem 3 (Rudin 6.6). f € R,([a,b]) if and only if for every ¢ > 0 there exists a
partition P of [a, b] such that

U(Pafaa) —L(P,f,Oé) <€
Proof. For every partition P of [a,b] we have by the previous theorem
b b
LPfa) < [ fda< [ faa < U(P.f0)

thus L
0< /bfda—/bfdozg U(P, f,a) — L(P, f,a) < ¢

SO

b b
0§/fda—/fda<€

But € was arbitrary, so we conclude

/bfda = /bfda
that is f € R,([a,b]).

Conversely, suppose that f € R, ([a,b]) and let € > 0 be given. Then there exist partitions
Py, P; such that

b
U(Py, f.a) —/ fdo <

b
/ fda — L(Py, f,a) <

/abfdaszda:/abfda

b
UP, f,a) <U(P, f,«a) </ fdoH—% < L(P, f,a)+e < L(P, f,a)+ ¢

DO ™

Since

We choose P = P, U P,, then

So we conclude U(P, f,«a) — L(P, f,«) < e.

Theorem 4 (Rudin 6.7).

(a) If for some € > 0 and some P we have
U(P,f,Oé)—L(P,f,CY)<€ (*)

then (x) holds with the same ¢ for every refinement of P.
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(b) If (%) holds for P = {xg,x1,...,z,} and if s;,¢; are arbitrary points in [z;_1, z;], then
D IF(s) = ft)Aas <
i=1
(c) If f € Ry([a,b]) and (b) holds then
n b
> ft) Ay — / fda
i=1 a

Proof. (a) Let P* O P, then L(P, f,a) < L(P*, f,a) and U(P*, f,a) < U(P, f, ) thus

<e€

U(P*,f,a)—L(P*,f,a)gU(P,f,a)—L(P,f,a)<€

and we are done.
(b) Since s;,t;, € [z;_1, z;] then m; < f(s;), f(t;) < M; so that

|f(si) = f(t:)] < M; —m;

hence
n

> 1f(s:) = f(t)|Aa; S U(P, f,0) = L(P, f,a) < &

=1

For (c) we see that
L(P, f,a) <Y f(t)Aq; S U(P, f,a)
i=1

and )
LPfa) < [ fda<UP. f)

SO
n

b
> ft) A — / fdo

i=1 a

SU(P,f,Oé)—L(P,f,Oé><€

Theorem 5 (Rudin 6.8). If f is continuous on [a, b] then f € R,([a,b]).
Proof. Let € > 0 be given. Choose 1 > 0 so that

(a(b) —afa))n <e

Since [a, b] is compact, f is uniformly continuous. Then there exists a § > 0 so that

[f(x) = F@)] <n
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if |z —t| < ¢ and z,t € [a, b].
If P is any partition of [a, b] such that Ax; < ¢ for all ¢, then M; —m; <n. thus

n

U(P, f,a)— L(P, f,o) = Z(MZ- — m;i) Ay

Therefore, by Theorem 3 we have f € R,([a,b]).

UJ
Theorem 6 (Rudin 6.9). If f is monotonic on [a,b] and if « is continuous on [a, b] and
monotonic, then f € R,([a,b]).

Proof. Let e > 0 be given. For any n € N choose a partition such that Aq; = 2®=@)

n Y

where ¢ = 1,2,...,n. This is possible since « is continuous (Rudin 4.23).
Suppose, without loss of generality, that f is increasing. Then M; = f(x;) and m; = f(x;_1)
and

n

UP, f,0) = L(P, f,0) = 2P =S () — pai)

n i=1
a(b) — ala
= 2O 15y — pa)) <
If n is large enough, then by Theorem 3 we have f € R,([a,b]).
O
Theorem 7 (Rudin 6.10). Suppose that f is bounded on [a, b] and f has only finitely many
points of discontinuity on [a, b] and « is continuous at every point at which f is discontinuous

then f € Rq([a,b]).
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