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1 CURVES 4

1 Curves

There are some assumptions we make throughout the course.

1. Smooth refers to the class of 6°° functions, that is, the functions that are infinitely
differentiable. In other courses, there may be more attention on exactly which class of

‘6% functions satisfy specific theorems.
2. We work with an affine Euclidean space.

e An affine space consists of vectors and points, it is a pair (V, X) where V' is a vector
space, X is some set of points, and p+v € X forall pe X and v € V.

e For any two points B,C' € X, there exists a unique v such that B +v = C. We
may also write

U:B?:O—B

e Given three points A, B, C' € X, the triangle relation among the vectors is satisfied:
AB + BC = AC

This holds as an axiom.

e Why is the distinction between points and vectors not often emphasized? Suppose
we have an affine space and we fix some point O in the space. Then there is a

one-to-one correspondence between a point B and a vector Og.

e [t is important that the spaces are homogeneous. The intuitive idea of homogeneity

is that at every point in the space looks identical. Affine spaces are homogeneous.

e Let eq,...,e, be a basis for V. Then v <> (vy,...,v,). Also,
BH@H(@I,...,@n)

Thus, everything in an affine space may be identified with R™. Implicit in these
above identifications are the choice of a fixed point O and the choice of a basis,
respectively.

e A frame in an affine space consists of the choice of some point O together with a
basis eq,...,e,.

e A Euclidean space is a space equipped with a positive definite scalar product (dot
product). To simplify our scalar product, it is convenient to choose an orthonormal
basis. An orthonormal basis is a basis satisfying |e;| = 1 and e; L e; for all 7 # j.

For a choice of orthonormal basis, we have

n
(v, w) = Z vw;
i=1
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A regular, smooth curve in R" is a smooth map r : [a,b] — R™ such that for all

t € [a,b], we have
7(t) # 0

The nonvanishing derivative is the regularity condition.

Aside. There are two interpretations of curves in geometry. The first is a parametric
interpretation (common in differential geometry). The second way is to describe the
curve implicitly (common in algebraic geometry), as the solution to some system of

homogeneous equations.

1.1 Why is regularity of the curve important?

Suppose we have a planar curve r(t) = (z(t),y(t)). Let the graphs of the yt-plane and
xt-plane be given by:

So, we have
0, t<0
e_%, t>0

and y(t) = z(—t). Then, the graph of r(¢) appears as an L-shape, as shown below.
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What is the problem with this curve? Notice that y is identically 0 for ¢ > 0, so its derivative
¢ is also 0 for these values of ¢t. By the continuity of the derivative, we have that 3(0) = 0.
The same argument over negative values of ¢ for z(¢) shows that #(0) = 0. Thus, 7(0) = 0.
We see that this problematic point at the “corner” of r(t) is exactly where the velocity
vector vanishes. To be explicit, without the regularity condition, we can have a map with
smooth components that is not geometrically smooth. The curve should have a well-defined,
nonvanishing tangent vector at every point.

Remark. If 7(t) # 0, then at least one of the components of 7(¢) is nonzero, say @(t) # 0.
Then, by the inverse function theorem, there exists a smooth function ¢ = t(z). We may
plug this function into y to obtain y as a function of z, as y(t(z)). Further, y(¢(z)) is a
smooth function since the composition of smooth curves is smooth. This shows that the

previous situation where a corner exists is not possible for regular curves.

1.2 How to invent curvature?

We all have an intuitive sense of how curved something appears to be or feels, such as in the

picture below:

There are several approaches at how we may define curvature. We first consider a physical
point of view, that is, as trajectories or parametrizations. Imagine we are driving along a
road and making a sharp turn. We feel a greater force pushing us when making a sharper
turn. Recall Newton’s second law

—

F =md=mr

We might think to ignore mass, as this is simply a constant, and conclude that k = |7|.
However, there is an issue here, as driving the same road in a bicycle, a bus, or a sports car
will result in differences in this force. Thus, if we want to use this as a measure of curvature,
we must drive along the road with a fixed velocity. We add the restriction that || = 1 to

account for this.



1.3 Natural Parametrization 7

1.3 Natural Parametrization

Definition. Natural Parameter

A parameter ¢ on a curve r(t) is called natural if fl—; =

Lemma. Let r(t) be a curve. Fix ty € [a,b]. Consider the signed length starting at ().

The curve has a natural orientation with respect to ty3. Recall that to compute arclength,

(1) = /t:vm\dr -/ t

Then /¢ is a natural parameter on this curve, that is

we have

dr
—1|d
dr T

dr
—l=1
dl
Proof. Notice that
a_|dr
dt — |dt

by the First Fundamental Theorem of Calculus. Further, % # 0 since the curve is regular.
Since we have chosen signed length and t > t,, we can conclude that % > (. By the inverse

function theorem, there exists ¢t = t(¢) satisfying

dt  (de\

e\ dt
Substituting ¢(¢) into the parameter ¢, we have r(t) = r(t(¢)), that is r as a function of /.
We note that distinct parametrizations are different as maps, but the image (i.e. the trace)

is the same. Now, we compute that

-1

dr| _|dr dt| _|dr| dt _|dr| (de\T'_|dr| |dr _1
de|  |dt del o |dt|  de dt dt Clde| |dt|
>0

Definition. Reparametrization

If t = ¢(s) is a function with % + 0, then r(s) = r(¢(s)) is called a reparametrization

of a curve r(t).

Any curve may be reparametrized with a natural parameter, and we have chosen length as
a natural parameter. Is it possible to describe other natural parameters?

Proposition. Let s be a natural parameter. Then s = ¢ + const.
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ds:/ ds = s — sg
50

We consider positive and negative values of ¢ because it is possible that our bounds of

Proof. Observe that
dr

o[

S

=1

integration go in a different direction (i.e. from sq to lower values). |
The preceding proposition shows us that up to some constant, all natural parameters are
length.

Definition. Curvature

The curvature of a curve is

where s is a natural parameter.

Remark. Since curvature involves the second derivative, shifting our curve r(¢) by a constant
vector does not change curvature, as taking the first derivative eliminates this constant.
Proposition. The curvature does not depend on the choice of a natural parameter.
Proof. Since s = ¢ + c, it follows that %22 = j—;.
To be precise, taking the derivative of s with respect to ¢, we have % = 41 and by the chain
rule, C% = %%. This shows us that C% = :i:%.

|

Examples.
1. A line in R™. The usual parametrization is given by
r(t) =A+tv

where A is some point in R”. Taking the derivative, we have 7(¢) = ¢ and taking the
magnitude, we have |7(t)| = |v]. In general, the length of ¥/ is not 1. A simple way to
modify this is to reduce our speed in proportion to |¢]. Thus, a natural parametrization

18

v
r(s)=A+s-—
|71
since |%| = | % | = 1. Calculating the curvature, we have
ds |7
d?r -
k=|—|=10/=0
72| = 10l

2. A circle in a plane. Assume that the center of our circle is at the origin. The usual
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parametrization of a circle and its velocity are:

r(t) = (Rcost, Rsint)

d

d_: = (—Rsint, Rcost)
dr

Zl=R
!dt

Notice that the speed is constant. So, to travel with velocity 1, we may simply travel

R times slower. Consider the reparametrization
r(s) = (Rcos (%) , Rsin (%))
3= (o () s (7))
— =|—sin|{—=],cos (=
ds R/’ R
%‘ = 1 and s is a natural parameter. Further

=1 0 () (7))

So, we compute curvature as

Thus,

_ |1
| ds? R

From a geometric point of view, this means that that larger the radius of the circle R,

the less curvature it will have at any given point.

1.3.1 Limitations of Computing Curvature with Natural Parameter

Unfortunately, the difficulty in calculating curvature lies in determining the natural param-
eterization. In the previous examples, since velocity is constant, it is simple to invert this

by division. In the general case, we have a length computed as

e(z):/t:

and we want to find the inverse function ¢ = ¢(¢). In many cases, evaluating an arbitrary

dr

—\|d
dTT

integral may be nontrivial, and afterwards, we still need to determine the inverse function.
From this perspective, it seems that the definition of curvature is very limited, however, it
is possible to derive curvature for an arbitrary parameter. To summarize, this approach for
determining curvature using a natural parameter is convenient for proofs, but it is impractical

for actual computations.
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1.4 Frenet Formulae in the Plane

To write these formulas, we must introduce the concept of a Frenet frame. Let r(s) be a

planar curve and s a natural parameter. Call % = v(s). Then,

dr

ds

ol =

since s is a natural parameter. So, the velocity vector has constant length 1.
Lemma. If |a(t)| = 1, then @ L a. Since |a(t)| = 1, this means that (a,a) = 1. Taking the
derivative on both sides, we see that % {(a,a) = 0. But by the bilinearity and symmetry of

the scalar product, we have

d ) . )
Oza(a,a) = {(a,a) + (a,a) = 2{a, a)

Thus, (a,a) =0 and a L a.

[ |
Geometrically, since |a(t)] = 1, this means that the endpoint of the vector a(t) coincides
with some unit circle. Also, we know that the velocity vector a must be tangent to a and
that the tangent vector to any point on a circle is perpendicular to the radius at that point.
So again we have a L a.

From the lemma, we conclude that |[v| =1 = © L v. This means that

d*’r  dr
ds?  ds
Let consider the unit vector
 Pr .| 1 dr
n(S) — d52 % = E . @

From this, we obtain an orthonormal basis v(s),n(s) for a planar curve.
e The vector v(s) is called the tangent vector and it may also be denoted by ¢, T.
e The vector n(s) is called the normal vector and it may also be denoted by N.

e We call the basis v(s),n(s) a Frenet basis. When we consider the point r(s) and the

triple r(s),v(s),n(s), this is called a Frenet frame.

e As we travel along our curve r(s), the Frenet frame travels as well, and for this reason

such objects are often called moving frames.

It turns out that the Frenet frame gives us very important formulas, as one may consider
many of the theorems of differential geometry to be generalizations of the Frenet formulas.

The Frenet formulas involve taking derivatives of the vectors that make up the Frenet basis.
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Theorem. Frenet Formulae in R2.

P () = k(s)n(s)
T s) = ~k(s)o(s)
Often, we may write the formulae as v = kn, n = —kv, omitting arguments for

brevity.

Proof. Observe that

do _ d (dr\ _dr
ds ds \ds) dsz "

Since |n| = 1, by the lemma we see that 7 L n. Recall that v L n and since we are dealing

with planar curves, we must have
n =\

as these two vectors are parallel. Additionally, since n L v, we have (n,v) = 0 and taking

the derivative on both sides, d% (n,v) = 0. Further, by the product rule, we see that

d—nv + nd—v =0
ds’ "ds/

(M, v) + (n,kn) =0

A+ k=0
Thus, we have A = —k. We obtain the above formulas by substitution.
|
Proposition. The curvature is the angular velocity of rotation of the tangent line, that is
als, e
k(s) = lim ols,€)
e—0 £

Proof. Recall that we may write the derivative as

f(s+e) = f(s) +ef(s) + Ofe)

This is just the difference quotient rearranged, or a Taylor formula. Using the Frenet for-

mulas, we may write

Also, recall that
cosa =1+ O(a)

sina = a+ 0(a)
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These are just the first terms in the Taylor approximation. Substituting in «, we have
1 = cos(ek(s)) + O(e)
ek(s) = sin(ek(s)) + O(e)
Then, we may write by substitution again,
v(s+e) = cos(ek(s)) - v(s) + sin(ek(s)) - n(s) + O(e)
n(s+e) = —sin(ek(s)) - v(s) + cos(ek(s)) - n(s) + O(e)

afs,¢€)

v(s)

r(s+e)

v(s+¢€)

n(s + ¢)

n(s)

The above coefficients are suggestive: when we change between two orthonormal bases, the
transformation must involve an orthogonal matrix. In our case, the transition from the

orthonormal basis v(s), n(s) to v(s+¢),n(s+¢) is given by a rotation by some angle «(s, €),

cosa  sin«
—sina  cos«

This means that the angle is related to the curvature by a(s,e) = ¢ - k(s) + O(e).

that is by a matrix:

1.5 Frenet Formulae in Space
1.5.1 On the Vector Product

When we operate in R?, there is a choice of orientation to be made. When we equip R3 with
an orientation, there exists an operation specific to R? called the cross product or vector

product.
e For vectors any 0,4 € R?, the vector product is denoted by:
v, ]

U X W or [V, W

The vector [v, W] is orthogonal to both ¢ and .
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e Further,
|0 x | = |v]|w|sin(0)
this is also the area of the parallelogram formed by ¢ and w, assuming 0 < 0 < 7.

e U, W,V X W is a positive oriented system (i.e. right-hand system).

e Consider vectors v,n and b = [v,n|. Since v and n are orthonormal, the parallelogram
they form is a square with area 1, so |b| = 1. Further, b L v and b L n. Hence, v,n,b

is a positive oriented orthonormal basis.
e The vector b = [v,n] is called a binormal vector, also denoted by B.
e v,n,b form a Frenet basis and r(s), v(s),n(s),b(s) form a Frenet frame.

In the next section, we will discover that curvature is not enough to describe curves in space.
For planar curves, we have only curvature, but for space curves, we have curvature and
torsion.

1.5.2 Deriving Frenet Formulae in R®

From our previous discussion, we know

s ddr _dr
YT dsds  dsz "
n =\ -+ xb

Since |n| = 1 by construction, by the lemma we know that 2 L n. Since n L n, and v,n,b
is a Frenet basis, we must have n € span{v, b} and this justifies the second equation. Now,

we see that (v,n) =0 = £(v,n) = 0. Also

(0,m) 4+ (v,n) =0
(kn,n) + (v, \v + 2¢b) =0
k+A=0
As before, we have A = —k and we obtain the expression n = Av + »b. The next question

involves how to find . As it turns out, s> cannot be expressed in terms of curvature - it is

an independent quantity.

Definition. Torsion

A torsion s is given by the formula s = (n,b) where n indicates the derivative with

respect to a natural parameter s. We make this definition since

(72,b) = (Ao + s¢b, b) = 5¢(b,b) = 5¢
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Then, from the bilinearity of the vector product, we have

- d
b= E[v,n] = [0,n] + [v,n]
= [kn,n] + [v, —kv + 3]
=0+ (v, b]
Since v, n, b is positively oriented, then v, b, n is negatively oriented, thus [v, b] = —n.

Theorem. Frenet Formulae in R?.

dv

E(S) = k(s)n(s)

2_7:(3) = —k(s)v(s) + »(s)b(s)
db

() = —x(s)n(s)

One important idea is that curvature and torsion define our curve uniquely up to isometry.
Intuitively, isometries do not affect curvature because constant shifts are eliminated when
we take the second derivative, and orthogonal transformations do not change length. This

idea also applies to torsion.

1.6 Curvature and Torsion Define a Spatial Curve Uniquely up to Isometry

Given arbitrary functions f, g is there a curve satisfying k(s) = f(s) and »(s) = g(s)?

The answer is not necessarily. We need to observe a condition. First, k = \%| > 0. But,

we need the stronger condition £ > 0. When curvature vanishes, we cannot define the
Frenet frame. Another issue is that curves are no longer unique if we do not require positive

curvature.

Here, both curves above have the same curvature as the right hand section of both curves
is just as reflection of the other and again, orthogonal transformations preserve length of
vectors (i.e. since it preserves dot products and since v is a vector). However, these curves

are clearly distinct. Thus, this example shows us that we should require f > 0.
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Theorem. Let f,g : [a,b] — R be two smooth functions and f > 0. Then, there
exists a curve 7 : [a, b] — R? such that k(s) = f(s), 2(s) = g(s). Moreover, this curve
is unique up to an isometry of the Euclidean space. There is an analogous, simpler

result for planar curves.

Notice that the statement of this theorem implies the independence of torsion from curvature,

as both are arbitrarily chosen functions.

Proof.
Our goal will be to construct a curve r satisfying the conditions of the theorem. Recall the

Frenet formulae.

v =kn
n=—kv-+ xb
b= —un

We also have by definition that » = v. Consider the following system of first-order ODEs:

(@:fn
n=—fuv+gb
b= —gn
U

Note that f, g are given by the hypothesis. Meanwhile, v, n, b, r are unknown vector functions,
that is, the components of each function, (vy, vy, v3, 11,12, N3, . ..) are unknown. Let us choose
so € la, b], a point ry € R3, and a positively oriented orthonormal basis: vy, ng, by. To make

this into a Cauchy problem, we add the initial conditions

n{sp) = No
b(So) = bo
L 7(50) =10

An important point is that this is a Cauchy problem for system of linear ODEs. Generally,
there exists a unique solution for the Cauchy problem around some neighborhood around the
initial data. However, when it is a system of linear ODEs, this unique solution exists over
the entire interval (global existence and uniqueness). Hence, there exists a unique solution
r(s),v(s),n(s),b(s).

Next, we aim to show that r(s),v(s),n(s), b(s) is a positively oriented orthonormal frame. To

each set of vectors, we can define the Gram matrix G, which is the sqaure matrix consisting
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of pairwise scalar products of the vectors, i.e. G;; = (v;, ;). Note that G must be symmetric
due to the commutativity of the scalar product. Consider the Gram matrix formed from the
vectors v(s),n(s),b(s). Thus, we have G1; = (v,v),G12 = (v,n),G13 = (v,b) and so forth.

Taking the derivatives, we see that

G = -(0,0) = (8,0) + (v, ) = 2f(n,v) = 2/Ch
Gu> = +-(0,m) = (b,7) + (0,3) = (Fn,m) + (v, —fo + )

= fGa — fG11 + gGi3

Hence G;; satisfy a system of linear ODEs. Also, we see that

G11(s0) = (v(s0), v(s0)) = (vo, v) =1
G1a(s0) = (v(50),1(s0)) = (vo,m0) = 0

With the Gram matrix and the matrix of its derivatives, we obtain a Cauchy problem for a

system of linear ODEs. Given the above initial conditions, observe that, for distinct i, j € N,
G“(S) =1 and Gij =0

is a solution. Since this solution is unique, this implies that for any s, v(s),n(s),b(s) form
an orthonormal basis. Since this triple is an orthonormal basis, we see that |%| = |v(s)| = 1,
which implies that s is a natural parameter on 7(s). Now, since s is a natural parameter

and f is strictly positive,
d*r

ds?

= o] =[fn] = fInl = f

Next, for torsion, we see
» = (n,b) = (—fv+ gb,b)

= —f(v,b) +g(b,0)

=—fGiz+9gGss =g
Finally, the curve r(s) is unique up to isometry due to the choice of sg, 79, and orthonormal
basis we made in the beginning. If we fix our orthonormal basis and sg and consider different
choices of ry, then this simply translates the curve obtained as a solution. Fixing everything
except our orthonormal basis results in curves that are related by rotations. Fixing every-

thing except sy results in some isometry.
|
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1.7 Generalization to Curves in R"

We generalize the Frenet formulas to R™. First, choose an orientation of R"™.

Aside. In R", the standard orientation is defined by the standard basis {ey,...,e,}
and it is considered positively oriented. For an arbitrary basis {v1,...,v,}, the de-
terminant of the matrix where each column is one of the vectors v; defines orientation.
If the determinant is positive, then this basis is positively oriented, and it is negatively

oriented otherwise.

Let s be a natural parameter. We denote

dr d*r dnr
—, 9= ——, ...,y = —
ds’ 2 ds2 T dsn

From here, we want to obtain a system of vectors similar to the Frenet frame we have seen

g1 =

in R? and R®. We assume that 1, ..., &, are linearly independent. However, we do not have
a vector product for all R™ which allows us to produce a basis of orthogonal vectors. The
idea is to use Gram-Schmidt orthogonalization to produce orthogonal vectors. We have

€1 = &1 and for subsequent vectors

Ek — €k — — =i
i=1 (61'7 87,) ’
Next, we normalize the vectors: N
8.
[
1
So, if €1,...,¢, form a basis, then fi,..., f, form an orthonormal basis.
Since f1(s),..., fu(s) and fi(s+¢),..., fu(s + €) are two orthonormal bases, the matrix of

transformation between these two bases must be orthogonal.

~ )

Aside. Let vq,...,v, and wq,...,w, be two orthonormal bases on an inner product
space and let 7" be the linear transformation defined by 7'(v;) = w;. Further, for
i,7 € {1,2,...,n} we have T'(v;) - T'(v;) = &;;, where ¢;; is the Kronecker delta,
showing that [T]'[T] = I, = [T][T]*. Thus, the matrix of transformation between

orthonormal bases is orthogonal.

. J

Let us call this orthogonal matrix A(s,e). By the definition of orthogonal matrix, we have
A(s,e)AT (s,e) =1

Further lim A(s,e) = I, since lin& fi(s+¢) = fi(s). An orthogonal matrix may only take on
E— E—
values from {—1,1}. We know that det(A(s,0)) = det(/) = 1. From the continuity of the
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determinant and of A, we see that det(A(s,e)) =1 for all € > 0. This shows us why A must
be a rotation in R2.

Remark. Taking the derivative, we see that

%(A(s,s)AT(s,e)) =0

A AT
6’—(S, e) AT (s,¢) + A(s, 5)88—5(8, e)=0

Oe
Plugging in € = 0, we have
0A OAT
T2 (5,0) + 2 (5,0) = 0
2 (5,0) + (5,0
Hence B(s) := 24(s,0) is a skew-symmetric matrix, that is BY(s) = —B(s).

Recall that the columns of the change of basis matrix A” are vectors of the original basis

{fi(s + &)} written in terms of the new basis {f;(s)}. As a result, we can see that

fils +e) = Al f(s) + AZ, fals) + ...+ ALy fu(s)
= A fi(s) + Aafo(s) + ... + Ainfu(s)

Applying % and taking € = 0, we see that

fi(s) = Bui(s) fi(s) + Bia(s) f2(s) + . . . + Bin(5) fu(s)

fa(s) = Bar(s) fi(s) + Bas(s) fals) + ...
We claim that the expressions for fk(s) are exactly the Frenet formulae in R™. To show this,
first observe that
dor  _ dbr n dr P d—1r
=— fp=—top—+... o1 ——
dsk’ TF T dsk M ds ML gk

What this means is that £, depends on derivatives of order up to k. The same holds for f,

€k

which just differs by a normalization constant:

dr d*r dkr
fr —Blﬂ% +ﬁk2@ +---+5kk@

By the product rule, notice that

i = dr - d* iy
k —’Vklds ’YkkﬂdSkH

Remark. Above, we have seen how we can express f, as a function of derivatives of r up
to order k. We may reverse this relationship to express each derivative as a function of f.

To be clear, we may express the relationship as

B Biz ... Bin r(® f1
521 522 5211 r2 f2

5711 /6n2 /Bnn T(n) fn
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Further, since each f, only depends on derivatives of r up to order k, we see that our

transformation matrix is actually triangular:

B 0 ... 0
Bor P2 ... O
5n1 6n2 s 5nn

Since f; are functions of derivatives up to order ¢, we may rewrite the previous equation for

fr as

fe =T 1+ Teks1 frorn

Letting * indicate a nonzero entry, we see that

x x 0 0

* ok % 0
B(s) =

* ok x %

* ok x %

meaning that B(s) is a lower triangular matrix with one diagonal above the diagonal. But
recall the BT = —B, so it follows that

0 k
-k 0 3
B= - 0
Hp—2
— Mo 0

From this, we realize the generalization of the Frenet formulae. Here, £ is called curvature
and s, ..., o are called higher torsions. As an example, notice that in R", the Frenet

formulae are given by

0 0
-k 0 =
0 —» 0 b b

Aside. Orthogonal transformations preserve dot products and lengths. Notice that for

any two vectors u, v, we have

(Au, Av) = (Au)T (Av) = u" AT Av = u"v = (u,v)
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2 Surfaces

A circle has constant curvature, and one may intuit this from its rotational symmetry. By
comparison, one might expect an ellipse to have different curvature at different points (i.e.
along where the semi-axes intersect the shape). While isometries preserve curvature, an
arbitrary affine transformation may not preserve curvature. This illustrates the connection
between curvature and Euclidean structure.

There are two ways to describe surfaces. There is an implicit description, F/(z,y,z) = 0.

Also, there is a parametric description, given below.

Definition. Surface

A regular, smooth parametric surface is a map 7 : 9 — R3, with 9 C R? being open,
such that:

1. r € 6°(R?* R3)

2. We require at each point (u,v) € 9 that

oz Oz

ou  Ov

9y oy | —
rank = o | = 2

0z 0Oz

ou  Ov

Note that our map 7 is explicitly parametrized as r(u,v) = (z(u,v), y(u,v), z(u,v)). Also

Jxr Oy 0z Jx Oy 0z
Tu = (5@%) and ry = (a_a_a_)
The vector of partial derivatives are the columns of the matrix involved in the regularity
condition. The requirement that the rank of this matrix is 2 is equivalent to saying that r,
and r, are linearly independent. This condition of linear independence is analogous to our
requirement that regular curves should have non-vanishing derivatives at all points of their

domains.

Definition. Reparametrization

If w=u(s,t) and v = v(s,t) is a smooth bijection and
ou  ou
— 0s Ot

J = det e #0
ds Ot

then r(s,t) = r(u(s,t),v(s,t)) is called a reparametrization of r(u,v). Here,

r(u,v) = (z(u,v),y(u,v), z(u,v)) and the same holds for r(s,t).
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Proposition. If r(u,v) is regular and smooth, then r(s,t) is also a regular and smooth
surface.

Proof. By the chain rule
dr  Ordu  Orov

9s  uds ' 0v0s
Or  Ordu n Or Ov
ot duot  Ovot
are smooth (product and sum of smooth functions). Further, notice that

ox Oz ox Oz

0s Ot ou v ou  Ou
ow o | _|ow aw|[os a
ds Ot ou  Ov v v
0: 02 0z 02 \os o
Os Ot ou  Ov

Since r(u,v) is regular, we see that the first matrix on the right-hand side has rank 2. The
second matrix on the right-hand side, J, is invertible, so it must have full rank. Further,
recall that if B is invertible, then rank(AB) = rank(A). Thus, we see that the matrix on
the left has rank 2. So r(s,t) is regular and smooth.

2.1 Different Perspectives on Maps of Geometers and Analysts or Algebraists

Let E2 be the Euclidean plane. Pick an arbitrary point O € E2. Define a function f : E? — R

by ,
7(P)=|oP|

At this point, there are only geometric objects. Suppose we add in Cartesian coordinates,

so that the point P is located at (z,y). Now, call

f(@,y) = Va2 +y?

this will be the length of the vector OP. Also, in polar coordinates, we have f(r,p) =r.
For geometers, there is a geometric interpretation or meaning associated with every formula.
For an algebraist, these are just symbolic objects that may be manipulated freely. For
instance, we could plug in r and ¢ into the first formula to get f(r,¢) = /r2+ ¢2. In
algebra or analysis, a function is treated as a computational description. Is it possible to
unify the geometric and algebraic perspectives?

Consider the following commutative diagram

RZ, > E? » R
>
(R+)72”,gp

From the above, we have (f o ®)(z,y) = /22 +y? and (f o ¥)(r,¢) = r in the algebraic
perspective. Because of this overly structural view, geometers prefer to make simplifications.



2.2 Terminology 22

A geometer may state that f in coordinates (x,y) has the form f(z,y) = /22 + y?, but
they mean f o ®. An analogous statement is true for polar coordinates and f o W.

Now, suppose that we have the change of coordinates from polar to rectangular:
x=2xz(r,p) =rcosy
y=y(r.p) =rsing

Then, we have

f(rp) = f(a(r @), y(r, )
It is important to see that the map f on the right-hand side and left-hand side are different.

Consider again the commutative diagram with this transformation

RZ,
&
O 1o E? L R
2
(R+)72",g0

Making the reparametrization explicit, we have

(foW)(r.p) = (fo@) (@ 0 W)(r,p) = (fo®)(x,y)
So we see that f o WU is distinct from f o ®. The key point is that in algebra or analysis,
a function is defined symbolically by a letter. However, in geometry, the map is defined by
both by the letter associated with the function and its arguments. Without arguments, then

we are speaking about a geometric map without any coordinate system.

2.2 Terminology

Consider the diagram below:

Figure 2-1
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Definition. Coordinates

The coordinates u, v in the domain are called the local coordinates. The coordinates
x,, z are called coordinates in the ambient space or global coordinates. Letting
p(z,y,2) be the ambient coordinates, if p = r(u,v), then w,v are considered local

coordinates of p. Also, x,y, z are not arbitrary.

Aside. One more abuse of terminology is that we may call the image (%) a surface,

even though we call its parametrization a surface too.

Proposition. Any point of a surface has a neighborhood such that, in this neighborhood,
we can take x,y or x, z, or y, 2z as local coordinates.

Proof. Since the surface is regular, we know

oz Oz

ou  Ov

9y oy | —
rank o o= 2

9z 0z

ou  Ov

Take a point on the surface. Because of the above fact and without loss of generality, there

or  oa
det gz % # 0

ou  Ov

must exist a nondegenerate minor

at this point. The inverse function theorem implies that in some neighborhood, u = u(z, y)

and v(x,y). So, there is a reparametrization r(u(x,y),v(z,y)) = r(z,y) and

r(z,y) = (v,y, 2(z,y))

This shows that a surface is locally a graph of a smooth function. We may think of this as

converting from the parametric form to the explicit form around some neighborhood.
[ |

2.3 Curves Lying on a Surface

Recall that we proved that a curve is a straight line if and only if it has curvature 0. However,
notice that there are no straight lines on a sphere. Thus, something in the geometry of a
sphere eliminates curves with curvature 0. From this example, we see that the geometry of a
surface imposes some conditions on the curvature of curves which lie on that surface. From
this idea, Euler reasoned that to study curvature of a surface, we should study curvature of

curves lying on the surface.
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2.3.1 Two Descriptions of Curves on a Surface

There are two equivalent descriptions of curves that lie on surfaces, a local description and

a global description.

v A
A
9
i) 'r(u, v)
e
v = vlt)
» U
» U

Above, u = u(t) and v = v(t) parameterize a curve in local coordinates, which is then

mapped to a curve in the ambient space, which lies on the surface

r(u,v) = (2,9, 2)
where

z = z(u(t), v(t))

y = y(u(t),v(t))

z = z(u(t),v(t))

For the description of a curve in global coordinates, consider the parametrization

r(t) = (z(t),y(t), (1))
Recall from the proposition, we may locally express u = u(x,y) and v = v(z,y). Plugging

in our global parametrization, we obtain

u=u(z(t),y(t)) and v = v(x(t), y(t))

This is a curve in local coordinates. The equivalence of these two descriptions means that
one may characterize a curve in the ambient space lying on the surface given a curve in local
coordinates, and contrarily, given a curve in the ambient space, we may return to a curve in
local coordinates.

Exercise. Smoothness and regularity in local coordinates imply smoothness and regularity
in global coordinates and vice versa.

Although these descriptions are equivalent, it is often convenient to work with local coordi-
nates rather than global ones, because defining a curve on global coordinates means that we
are subject to the restrictions imposed by the surface (i.e. consider a curve that must lie on

a sphere). When defining a curve in local coordinates, we are only restricted by the domain.
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2.3.2 Velocity Vector

Suppose we have 7(t) = r(u(t),v(t)). How can we understand the velocity vector % at a

point? Note that this will be a velocity vector in the ambient space and not in the space of

local coordinates. The chain rule implies

7 =1, + 1,0

We have emphasized the vector and scalar quantities. Note that r, = (%, %, %). To be

explicit, the abbreviation above may be expanded as

dr or du  Or "
210 = g (@), o) + - (ult), (1)) -

There is a geometric viewpoint to the above formula.

FIGURE 3.19. The translation to p of the subspace T,,S

Let A = r(ug, v9) be a point on the surface, which means that A has local coordinates wg, vo
and let v = u(t) and v = v(t) parameterize a curve going through the point A. Let u(ty) = uo
and v(ty) = vg, then plugging this point into our equation derived from the chain rule, we
have

T7(to) = ru(A)u(te) + r,(A)0(to)
Observe that r,(A) and r,(A) are vectors at the point A which do not depend on the curve
going through A. Further, the regularity condition that

rank | r,(A) r,(A) | =2



2.4 First Fundamental Form 26

is equivalent to the fact that r,(A) and r,(A) are linearly independent, that is, they span a

2-dimensional plane.

Definition. Tangent Plane

The tangent plane of a surface > at the point A is given by

TaX = span(r,(A),r,(A))

Thus, elements of the tangent plane are called tangent vectors.

Proposition. T,X consists exactly of velocity vectors of curves lying on ¥ and passing
through the point A. In other words, a curve lying on ¥ passes through A if and only if its
tangent vector lies in Ty Y.

Proof. Suppose a curve lies on ¥ and passes through A = r(ug, vg). From the chain rule
7 = 71,0+ 1,0

and 7 € Ty>. On the other hand, suppose that V' € T13. Then by the definition of tangent
plane, we may write

V =ar,(A)+ pr,(A)
Define a curve in local coordinates by
uU=1uy+ at
v =1y + bt

Taking the derivative with respect to ¢, we have
F=ru+r,0=r,a+r,f=V

Therefore, r is a curve lying on ¥ and passing through A which has tangent vector V.

2.4 First Fundamental Form

Let {-,-) be the scalar product in Euclidean space, that is, for vectors V,W € R3

(V. W)=Y "Viw,

i=1
Recall that (-, -) is a quadratic form. Let X be a surface and A be some point on the surface.
We also have the tangent plane T4 C R3.
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Above is a visualization of the tangent plane to the point on a surface.

Definition. First Fundamental Form

Let us restrict our scalar product to this tangent plane
Iy = (- -
A=) Ta%

As a result, we obtain a quadratic form on the tangent space. This is called the first
quadratic (fundamental) form of ¥ at a point A. Note that the first fundamental
form depends on the point A.

2.4.1 How do we write the matrix associated with I, in a basis?

Recall that linear operators and quadratic forms constitute two major topics in the study of

linear algebra. In fact, quadratic forms are symmetric bilinear forms.

1. 7,(A),r,(A) is a basis for the tangent plane.
Ezercise. If u = u(s,t) and v = v(s,t) is a change of local coordinates, then rg,r; is
just another basis of the same tangent plane T43.
Remark. r, and r, are analytical objects in that they depend on the parametrization.
The choice of basis depends on the choice of local coordinates, but the tangent plane is

independent of local coordinates.

2. Let V,W € R* and let Q(V,W) be a quadratic form. We also denote V = Zle Viei
and W = 3% | Wie;. Then

Qer,e1) Qler,ez) -+ Qler,ex)

Qlex,e1) Qlex,e2) -+ Qlex,ex)
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How can we deduce that () satisfies the above? Since () is bilinear, we know that

k k
QV,W) =Q (Z Viei, » vviez-)
=1 =1

k k
= Z Z V;VVJ : Q(ei7 ej)
i=1 j=1
Wi
(% - w)el
Wi,

Hence, the matrix of 14 in the basis r,(A),r,(A) is given by

:(mmwwm<mm%mw:<gp>
(ruA).ro(A) (ro(A) ()} \F G

In this case, our () is the scalar product as we have defined the first fundamental form

9z Oy &)
ou? Ou’ Ou

this way. Keep in mind that r, = (
What is the purpose of the first fundamental form? Recall that scalar products are used to
find lengths of vectors and angles between vectors. In the same way, the first fundamental
form serves to find lengths and angles.

Example. Recall that arclength of a curve is given by

g:/t dr
to

dt
How do we compute this in global and local coordinates?
Global Coordinates. We consider the function r(t) = (z(t), y(¢), 2(t)). Taking the deriva-
tive, we have 7(t) = (&(t), y(t), 2(t)). Then, we simply have

o) = /t N O OO

Local Coordinates. We have r(t) = r(u(t),v(t)). Hence

dt

7 = 71,0+ 1,0

So, 7 has coordinates (i, ©) in the basis r,,r,. Further

(rory =1(r,7) = (u i}) (i g) (Z>

= /(r,7), we conclude that

o) = /t: @) (i g) (Z) dt

dr

dt

Since
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We emphasize again that entries in the first fundamental form like E(u(t),v(t)) depend on
the local coordinates, but we omit arguments. This formula is simpler and more convenient
if our curve is already given in local coordinates. To determine the angles between vectors,
we may notice:
(V,w) Ly(V, W)
cosa = =

VIIW] /Ta(V, V) - Ta(W, W)

Finally, the area of a surface may be computed as

Area(X) = //@ VEG — F2dudv

The area of a rectangular section, considering the tangent vectors with respect to each of

the local coordinates, is

iy §) - vEaT

% o '(R)
N
R 1Av
Au
: 0

FIGURE 3.27. |(Auo,) x (Avo,)| approximates the area of o(R;)

Aside. The determinant of the first fundamental form cannot be negative. First,
the scalar product is positive definite by definition (it is an inner product). Also, by
Sylvester’s criterion, we know that the quadratic form is positive definite if and only if
all principal minors are positive definite. Since the first fundamental form a restriction
of the scalar product, it is positive definite for a regular surface. Thus, its determinant

must be positive.
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2.5 Second Fundamental Form

Let X be a surface, A a point on the surface, and 74> the tangent plane to the surface at A.
Since ¥ C R3, there is only one normal line to the plane. So, let m be a unit normal vector
at A. It is important to recognize that m is distinct from n, which is the normal vector to
the curve at A. Further, v(s) is a curve lying on ¥ and s is a natural parameter on 7, and

~ passes through A.

We have k = || as usual. Also, prp, (%) is the orthogonal projection of 4 onto T4¥ and

pr,,7 is the normal projection %. It follows that

Y = pry, =¥ + pr, Yy

since T4 @ span{m} = R3. While curvature is the length of the acceleration vector, we

would likely to separately consider the lengths of the vectors of each of these projections.

Definition. Normal and Geodesic Curvature

A normal curvature of v at A is given by

A geodesic curvature of v at A is given by

kg = |PYTA2;7|

k= k2 + k2

This follows simply from the Pythagorean theorem. Thus, if we have the normal and geodesic

Proposition. We have

curvature, we can calculate the total curvature (this means that same as curvature).
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Remark. We may compute
kn = [pr,, 3] = (%, m)

However, if the angle between 4 and m passes into a certain range, then we must have

k, = —(4,m). In any case, we have +k, = (¥, m) Recall that we have previously computed
A = Tt 70
Taking the derivative again, and using product and chain rule, we have
= (Fuul + Tu0) 0 + 14+ (Fou@ + Ty 0)0 + 7,0

As a reminder, we have v = r(f(t)) where f : R — R? is defined by t — (u(t),v(t)) and
Cfl—z =DroDf = (ru rv> Z . Recall also that r,,r, € T42, which means that r,,r, L m
and hence (r,,m) =0 = (r,,m). Plugging our expression for ¥ into k,, we see that

+k, = (5,m) = (Tuw, MU + 2(Tyy, M)UD + (T4, m) 0

We remark that this is a quadratic form applied to @ and 0. If we define L = (ry,,m),

M = (ry, m) and N = (r,,, m), then we have

0[5 3)0)

Definition. Second Fundamental Form

A quadratic form such that its coefficients in the basis r,,7, are (& X') is called
the second fundamental (quadratic) form. The second fundamental form is usually
denoted by the roman letters II. Since r = r,u + r,0, this means that the coordinates

of 7 in the basis r,, r, are (i, v).

\. J

Proposition. If s is a natural parameter, then
+k, = 11(%,%)

This follows immediately from our definition. The basis is r,,r, and the inputs to second
fundamental form are in the tangent plane.
Proposition. Let ¢t be an arbitrary parameter on a curve. Then

dy d

_\dt’ dt/)
(%)

U
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Proof. Let t be an arbitrary parameter. Then 4 = 4 = 9404 Now, consider that

ds dt ds
dy dy\ (%)
+k, _II<d ds)_—l
(e )
)
_I(GE FE)
(G ad)
2
(@) n(E %) _1(F %)
(L)1 (2,2 (G F)

OJ
Proposition. Suppose A is a point on a curve r and £ is a tangent vector at A. There
: d
exists a parameter ¢ such that % (A) = &.
Proof. We can accomplish this if we simply take a natural parameter, and multiply it by
the length of £. This way we move with constant speed |£| along the curve. As a result, the
tangent vector at A under such a parametrization will match &.

Corollary. The normal curvature only depends on the tangent vector.

I1(¢, €)
I(¢, €)

Proof. We have shown that we may compute the normal curvature from an arbitrary

+k, =

parametrization and that we can obtain an a parametrization given an arbitrary tangent
vector at a point on a curve. Thus, given the tangent vector at a point, we can determine
the normal curvature.

Corollary. All curves passing through a point A on a surface > with the same tangent

vector £ have the same normal curvature, k,.

This corollary is surprising because from the definition, it appears that normal curvature

depends on second-order derivatives (it is the length of a projection of the acceleration
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vector onto m). However, the formula for &, only involves first-order derivatives.
Corollary. Since k = /k2 + kZ, the curve among these curves (i.e. the curves passing
through some point A with the same tangent vector) with the minimal £ has k, = 0.
Geodesics, which are curves with geodesic curvature equal to zero, are analogues of straight

lines on curved surfaces.

2.6 Linear Algebra and Principal Curvatures

Let A, B be two quadratic forms such that A is positive definite. For our purpose, we may
understand a quadratic form as a symmetric, bilinear form.
Theorem. (Sylvester’s Law of Inertia). Given a quadratic form @), there exists a basis 3
such that [@Q]s is a diagonal matrix consisting of £1 or 0 on the diagonal.
Theorem. Given a quadratic form, there exists an orthonormal basis for which that form
is diagonal.
Proof. A quadratic form may be represented with a symmetric matrix A. Place coefficients
in front of the terms z? in the quadratic form on the diagonal of the matrix and halve
coefficients in front of mixed variables, placing them in the remaining locations. Symmetric
matrices are diagonalizable over R as a consequence of the spectral theorem.

OJ
Theorem. There exists a basis ey, ..., e, such that in this basis the matrix of A has the

representation [, and the matrix B is diagonal, so

A0 ... 0
0 X ... 0
0 0 ... A\

Moreover, \; € R are the roots of the equation det(B — AA) = 0 where the matrices B, A are
written in any basis. In other words, there exists a basis that simultaneously diagonalizes A
and B. Further, to determine the e;, we note that (B — \;A)e; = 0.
Proof. By Sylvester’s Law of Inertia, there exists a basis 8 = {fi,..., f,} such that [A]s
consists of —1,0, 4+1 on the diagonal. Since A is positive definite, these diagonal entries must
all be 1 (by Sylvester’s criterion). So, /3 is a basis for which A is the identity matrix. Using
the second theorem, there is an orthonormal basis 7 = {ey, ..., e,} for which B is diagonal.
However, since [A]z is the identity matrix, after change of basis from f to v, it will remain
as the identity matrix (i.e. [A], = CT[A]zC = [A], = I,,). Thus, 7 satisfies the condition
of diagonalizing both quadratic forms in this way.

O

Now, we apply the above theorem to I and II, we know that I is positive definite. From this
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application we obtain the following theorem.
Theorem. There exists a basis wy, ws (called principal directions) such that in this basis

the matrix of the first quadratic form I'is ({?) and the matrix of the second quadratic form

11 is
A O
0 A

where Aq, Ay are called principal curvatures.
Corollary. The principal directions wy, ws form an orthonormal basis.
Proof. The first fundamental form I in the basis wy, ws has the matrix (§9). However, the

coefficients of a quadratic form are determined by how the form acts on basis vectors, that

<1 O) _ (I(wl,wl) I(wl,w2)> _ ((wl,wl) (wl,w2)>
01 Hwg, wy) T(ws, ws) (wa,w1) (wg,ws)

This shows that w; and ws are orthogonal, as their scalar product is 0. Further, along the

diagonal, we see that the scalar product of w; with itself is 1, so w; is a unit vector.
OJ

Above is a picture of the situation. We have that r,,r, are basis vectors that span the
tangent plane 7’43 but may not be orthogonal, while the principal directions are orthogonal.
However, the principal directions are not unique in that taking the negative direction of w;
or we would produce an orthonormal basis as well.

Moreover, it may happen that our principal curvatures Ai, Ay are equal. In this case our
second quadratic form II will just be a scalar times the identity matrix. If the quadratic
form is an identity matrix, the basis may be rotated in any way without changing the matrix.
The change of basis matrix between two orthonormal bases is orthogonal, so Q — CTQC and
CTQC = @. Thus, in the case where our principal curvatures are equal, any orthonormal
basis is a basis of principal directions.

Remark. Notice that there is no canonical order to the principal curvatures, \;. How do
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we address this point that eigenvalues of a matrix are not ordered? We want to consider the
symmetric polynomials of these quantities.
Theorem. Any symmetric polynomial may be decomposed into a product and sum of

elementary symmetric polynomials.

e D

Aside. Symmetric Polynomials.

1. What is a symmetric polynomial?

A symmetric polynomial is a polynomial P(xy,zs,...,x,) in several variables such
that if any of the variables are interchanged, the polynomial remains unchanged.
2.What is an elementary symmetric polynomial?

For n variables z1, ..., x,, there are n elementary symmetric polynomials, each sum-

ming up different combinations of variables taken k at at time, for 1 < k < n:

€1 =1 +To+...+2T,

€2 =TTy +Tox3 + ...+ Tp_ 1Ty

Example. For a decomposition, consider that

P(x,y,z):x2+y2+z2+xy+yz+xz:ef—eg

Definition. Mean Curvature and Gaussian Curvature

We denote mean curvature by H and Gaussian curvature by K

H=XM+X
K =X\

Although the sense of mean is average here, we ignore division by 2 in order to simplify
formulas which make use of mean curvature, as keeping this coefficient becomes unwieldy.
Instead of studying principal curvatures directly, it is more convenient to study mean and
Gaussian curvatures.

Remark. From our previous theorem, we know that \; are the roots of the characteristic

polynomial det(II — AI) = 0. We may rewrite this as
det((IT- 7! — AId)T) = 0
det(IT-T7" — AId) - det I = 0
det(IT-T7" — AId) =0
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The last equality follows from the positive definiteness of I ensuring that its determinant is
nonzero. The last equation shows that \; are eigenvalues of IT- 17!, Further, for Gaussian

curvature
B det I1

~ det1
To see why A; Ay = det(IT-I7'), notice that IT- 17! is diagonal with the diagonal entries as

K = )\1)\2 = det(H . I_l)

A;. On the other hand, for mean curvature we have
H=X+X=tr(Il-T)

Proposition. One may compute mean and Gaussian curvatures from the first and second

fundamental forms

- det I1

— H = tr(II- 17!
Totl and tr( )

The proof is given above.
To find K and H, we do not have to compute principal curvatures. We can find first and
second fundamental forms in any basis (i.e. in our usual basis of r, and r,). We can do this

because the determinant and trace are invariant under change of basis transformations.

2.7 Relating Normal Curvature with Principal Curvature

Let wq,ws be our principal directions and 7 be a unit tangent vector to a curve.

Given the setup above, the angle ¢ fully determines n since
7) = Wy COS Y + Wa Sin

This means that 7 has coordinates (cos ¢, sin ) in the basis wy, wy. With the same basis,
recall that I has the matrix representation (§9) and II has matrix (% ).

Additionally, normal curvature may be computed as

I1(n,n) ' A1 O COS
thy, = Dy ) =
I(n,m) (7.1) <COS 2o g0) 0 X/ \sing

= A1 cos® o + Agsin? ¢
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Theorem. Euler Formula. The proof is stated above.

+k, = A\ cos® p + Ay sin® @

Definition. Oriented Normal Curvature

We ignore the signs associated with normal curvature.

kn = (§,m)
Proposition. We have
o WS
b1 E)

kn, = A1 cos® ¢ + Ay sin?

Why did we not define oriented normal curvature earlier?
We would like to have a definition suitable for general situations. In a general situation for a
k-dimensional surface inside an n-dimensional space, the tangent space will have dimension
k and its orthogonal complement will have dimension n — k. Thus, there is no unique unit
normal vector onto which we may project. The definitions in the proposition only work for
hypersurfaces (surfaces of codimension 1).
Remark. l;:; is a function of ¢, based on the equation we have stated in the proposition.
How do we find the maxima and minima of the Euler formula? We need to determine the
critical points and then classify them. Taking the derivative, we have

dk,, . .

% = —2)\; cos psin p + 2y sin ¢ cos ¢
= (A2 — A1) sin(2¢)

If A\; = Ay, then an(cp) must be a constant function (no maxima and minima). If principal
curvatures are equal, then for any direction oriented normal curvature is the same due to
the Euler formula. This collaborates with the fact that any orthonormal basis could be
taken as principal directions because for a constant function the maximum is the same as
the minimum. If A\; # Ay, then notice that the derivative is zero only when we have the
zeroes of the sine function. Maxima and minima are possible in this case. We know that
sin2p <= 2¢p =k for k € Z. So ¢ = Tk for integers k. But this means that the extrema

occur at the principal directions, or their negatives.
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Further, by plugging 7k into Euler’s formula, we notice that either the contribution cos or
sin will vanish, and only A; or Ay remain.

Proposition. The principal curvatures are minimal or maximal normal curvatures of curves
going through the given point on a surface. These curvatures are obtained for curves tangent
to principal directions.

Remark. The geometric meaning of the above proposition is that if we take all the possi-
ble tangent vectors and all the possible curves with these tangent vectors, then we obtain
the maximum and minimum normal curvature when the vectors are along the principal

directions, and the obtained curvatures are the principal curvatures.

2.8 The Choice of Unit Normal Vector

Remark. The normal vector m is not unique. Below, we see that at a point A, we can have

a unit normal vector in either direction.

A2

What happens if we change our choice of unit normal vector (i.e. m +— —m)?

e The first quadratic form does not change, as it does not depend on the unit normal
vector at all: T+ 1.

e Since the second quadratic form is composed of scalar products of the form (7., m),

mapping to —m changes the sign: II — —II.
° k:Nn — —k:Nn, by definition.
e Similarly, we see that IT- 17"+~ —II-17%
e Since the eigenvalues of I1- 17! are principal curvatures, we see that \; — —\;.

e Gaussian curvature does not change K = A Ay — K. On the contrary, mean curvature
changes sign H = A\; + Ay — —H.
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e Hm — Hm, this field is called the mean curvature normal vector. Also, % — %T

(since m is a unit vector, we omit |m|).
From the point of view of differential geometry, when we have a surface with mean
curvature not equal to zero, then there is a preferred choice of unit normal field. This

idea is shown below

2.9 Differential Geometry Without Normal Curvature

Sometimes in older books, we may come across the treatment of differential geometry without

using normal curvature. We expand on how this is accomplished through normal sections.

Definition. Normal Section

A curve 7, as shown below, is called a normal section of a surface ¥ at a point A in

the direction of a tangent vector &.
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Above, the plane which contains m and intersects the surface is called the normal plane. The
normal plane intersects the surface in some curve 7. It may be proven that in a sufficiently
small neighborhood around A, the curve v is smooth and regular.

Remark. Observe that & C II. So, « is a planar curve and 4 C II, since the derivatives of
a planar curve must all belong to the same plane as the curve. If s is a natural parameter,
then 4 L £. Tt follows that 4 || m. Then

pr, Y= = k,=k

This shows why normal sections are nice: the normal curvature of a curve in the section
coincides with the total curvature.

Proposition. For a normal section, we have k, = k.

Remark. If two curves have the same tangent vector, then they have the same normal
curvature. For a curve 7 its k, is equal to k, of the normal section in the direction 7, that is,
k of this normal section. Thus, in classical literature, instead of discussing normal curvature,
authors discussed curvature of normal section with the same tangent vector.

When solving problems in differential geometry, it is useful to think about the geometrical
meaning first before solving the problem. For instance, suppose we have a sphere with radius
R, a tangent vector at the north pole v, and a normal plane which slices the sphere in the

direction of this tangent vector, through the north pole.

Since we see that the normal section is a great circle with radius R, we conclude that
k=k,= }% from what we know about the curvature of circles. By Euler formula, we know

that

1
A cos? @ + Agsin?p = —

=y

This means that our principal curvatures are Ay = \y = %, which shows that our Gaussian

4
R2"

explicitly calculating the first or second fundamental forms.

curvature is K = Notice how we were able to determine this information without
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2.10 k-dimensional Surfaces in n-dimensional Euclidean Space

Definition. k-dimensional surface

A k-dimensional regular smooth surface in R” is a map r : 9 — R", where 9 C R*,
such that

1. r € 6°(9,R")

2. rank.J = k where J = (2)

\. .

Below is a drawing of the setup for a general surface.

The coordinates uq, ..., u; are local coordinates and z1, ..., x, are called global coordinates
in the ambient space. The analogous local and global representation of curves lying on the

surface holds in this context as well.
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Similarly, taking the derivative of r(u(t),. .., ux(t)), we have

k
i=1

9. This equation just follows from the chain rule. So, any velocity vector is

8—ui.
a linear combination of the partial derivatives with respect to one of the input variables.

where r,, =

Given a point A € ¥, the tangent space is defined by
TaX¥ = span(ry, (A), ..., 7y, (A))

This is called the tangent space to 3 at a point A.

Definition. Normal Space

The normal space to X at a point A is the orthogonal complement of the tangent space
to the surface at that point
NoY = (Ty2)*t

Proposition. The dimension of the tangent space is £ and the dimension of the normal

space (orthogonal complement) is n — k
dim(T4Y) = k and dim(NaX) =n—k

We know this since the vectors r,,,...,r,, are linearly independent. This is equivalent to

k
the condition that the Jacobian matrix has rank k. The main difficulty in our generalization
to k-dimensional surfaces is that the normal space is no longer of dimension 1. With this

setup, we also have that
TyY ® Na¥ =R" and ThX N NaX = {0}

The definition of the first fundamental form remains the same as the restriction of the scalar

product to the tangent space:

Iy = <.7 >
Ty
Remark. In the basis r,,,...,7,, the matrix of I is
<Tu17 TU1> T <Tu17 Tuk>
<Tuka ru1> Tt <Tuka ’ruk>

Although we can define the first fundamental form in the same way, because the normal

space is no longer 1-dimensional, we cannot define the second fundamental form in the same
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way. We need another approach to handle the second fundamental form, II.
Suppose we have a point A and a vector V beginning at that point. Let U C R™ be a
neighborhood of A and f : U — R". The dimensions of the domain and codomain of f do

not always have to match.

Definition. Directional Derivative

The directional derivative is a derivative of f at A along a vector V', given by

o0 () — Ly AT V) = ()

e—0 g

Proposition. If V = (V! ... V") in the standard basis of R™, then

of

—~ Oz (4)-V

v f(A) =

Proof. We can think of this as an application of the chain rule when taking the derivative

with respect to ¢

v f(A) = % J(A+eV) =af(A)o (A+eV)(0)
of ;
- - oxt (4)-V

O

Consider a curve 7(t) such that v(0) = A, along with its tangent vector at that point 4(0).

Proposition. The following equation holds.

In other words, taking the derivative of f along the direction of the velocity vector of a curve
at a point A is the same as considering the function along the points of the curve and then
taking the derivative with respect to the parameter of the curve, ¢, then evaluating at the

point where the curve travels through A.
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Proof. Let ~(t) = (a'(t),z%(t),...,2™(t)) and 4(t) = (2'(t),3(t),...,2"(t)), these are

indices and not exponents. From the previous proposition, we know that

0 f(4) = ) SQ“Z(A)'%?Z(())
d 1 n
= gi| S @)
-4 _f6w)

where the penultimate equality follows by the chain rule.

U
This is a very important proposition to remember. The point is taking the directional
derivative in the direction of the velocity vector at a point is the same as restricting the

surface to a curve, taking the derivative, and evaluating at the point.

Let X C R” be a surface and let f : ¥ — R. So our setup looks like

How do we define dy f(A)? From our previous definition, we know that

0 F(A) — tim JATEV) = F(A)

e—0 g
Remark. If f(A+ V) ¢ X, then this value of the function is not defined. This creates an

issue computing the directional derivative. However, if V' € T4 X, then we can define 9y f(A)!
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Let us extend f in a neighborhood of 3. Then f(A 4+ ¢V') and Jy f(A) are defined. Recall
that tangent vectors are defined as velocity vectors of curves. Thus, given a tangent vector
V' € T3, there exists a curve y(t) on X such that v(0) = A and 4(0) = V.

Remark. Recall from our proposition that

Ovf(A)=—1 f((t)

t=0
This shows that dy f(A) is defined and does not depend on the way in which we extend f
in the neighborhood. To be explicit, since v(t) € 3, we know that f(y(¢)) is defined and
4] —of (7(?)) is defined and does not depend on an extension of f from X to a neighborhood
of ¥. Hence. dy f(A) is well-defined.

How can we extend f from Y to a neighborhood of ¥

There are many ways in which we may extend. Recall that in a neighborhood of any point
of ¥, we may use the inverse function theorem to express local coordinates in terms of some

global coordinates. For instance, by the inverse function theorem we have
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Thus, f(u'(z!,...,2%),... uF(z!, ... %)) is defined in a neighborhood.
As a concrete example, consider a circle with the parametrization

1

2t = cosu' and z? = sinu!

Here, superscripts indicate indices and not exponents. Additionally, suppose we have a

1'in some neighborhood of

smooth function f(u') on S'. Then, we see that u' = arccosz
the circle and so f(arccosx!) is an extension. However, notice that f(arcsinz?) is another

extension.

1

Here, u' is the local coordinate. When we consider u! = arccos x!, the second coordinate

becomes sin(u') = sin(arccos z'). So the meaning is actually

1

(f or)(arccos z', sin(arccos #1)) = f(arccos(z'))

Consider the drawing of the circle on the bottom right. We call f(arccosz') an extension
because it is valid for values of 2! that do not lie solely on the circle, but in some neighborhood

of the point.

Consider «(t) in local coordinates

Then in R", our curve will be given by

v(t) = r(ut(t), ..., u"(t))
3(0) = gt (0) + . .. 4 7w i®(0)

(
This means that V = 4(0) has coordinates (4'(0),...,u"(0)) in the basis r,i,... 7.

Then d
v f(A) =
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Proposition. If u!, ..., u* are local coordinates and V' € T4X has coordinates (V!,... V¥)
in the basis 7,1 (A), ..., 7k (A), then

%
i=1 u

oy f(A) = (A)- V!

Notice the similarity of this proposition to the proposition following the definition of direc-
tional derivative, where the difference is in the basis.

Q: Why does the basis differ? The basis differs because this proposition is a version of the
previous proposition involving local coordinates rather than global ones. We can choose

which basis we are in as long as we are consistent with how matrices are composed.



3 THE COVARIANT DERIVATIVE 48

3 The Covariant Derivative

3.1 Vector Fields

We now turn to vector fields, which we may think of as a function YU — R™, for U C R"™.
Intuitively, the idea is that each vector depends on a point in the space. Below is an example
of a vector field.

NN 7 7 7

N> 7 7
N~ - 7

Recall the definition of directional derivative. Notice that this definition consists only of

linear operations, so replacing f with Y has meaning.

Definition. Directional Derivative of a Vector Field

A derivative of a vector field Y at a point A along a vector V' is given by

B0 () = lig YAT V) =Y (4)

e—0 £

In the case where V is instead X , another vector field, then it is interpreted as
8)3( A)Y(A).

Remark. If we write Y in the standard basis, then operations in the above definition are

performed coordinate-wise. So, if we identify Y with its coordinates in the standard basis
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Yl
( : ), then its derivative is
YTL

ale(A)

0VY;‘(A)

Notice that everything we discussed before regarding the scalar function f on surfaces also
applies to vector fields Y. As before, if Y is a vector field on a surface ¥ and V' € T4, then
OyY (A) is defined.

What is the purpose of studying all the previous concepts?

Recall the Frenet formulae and its setup, as below.

Observe that v, n are vector fields. In particular, v is a tangent vector field. By our previous

proposition, we may rewrite our formulas as

o,v = kn
Oyn = —kv

To be explicit, using the proposition gives us

D)= | vl = | 36 = kN )
Opn(A) = d% _On(’y(s)) = d% _ON(S) = —kv

where 7 represents our curve and 7(0) = A. It appears that Frenet formulas are about
derivatives of vector fields along another vector field. Notice that at each point, v is tangent
and n is normal. Yet surprisingly, the derivative of a tangent vector field is not tangent and
the derivative of a normal vector field is not normal. Thus, this shows us that when we take
derivative of a tangent vector field, tangency or normality are not preserved.

Our goal is to write down analogues of the Frenet formulae for an arbitrary k-dimensional

surface in R"™.
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Definition. Tangent Vector Field

A vector field Y on a k-dimensional surface ¥ is tangent if for all A €
Y(A) € ThZ

This means that every point of the vector field maps to a vector in the tangent space

at that point of the surface.

Definition. Normal Vector Field

A vector field n on X is called normal if for all A € ¥

that is, 7(A) belongs to the normal space.

These vector fields are not unique.
Remark. An arbitrary vector field on ¥ is not necessarily tangent or normal. However,
given some point on this arbitrary vector field, the vector that it maps to may be split into

components belonging to the tangent space and normal space.
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TS

Let P4 : R®™ — R" be the orthogonal projector T'4>.. The orthogonal projector is unique.

From linear algebra, there is a one-to-one correspondence between linear subspaces of FEu-
clidean space and orthogonal projectors onto it.

Remark. Id — P, is the orthogonal projector on N43.. The situation is as shown below:

Notice that since our tangent vectors depend on the point A, this means our orthogonal
projectors also depend on that point. Thus, we call P the field of orthogonal projectors. In
this context, field means that at each point in space, there exists an operator (the orthogonal
projector).

Exercise. P, depends on A smoothly.

3.2 Generalizing the Frenet Formulae

Let X be a k-dimensional surface, and A € 3. Let X € Ty and let Y be a tangent vector
field on Y. Let n be a normal vector field on 3.

OxY (A) = Pa(9xY (A)) + (Id — P)(0xY (A))

S (.

vV Vv
VxY B(X)Y)

Ixn(A) = Pa(0xn(A)) + (Id — Pa)(9xn(A))
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Definition. B(X,Y)

We call
B(X,Y) = (Id — P4)(9xY (A))

the second quadratic (fundamental) form.

Recall that T'43 is the tangent space to X at A.

Definition. I'(TX), T'(NX)

We denote by I'(T'Y) the space of tangent vector fields on .
We denote by I'(NX) the space of normal vector fields on X.

Studying the object B in greater detail, since X is a vector in the tangent space and Y is a

tangent vector field, we see that
B :TyYX x[(TY) - NaX

Proposition. B(X,Y) is linear with respect to X, its first argument.

Proof. Observe that
of
- ox?

Ox f(A) = (4) - X'

is linear with respect to X (composition with the Jacobian matrix is linear). Why is it f
here instead of Y7 Further, P, is a linear operator. The sum and composition of linear
operators is linear, so we are done.

O
Let now X be a tangent vector field. Then B(X,Y) = (Id — P)(0xY") could be evaluated at

each point on the surface. In this case, we have
B :T(TY) xI'(TY) —» T'(NX)

Remark. B(X,Y)(A) depends on X(A) and Y in a neighborhood of A.
Exercise. There exists a vector field [X, Y], the commutator of X and Y, such that Vf

Ox (0y f) — Oy (0x f) = Oxm f

Definition. Commutator

[X,Y] is called a commutator of vector fields X and Y.

Exercise 2. 0xY — oy X = [X,Y]

Exercise 3. The commutator of two tangent vector fields is a tangent vector field.
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Proposition. Let X,Y be two tangent vector fields. Then
B(X,Y)=B(Y, X)
Proof. Notice that

B(X,Y) - B(Y, X) = (Id - P)(9xY) — (Id - P)(dyX)
= (Id — P)(xY — 8y X)
- Id-P) ([X,Y])=0
—— N———

normal projector tangent

Corollary. 1. B(X,Y) is linear with respect to Y.

Proof. B(X,Y) = B(Y,X) and we know that B is linear with respect to the first argument
O

2. B(X,Y)(A) depends only on X(A) and Y (A).

As aresult B : Tyd x Ty — N4X is bilinear and symmetric. Q: Is Part 2 of the Corollary

related to the symmetry or bilinearity at all? We see that B is a symmetric, bilinear form,

but that it is vector-valued. It is surprising that in the second fundamental form is vector-

valued in the multidimensional case.

Exercise. Let X be a 2-dimensional surface in the euclidean R3. Let m be a unit normal

vector field. Then

B(X,Y)=1I(X,Y)-m

This explains how B(X,Y’) is a generalization of the second fundamental form we have seen
earlier.
Questions

1. For this proposition, does it depend on the parametrization?

3.3 Connection

Let Y be a tangent vector field and let X be a tangent vector or a tangent vector field. Then,

OxY is a vector or a vector field, respectively. Recall

OxY = P(0xY) + (Id — P)(9xY)
——

N

-~

VxY B(X,Y)
Previously, we established that B : TyY x Ty> — NaX is
1. Bilinear
2. Symmetric

The main difference for this version of the second fundamental form is that it outputs a

vector rather than a number.
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Definition. Covariant Derivative

The function V : TyX x I(TY) - TyYX or V: I(TY) x I'(TY) — I'(TY)

VY = P(OxY)

is called a covariant derivative of a tangent vector field Y along (or w.r.t.) a tangent

vector (or tangent vector field) X.

V is often called an (affine) connection. This term ‘connection’ has no relation to the
idea of connection in topology. The idea of connection is important in differential geometry
because it manifests in many unexpected, but equivalent forms (covariant derivative, parallel

transport, distribution of hypersurfaces of a special type, etc).

Properties of V

1.

Vf1X1+f2X2Yv = flely + f2vX2Y
where f; € C>*(X).

Vx(Y1+Y) =VxY1 +VxYs

Vx(fY)=0xf Y+ f VxY
where f € C°(X). This is the product rule.

In more complex settings, these three properties are taken as axioms of a connec-

tion.

4. Symmetricity.
VxY = VyX =[X,Y]

0x (Y, Z) = (VxY, Z) + (Y, VxZ)

where (-, -) indicates the scalar product of tangent vector fields. There are several
ways to refer to this property. We may call V a metric connection or say V is

compatible with the scalar product.

Proof.

1. OxY is linear with respect to X and P is a linear operator. The composition of linear

functions is linear.
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2. The derivative of a sum is the sum of the derivatives. So, it follows from the linearity
of ax.

3. Observe that
Vx(fY) = P(Ox(fY))
fY) i
=7 (Z o X )
=POxf - Y+ [ 0xY)
=0xf P(Y) +fP(0xY) =0xf - Y+ [ -VxY
~——
P(Y)=Y
4. Observe that

VxY = VyX = P(0xY) — P(0yX) = P(0xY — 9y X)
= P([X,Y]) = [X,Y]

5. Notice that 0x (Y, Z) = (0xY,Z) + (Y,0xZ). To see this, consider that in global
coordinates, we have

Ox (Z YZ’ZZ’) =2 (OxY)Z'+ ) Yi(0xZ')

= (VxY + B(X,Y),Z) + (Y,VxZ + B(X, Z))
= (VxY,Z)+ (Y, VxZ)

where the last equality follows since B(X,Y’) and Z are orthogonal, and similarly for
B(X,Z) and Y.

Objects in geometry satisfying these five properties are called Levi-Civita connections.

Definition. Gauss Derivational Equation

The Gauss Derivational Equation is given by

dxY = VxY + B(X,Y)

Further, recall that its particular case is the first Frenet equation.

O,v = kn
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This means that V,v = 0 and B(v,v) = kn.

Let 1 be a normal vector field and X be a tangent vector or tangent vector field. We have

Oxn = P(0xn) + (Id — P)(0xn)
—_— —
—Wy(X) ngﬁ

Definition. Weingarten Operator

The expression

Wy(X) = —P(9xn)

is called the shape or Weingarten operator.

It turns out that the Weingarten operator encodes the same information as the second
fundamental form. Though it is a convenient form in certain cases, some books omit it
because it does not give new information.

Proposition. Let X, Y be tangent vector fields and n a normal vector field of some surface.
Then

Proof. Since n L Y, it follows that (n,Y) = 0. But then 0x (n,Y) = 0. Observe that

(Oxn,Y) + (n, 0xY

(P(0xn) + (Id = P)(9xn),Y) + (n, P(0xY) + (Id — P)(9xY)
(P(0xn),Y) + (n,(Id = P)(0xY')

— (Wy(X),Y) + (n, B(X,Y)

0
0
0
0

)
)
)
)

and our claimed equality follows.

U
Corollary. W,(X) is linear with respect to both arguments and W, (X)(A) depends only
onnand X at A, that is, W : NaX X TxY¥ — Ty,

Proof. Recall the previous formula

The scalar product is linear in the second argument, n. Hence the expression on the left is
linear with respect to . Also, B is linear in both arguments and the scalar product is linear
in the first argument. The composition of linear functions is linear, so this shows that the
expression on the left is also linear in X.

OJ
If we fix a normal vector 7, then W, : Th¥ — T4X is a linear operator on a tangent space.

This is why it is called an operator.
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Definition. V{7

The symbol VY¥*n denotes the covariant derivative of a normal vector field n with
respect to a tangent vector (or vector field) X. We have V : TyX x I'(VE) — N4¥ or
V. :I(TY) x T(NX) - [(NX)

Exercise. The following properties hold.

1.

V]f\i?(1+f2X277 = flV%lzT/ + fQVQETI
2.

VX (m +m2) = V¥ + VT
3.

VE(fn) =0xf-n+f- Vi

4. There is no symmetricity because considering V xn—V, X, the second term is senseless.

We cannot take a derivative along a normal vector, only tangent vectors.

Ox (M, m2) = (Vxm,m2) + (1, Vxn)

Definition. Weingarten Derivational Equation

The equation is given by
Oxn = —Wy(X) + V™

Similarly, its particular case is the second Frenet equation
Oyn = —kv
where W, (v) = —kv and VY*n = 0.
The object VV* is called a connection on the normal bundle.
3.4 Curves on k-dimensional surfaces in n-dimensional space

Consider the below setup again. Recall that ¥ = %"y = 047y from our previous proposition.
As a result

kn = |(Id = P)(%)| = |(Id = P)(957)| = |B(%,7)]
kg = [P()| = |P(057)] = [V47]

Proposition. If s is a natural parameter on a curve, then
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T

K{g?/ S iy A

An important point: objects in geometry may exist independently of coordinates. For ex-
ample, considering a vector as an arrow or a linear operator as a map (and not its matrix

representation). However, a precise description often requires coordinates.

How do we describe a covariant derivative?

Consider a basis eq,..., e, in the tangent vector fields. In this context, a basis refers to
vector fields such that at any point A, the corresponding vectors e1(A), ..., e, (A) € Ty are
a basis in T4X. An example is 7,1, ..., Tk.

Let X,Y be tangent vector fields for a surface ¥. Then we may write X = Y, X'¢; and
Y =3 Ye;. Observe that we switch from global coordinates of the vector field Y to local

coordinates Y7 here.

Aside. Einstein Summation Convention.
If a formula contains an index twice, once as a subscript and once as a superscript, we
assume a summation with respect to this index. As an example
, , - Or - Or
Xzei: E Xzei X' ? S X' -
ox’ : ox’

7 7

Now, consider the covariant derivative of X and Y, we see
VxY = Vi, YVe; = X'V, (Ye;)
= X' ((0,,Y7)e; + YV, e;)
We see that if we know V., e;, then we can compute any VxY. Notice that V., e; is a tangent

vector field. Hence, it has coordinates in the basis e; and we may write

. — TP
Vee; =16
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We write the lower indices 75 for I" because it depends on e; and e;. Further the objects I‘fj
are called Christoffel symbols. We may think of this as a collection of smooth functions.

Continuing our formula with the above substitution, we have
VxY = X'((0.Y7)e; + YT e,)

Notice that there is a triple summation for one of the terms. In the first summand, we may

replace the index j with p, so Y7e; becomes YPe,. Then the formula becomes
VxY = X9, Y? + YT )e,

Proposition. We may express the covariant derivative using the formula
VxY = X0, Y" + YT )e,

or equivalently,

_ yi TP

(VxY)P = X*(0.,Y" + Y'TY))

Moreover, for the basis, r,1,...r,+ we have

) p )
vy = xi (2 YT ) v
auz J

recalling that 0, , = a?ﬁ' from our exercise class.
u

Thus, we see that Ffj works as matrix coefficients of V. The Christoffel symbols encode all
the information about the covariant derivative.

Important: We can find I‘fj by computing explicitly V. e; and then finding its coordinates,
I, = (Ve,ej)P. But, in fact, we compute it in another way using the metric, i.e. the first

fundamental form.

The quantity (VxY, Z) is important because if this quantity is known for any vector field Z
then we know VxY. Consider an orthonormal basis ey, ..., e;. Notice that (VxYe;) is the
i'" coordinate in this basis, and by our assumption, we know its value. Thus, we know every
component of the vector VxY in this orthonormal basis.

Proposition. The following formula holds

(vXY7 Z) = (8X(Y7 Z) + aY(ZvX) - az(X, Y) + (27 [X7 YD + (Y7 [Z>X]) - (X7 D/, Z]))

1
2
The above follows from 9x(Y,Z) = (VxY,Z) + (Y,VxZ) and [X,Y] = VxY — Vy X, the
properties of symmetry and metric compatibility.

Corollary. A metric (which in this context means the same as scalar product and first

fundamental form) defines the covariant derivative, via the previous formula.
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Consider a basis in tangent vector fields ej,...,e;. Denote the metric coefficients g¢;; =
(€i,€;), these are elements of the matrix of the first fundamental form. Since the commutator

of two tangent vector fields is again a tangent vector field, we may write
lei, 5] = ey
Now, take X =¢;, Y =¢;, and Z = e, in the previous formula
1
(veiej’ ep) = §<aei(€j7 ep) + 86]‘ <6P7 67;) - aep(eiv ej) + (epv [€i7 ej]) + (ejv [em 61]) - <€i7 [6j’ 61’]))
a

1
(ngeqa ep) = 5(881-%'1? + aejgpi - aepgij + (€, ng%) + (ej, c?n'eq) — (e, ijeq))

1
F;‘Iqup = é(aeigjp + aejgpi - aepgij + nggpq + Cgigjq - C?;;Qz’q)

Aside. We often write the elements of the Gram matrix of ey, ..., e; as G = (g;;) and
its inverse G~! = (g%), where the position of the indices indicates whether or not the
matrix is an inverse matrix. Also, we have GG™! = I <= ¢;;¢°? = " and in the
same way G'G =1 < gYg;, =0}

So, multiplying both sides by the inverse matrix, we have

Ly = T%07 = D™

]7q
1 m
= §gp (aeigjp + aejgpi - ae,ggij + C;‘]jgpq + C;In'gjq - Cgpgiq)

Remark. Recall that the definition of the Christoffel symbol is e, = V..e; = P(0,¢;).
In practice, it is difficult to compute the projector when the basis is not orthonormal, so the
formula we derived is much more convenient.

There are particular cases of the above formula for the Christoffel symbol which are impor-

tant.

L. e1,..., e is orthonormal. Let us introduce the notation c;;, = ¢f;g,,. Since the basis is
orthonormal, we have g;; = d;;. Since ¢;; is always a constant, it follows that d.,g;; = 0.
As a result, the first three terms vanish and we have

m 1 o
UG = 59" (Cijp + Cpig = Cipii)

2. We have the basis e; = r,1,...,¢e, = r . For this basis, we have shown in exercise class

that [e;,e;] = 0. This means that ¢j; = 0. Also, we know that 9, f = gJi. Putting it
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together, our formula simplifies to

1 pm

591) (aengjp + aejgpi - aepgij)
1 A9;p  O0gpi 094

~ . pm Jp pr 2
29 <aui o0 T ow

% e <89pj _ 0gy N @g@)

mo__

out  OJuP = Oul
Note that there is a summation in this expression over p. A memory device involves
switching the p in the middle term with each index i, j separately.
3.5 Applications of the Covariant Derivative
Two common applications of the covariant derivative are parallel transport and geodesics.
We begin with parallel transport. The length and angle (relative to the z-axis) are preserved.
Parallel Transport

The idea of parallel transport in the Euclidean case is trivial, we simply add by the vector

with which we want to translate.
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On a surface, if we attempt the same translation to a tangent vector, then tangency is no
longer retained by this operation. To be precise, the naive approach of taking X — Pg(X),
where X € T4Y and Pg(X) € TpY does not preserve lengths and angles. This is important
because in later settings, we study differential geometry on abstract manifolds. Abstract
manifolds are not embedded in an ambient space and there are only tangent vectors and no
normal vectors. In order for our operation of parallel transport to be generalizable, we need
tangency to be preserved.

In the Euclidean case, we see that parallel transport preserves lengths and angles, but on
a surface, it is not possible to preserve lengths, angles, and tangency without sacrificing
something (this impossibility is related to curvature). The thing we sacrifice is that instead
of parallel transport being from two points A and B, it will now be from two points A and

B along a curve on the surface.

; p
\_/\}
Iay

Now, let us consider a surface ¥ and a vector field Y (t) € T2, the vector field tangent to
3, but defined only on a curve y(t). Note that T, X is a tangent space, it is distinct from
the velocity vector field of ~.

Definition. Parallel

A vector field Y'(t) is parallel along a curve () if for all ¢
Y(t+€) = Pyusa¥ () + O()

for e — 0.
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We note that there are many functions that are equal up to an O(e) term, such as sinz
and z near 0. However, the requirement that the function satisfies this at every point ¢ is a
more restrictive one. We now derive a convenient equivalence to a vector field being parallel.
Since Y (t +¢) is already tangent, we know that P4 (Y (t +¢)) = Y (¢t +¢). Then, we may

rewrite the condition for a parallel vector field as
Prso (Yt +2) Y (1) = O(c)
Recall from Taylor approximation, we have

flt+e)=f{t)+ef () + O(e)

Substituting for f, we have

d
Pv(t_,_g) = P’y(t) + 6@(]37(75)) + 0(8)
Y
Y(t+e)-Y(t) = sail—t + O(¢)

Making substitutions into our original expression, we have

Prsal¥(t+) = Y(0) = (P + =55 (P (0) + 06)) (5 +00))

dyY
=Py (g)

= O(e)

where we have used €2 - f = O(e) and O(g) + O(e) = O(e) to make the simplifications.
Dividing the last equality above through by e, we see that

ay
Py <E) =0(1)
ay _

Taking the limit as € — 0 gives Py (%) = 0. Now, since G- = 0;Y, we observe that

VY = P(3;Y) =0

Proposition. A vector field Y'(¢) is parallel along the curve v(¢) if and only if V:Y = 0.

When we take the derivative with respect to Y, it must be defined not only on the points
of the curve «, but also in some neighborhood. Since the result V;Y = 0 is equivalent to
Py (%) = 0, and the latter does not depend on the extension of Y in the neighborhood,

the former expression also does not depend on the extension.

Definition. Parallel Transport

The object V;Y = 0 is called the equation of parallel transport (transfer).
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Recall that we discussed the formula
VxY = X'(0,Y7 + YT ) e

Also, for the basis e; = r,i, we have

0
O = ou?

Hence, we may write .
;[ OY i
VXy:X W—i_y Fip Ty
There is also a corresponding coordinate representation. In coordinates, the curve has a

form like y(t) = (u!(t),...,u¥(t)). Then taking the derivative of the curve, we have

F=ratt 4+ . e ed”

and this is equivalent to the fact that 4(¢) has coordinates (4!, ..., 4*) in the basis 7,1, ..., ry.

Hence, we have the following equivalences
. ; ) ;
V;YY =0 <<V ((V,YY)J = O) — Vj|u W + Ypfgp =0

Distributing %!, we see that for all j

oY du’ ;L
. YPT? 4' =0
ou’ dt - i
Finally, via the chain rule, we have for all j
dY?

W + Yprgpibl =0

This is the equation of parallel transport written in coordinates.
Remark. Consider what we know in the above equation. The Christoffel symbols are known
because they are defined by a point on our surface. The 7’ are known because our curve
is given. The parallel field Y is not known. From these unknowns, we see that we have a
system of linear first order ordinary differential equations. With all the arguments explicit,
we have )

dy’

—r O F YO T (! (1), u (1) i (1) = 0

We have a Cauchy problem with the following system and initial conditions

Y7+ YTt =0
Yi(to) = Y5

Theorem. Let ¥ be a surface and y(t) be a curve on X. Let Y € T,)X. Then there
exists a unique parallel vector field Y'(¢) along v(t) such that Y (o) = Y.
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This theorem is a corollary of the fact that we have a system of linear ODEs and that the

Cauchy problem has a unique global solution in this case. The situation is as in the picture

below. For some initial data, there exists a unique parallel vector field along the curve ~.

Definition. Result of a Parallel Transport

The vector Y (t1) € Ty, 2 is called the result of a parallel transport of Y; € T’ ()%
from the point (o) to v(t1) along ~(t)

By definition, we know that the vector will be in the tangent plane of the curve after

translation. How do we know that lengths and angles are preserved?

Theorem. Parallel transport preserves lengths and angles.

Proof. Consider the following diagram.

We want to prove that

(Y(t1), Z(t1)) = (Yo, Zo)
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Taking the derivative, we have

d

SV (), 2() = 041, 2)

=(VyY, Z2)+ (Y, V52) =0
This shows that the scalar product (Y'(t), Z(t)) is a constant. Thus, its value is the same at
both t; and t;.
|

Geodesics

The intuitive idea of geodesics is that they are straight lines on curved surfaces, we may also
approach it as the shortest distance between two points on a surface. Recall the following

setup:

a hounk aﬂxl/a’l(ﬂz

a %@OMC (o vaTe

Also, by the Pythagorean theorem we have k = \/m. Since 0y = 7, it also follows
that

kn =BV, 9 kg =[Vsil
Recall that we proved previously that a curve has zero curvature if and only if it is a straight
line. Since there are no straight lines on a sphere, this means that there are no curves of

curvature 0 on a sphere. We might ask what is the minimum curvature on a surface?
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Consider the following diagram above. Since the normal curvature k,, depends only on the
tangent vector at a point, all the curves through point A have the same normal curvature.
Hence, among these curves, the minimal curvature occurs for a curve k; = 0. Our reasoning
is that k£ = \/m and that k, is the same for all curves passing through A, but the

geodesic curvature k, may vary.

Definition. Geodesic

A curve with k, = 0 is called a geodesic curve (or simply a geodesic).

Suppose 7 is a geodesic curve. Since k, = 0 and k, = |V+75], it follows that |Vs%| = 0. A

vector has 0 length if and only if it is the zero vector. Hence V5% = 0.

Definition. Equation of Geodesics

V4 = 0 is called the equation of geodesics.

Recall that this equation is very similar to the equation for parallel transport, V5Y = 0.

Recall that in local coordinates, it is
YP 4 T2 Y90 =0

Thus, to obtain a similar equation for the geodesic in the style of the parallel transport
equation in local coordinates, we should take Y = 4. Letting v(¢) = (ul(t),...,u*(t)), we
obtain

i+ Thiiad =0

Aside. Concerning notation, what is happening is we are considering the curve

(rom)(t) = r(u'(t),....u"(t))
When we take the derivative of this curve with respect to ¢, we have

d .
a(r 07y) =Tyt

In local coordinates, the coefficients are @', ..., 4*. So Y? = ii? based on this.

Proposition. The equation of geodesics in local coordinates is
@P(t) + TP (u' (t), ..., u®(t) - @' (¢)d/ () = 0

While this equation seems similar to the equation of parallel transport, the key difference
is that only the vector field Y is unknown in parallel transport. For geodesics, since the

surface is known, the Christoffel symbols I}, are known. However, a curve (u'(t),...,u*(t))
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is unknown.

Observation. The equation of geodesics is a system of second order nonlinear ODEs.

Cauchy Problem for the Equation of Geodesics
The problem is specified by the system of equations with initial data

i + Tl =0

U,p(to) = AP
uP(tog) = XP
where p € {1,...,k} and dim> = k. Geometrically, on our surface ¥, we have a point A

which our curve passes through with velocity vector X at the point A.

Theorem. Existence of Geodesic Curve.

Given a surface Y, a point A € X, a tangent vector X € T,x> and some t; € R,
there exists a unique curve 7 : (a,b) — X with ¢ty € (a,b) such that 7 is a geodesic,
V(to) = A, and §(to) = X.

There is a detail concerning the word unique when applied to curves. Given any solution,
we can restrict the domain, which is an interval, to a smaller subset and this restriction is
technically distinct from the original solution. However, the sense of unique here means the
largest interval where this solution is defined.
Proposition. 7 is parallel along a geodesic 7.
Proof. If 7 is geodesic, then

Viy =0

which also means that 7 is parallel. Recall the proposition.
Corollary. The length of the velocity vector of a geodesic v is constant, that is

7] =c

for some constant c.

Proof. Using the above proposition 7 is a parallel vector field, and parallel transport preserves

lengths. [
Observation. Since |¥(t)| = ¢, consider another parameter s = ct. Then, by the chain rule
dy| |dydt|
ds| |dtds|

Hence, s = ct is a natural parameter. This shows us that ¢ is a natural parameter up to

some rescaling.
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Definition. Affine Natural Parameter

Let s be a natural parameter. Then a parameter ¢t = as + b, where a > 0, is called an
affine natural parameter. It is called as such because it is the formula for the affine

transformation of a real line.

Proposition.

1. If ~(t) is a solution of the equation of geodesics, then ¢ is an affine natural parameter
on the geodesic. Note that being a solution to the equation of geodesics imposes a

restriction on the parameter t.

2. {(%,%) = |¥|*> = ¢, the scalar product of 7 is a constant. This object is called the first

integral of the equation of geodesics.

From the theory of ODEs, if there are enough first integrals, then it is possible to solve the

differential equation through integration, hence their name.

Proposition. If Y is parallel along a geodesic «, then the angle between Y and + is
preserved.
Proof. Since 7 is geodesic,  is parallel. Parallel transport preserves lengths and angles. W
Proposition. v is a geodesic if and only if ¥ L T3 or i = 0 for all ¢.
Proof. Notice that
Viy=0 <= P(0yy) =0 < P(§)=0

Since the projection of 4 to the tangent space has no contribution, it means that 4 L T’ )X
or vy =0.

[ |
Corollary. If a straight line lies on a surface, then it is a geodesic. We should take an affine
natural parameter in this case.

Proof. If ~ is a straight line, then 4 = 0. By the previous proposition, v is a geodesic. =~ W
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Examples Involving Geodesics

A simple example of the above corollary are straight lines on the surface of a cylinder.

Now, consider a sphere S™ C R™"!. Recall that the intersection of a two-dimensional plane
IT with the sphere containing the center of the circle is called a great circle. In the picture
below, we see that the acceleration vector 4 points is parallel to the position vector of the

point on the sphere.

Since the position vector and the normal vector to the tangent plane at a point are also
parallel (the normal vector is just a continuation of the position vector), it follows that
4 L T,)S™. Hence, a great circle (with an affine natural parameter) is a geodesic.

Consider a similar situation where we take a 2-dimensional plane II through the sphere S™.

The points O, A in the plane and the velocity vector X is parallel to the plane.

Th[ce A P&LQ R
Q}W?O/A

QX

/AT A cnacle dory
(\Eavtw% gt pvg{g A wstl wlogty
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With this setup, we obtain a great circle going through the point A with velocity vector
X. But from the previous argument, we know that a great circle is a geodesic. By the
uniqueness property, this great circle is the only geodesic corresponding to this point A and
tangent vector X. However, since we may make this argument for any point A on the sphere
and any tangent vector X at that point, it follows that all geodesics on the sphere must be
great circles. The moral of the story is to think about geometry before attempting to solve
ODEs, since the particular system of ODEs for geodesics is a second order nonlinear ODE.
Often, we must resort to guessing what the geodesic (i.e. the curve) is, and then confirming

that it satisfies the system.

Preview of Upcoming Topics

We have the parallel transport of Y (¢y) along the closed curve 7 in the diagram below.

Suppose that y(to) = v(¢1). Then Y () and Y (¢1) must be at the same point and since Y

is a tangent vector field along v, these two vectors must belong to the same tangent plane.

s ~

Theorem. Letting o be the angle between Y (¢y) and Y (¢;), the following equality

holds:
o= // KdS
@

dS =vVEG— F2du A dv

and 9 is the region bounded by the closed curve and K is Gaussian curvature.

. J

where

The above theorem is not only interesting in itself, but it has many corollaries.
Suppose we have a closed surface without a boundary. There is a purely topological property

of the surface called its Euler characteristic, denoted ().
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All closed surfaces without a boundary are homeomorphic to a sphere with ¢ handles, and
have x(X2) =2 — 2g.

Theorem. (Gauss-Bonnet). It turns out that the Euler characteristic for a closed

surface without a boundary may be computed in the following way

X(z):%//zms

This theorem is remarkable because it reveals a bridge between a purely topological concept

with an analytical one.

3.6 More on the Derivational Equations

We now turn to a more in-depth discussion of the Gauss and Weingarten derivational equa-
tions, which will be necessary for the two theorems stated immediately prior.
Let X,Y be tangent vector fields and 1 be a normal vector field. We recall the Gauss and

Weingarten derivational formulas, respectively:

OxY =VxY + B(X,Y)

Oxn = —Wy(X) + V™
Take some eq,..., e, a basis in tangent vector fields. Currently, we know that we may
express the covariant derivative of these basis vector fields in terms of a linear combination

involving Christoffel symbols I
Vei €; = Ffjep

Put another way, the Christoffel symbols completely describe the covariant derivative. Using

the properties of the Levi-Civita connection, we have already deduced that

VxY = X' (0., YP+T0Y) e,
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How do we describe the second fundamental form, B? We may represent X and Y in the
basis tangent vector fields as X = X'’¢; and Y = Y7Je;. Then, using the bilinearity of B, we
have
B(X,Y) = B(X'e;,Ye;) = X'Y'B(e;, ¢;)

Thus, if we know B(e;, €;), then we will be able to compute B(X,Y’). We know that B(e;, €;)
is a normal vector, so to describe it we need a basis in the normal vector field. Let 0y, ..., 7,
be a basis in normal vector fields, i.e. a set of normal vector fields such that for any point
A € ¥, the vectors m;(A), ..., n,—r(A) form a basis of the corresponding normal space N4X.

Then, in an analogous fashion to Christoffel symbols, we may write

Bei, e;) = bé’j??y
We will use Greek letters to refer to the normal objects (i.e. vectors, spaces, indices) and
Roman letters to refer to tangent objects. Note that i, j are enumerating tangent vectors, so
they range from 1 to k, where k = dim . In contrast, v = 1,...,n — k, since v enumerates

the normal basis vectors, where n — k =n — dim ¥ = dim N4X. So now we may write

B(XY)=B(X'e;,Ye;) = XYW n,

?

Definition. Coefficients of the Second Fundamental Form

The coefficients bl’-’j are called the coefficients of the second fundamental form.

They are defined by the formula below.

1,

B(X,Y) = XYW,

We can then write the Gauss derivational formula for basis vectors
aelﬁj = Veiej + B(ei, Gj)
= I’fjep + b5my
Particular cases.

1. k=1, n = 2. This is the case of planar curves. Then we have e; = v and 7, = n, from

our theory of planar curves earlier in the semester. Our equations are
Oy = T1v + by = kn
In this case, we have I'}; = 0 and b}, = k.

2. k =2, n = 3. This is the case of 2-dimensional surfaces in R*. Suppose that our surface
is given by the parametrization r(u,v). Then e; = r,, e = r, and 17; = m. Recall that
B(X,Y) =1I(X,Y)m. Observe that

B(ey,e1) =1l(ry, o) m = Lm
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Thus, it follows that b}, = L = (ru,, m). In the same way

6%2 = b%l = M = (Tuvy m) = (Tvm m)
by, = N = (T4, m)

Recall that 0, f = % and 0,7, = T'y,. Now, we write

Ocre1 = I'1€p + b
Tuw = Opy Ty = D7y + 12,1, + Lm
and in the same way
Tup = Digtu + Ty + Mm
Tuw = Tou = L 70 + 3170 + Mm
oo = DgoTy + Doory + N
Why is this set of equations interesting? We already know that we can determine the
Christoffel symbols using only the first fundamental form. We can directly write down

a representation of these derivatives and focus on computing their coefficients (this is

easier if the basis is orthonormal).
Remark. Recall that in Euclidean geometry, there are three properties relating to lines.
1. There exists a line between any two points.
2. The line is unique.
3. The line segment between the two points is the shortest path between these points.

These three properties fail for geodesics when we consider them globally relative to the

surface the geodesic lies on. However, they hold if we consider the geodesic locally.

In the previous lecture, we have discussed the Gauss derivational equation for basis vectors

De €5 = Ffjep + 051,

We continue with a discussion of the Weingarten derivational equation.
Ox§ = —We(X) + V¢

Observe that VV* behaves in a similar way to V. Given normal and tangent basis vector

fields such that

k n—k
X=) Xe &=) &
i=1 a=1
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By linearity and the product rule, we may obtain

V7€ = Vi, (£%.) = X'V (E%)
= Xi(aei £+ ngna)
| M| 1 1
P o158
We propose a similar construction to Christoffel symbols, but for the covariant derivative of
the normal vector field.

ngna = Kfanﬁ
The symbols x°, are called the local coefficients of V. Our expression becomes
Ve = X'(0.8" + €Ki )ns
which is analogous to our earlier derivation. What happens if we want to compute the
Weingarten derivational formula for basis vectors?
aeina = _Wna (el) _'_ vngrla = _Wna (ez) + K’iﬁanﬁ
Recalling that (We(X),Y) = (§, B(X,Y)), we deduce
(Weles), e5) = (€, Blei, €5))
= <£“na,bfjnﬁ>
= €0 (Mo, 05) = €°bi0as
JapB
where g, indicates an entry in the Gram matrix of ny,...,7,—.
Let us denote W, (e;) = Wre,. We can express W, _(e;) in terms of tangent basis vectors

because it is the projection onto the tangent plane, —P(0,;7,). Then

EWE (epr e5) = Ebap
—
9pj
EW2idps = €90
It is important to realize that g,;, an entry in the Gram matrix of the system of tangent basis
vector ey, ..., e, is a distinct symbol from g,g. We can distinguish based on whether the
indices are Greek or Latin letters. Recall also the convention that ¢ indicates an element
of the inverse matrix, g~'. Thus, GG~ =1 <= g,;¢’" = ). We obtain

W20h = WEigpi g™ = b7 gasg™

We finally arrive at our desired formula:

WP, = b gasg”

?




3.6 More on the Derivational Equations 76

The point of deriving this formula was to be able to express our Weingarten derivational

equation in normal basis vector fields in a different way, as below

Oeilla = =Wy (€:) + V21,

=~ 9as g’ €p + K

Note that we have written ¢’? = ¢° to make the Einstein summation make sense.

Aside. Q: How do we know that there is a suitable matrix to multiply with G~ on
the right hand side? Matrix multiplication is not the only type of operation which
may be captured through the Einstein summation convention. The point is that the
terms corresponding some index have equal values. So, when we multiply each term

by coefficients that are equal, the overall equality remains.
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4 Differential Forms

4.1 Linear Algebra Preface and Differential Forms

Let V be a vector space. An element v € V is called a vector. Let V* be the dual space. An
element ¢ € V* is called a covector. A covector is a linear functional on V', so £ : V — R.
Given v € V and £ € V*, we see that {(v) € R. The dual space is a vector space because
addition of linear functionals and multiplication of linear functionals by a scalar are consistent
with the vector space axioms.

In a finite-dimensional situation, there are many simplifications. For instance, if dimV = n,
then dim V* = n. Further, it is true that (V*)* = V for finite-dimensional V' as well. A

vector may be paired with a covector, as below:

§(v) = (& v)

The idea is that this pairing is symmetric: £ is a function which acts on vectors, but we may

also think of applying v to £&. This means thinking of v as a linear functional on covectors.

s D

Aside. Let V' be a finite-dimensional vector space. The rigorous idea of applying v to

¢ is the evaluation functional, given by

We may verify © is indeed linear, hence, v € V**. Further, we may define another
function ¢ : V. — V** by

It turns out that ¢/ is an isomorphism.

. J

Let e1,...,e, be a basis in V. So, if v € V, then v = v'e;.

Definition. Dual Basis

A basis e!,...,e" of V*, note the upper indices, is called a dual basis to e, ..., e, if
e'(ej) =4
The dual basis consists of the set of coordinate functionals relative to eq, ..., e,.
Proposition. For each basis ey, ..., e, of V, there exists a unique dual basis e!, ..., e" of

V.
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Definition. Polylinear Function

We call 7 a polylinear function on V of k arguments if

7:Vx---xV =R
k

such that it is linear with respect to each argument. To be explicit, this means

T(aqvy + Qjvy, ve, . ) = arT (v, Ve, .., ) + Q4T (V] Ve, )

!
T(v1, QU + Qg Vs, ..., Uy) = ...

This is sometimes also called a multilinear function.

\. .

There are two important classes of polylinear functions: symmetric and antisymmetric.

Examples.
1. A bilinear form (symmetric)
2. A scalar product (symmetric)

3. The determinant of a matrix A, is polylinear with respect to the rows or columns of the

matrix. It is antisymmetric.

Proposition. The set TV of polylinear functions with k arguments on V' is a linear (vector)
space.
Proof. The addition of two polylinear functions and multiplication of polylinear functions
by a scalar defined in the usual (pointwise) way produce again polylinear functions.

O
Remark. The symbol S?V* C T,V denotes the linear subspace of symmetric bilinear forms.

Also, T3V is the vector space of bilinear forms.

Definition. Skew-Symmetric

The function 7 € T,V is skew-symmetric (or antisymmetric) if swapping any two

arguments changes the sign:

T(V1, ey Vi ey Uy ey U) = —T(V1 oo, gy o, Uiy oo, Ug)

Examples.

1. The determinant
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2. Oriented area in R?, since

at b

OrArea(a, b) = det

a? b?

We denote the subspace of skew-symmetric polylinear functions of k arguments as A¥V* C
T.V.

Definition. Wedge (Exterior) Product

The wedge product takes a skew-symmetric form of k£ arguments and [ arguments and

produces a skew-symmetric form of k + [ arguments.
AL ARV AV AR

Consider o € A*V* and 7 € A'V*. Then o A 7 € A¥V*. What is the result of the

wedge product? There are two conventions.

1
(e AT)(v1, ..y V) = m Z sgn(7) - 0 (Vr(1), - - Va()) * T(Vn(kt1)s - - - » Vn(lotl))

ﬂESk+l

The alternative convention uses the coefficient ﬁ instead.

Example. Let k =1 =1. So S141 = S2 = {(1,2),(2,1)}. The permutation group contains
the identity permutation and the permutation which exchanges the elements. The sign is
+1, —1 for these permutations, respectively. By our definition
1
(0 AT)(v1,02) = 5(0(01)7(02) — o (v2)7(v1))
Notice that this expression is skew-symmetric. If we exchange v, and v,, we get by substitu-
tion —(a A 7)(v1,v2). So, we have verified that given 0,7 € V* = A'V* and o A 7 € A2V*.

Definition. Degree

If o € A¥V*, we say that that the degree of ¢ is k, that is

dego =k

Properties of the Wedge Product.

1.
(01 +0) ANT=01, AT+03 AT

Mo AT)=AXa AT =0 AT
ON(TI+T) =0 AT +0 ATy

These properties follow immediately from the definition. It is bilinear.
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2.
o AT = (—1)d87deTr A 5
For each individual term, we want to consider sgn(m) o -7 = sgn(n’) 7-0. However, then
we must compose 7 with another permutation (k+1 ... k+1 1 2 ...k) to achieve
the ordering of arguments when we switch ¢ and 7. But then
sgn(r’) =sgn(k+1 ... k+112 .. k) sgn(n) = (—1)%87d87gen(7)
Here, deg o deg 7 = kl is the number of transpositions needed to move k£ + 1 to the first
position, k + 2 to the second position, and so forth.
3.

(cAT)ANp=0cN(TAp)
Associativity follows from some difficult algebraic and combinatorial reasoning.

Remark. A real number may be considered a function of zero arguments, R = A°V*. Tt
follows that for A € R and o € A¥V*, we have

Recall that sgn(7) is defined as (—1) raised to the parity of the number transpositions which

compose the permutation 7, and ¢ is antisymmetric. Hence, sgn(m) - o(vz(1); - .-, Vr)) =
o(v1,..., k).
Proposition. If e;,..., e, is a basis in V, then e A ... A e® where i; < ... < i), forms a

basis in A*V*. This is why the notation for antisymmetric polylinear functions involves the
dual space, V*.

Corollary. If 0 € A*V* then it may be expressed as a linear combination of the basis
elements of A*V*, that is

o= E Oiy " €PN NE"
11 <...<l

Example. If we consider A2R3, then the basis is e! A €2,e! A €?,e? A €. This may be
expressed as
ETN Ak

This means that the basis for A¥V* is of size (Z)

4.2 Application to Surfaces and Manifolds

Instead of dealing with skew-symmetric polylinear functions in one vector space, we now

deal with them along each of the tangent planes to the points on a surface.
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We call T4 ¥ the tangent space to ¥ at a point A and we denote its dual space T5EY 1= (T4X)*.
We call this dual space the cotangent space to X at a point A.
Previously, we used the idea of tangent vector fields to capture having a tangent vector at
each point on the surface. Let X be a tangent vector field. This means that for every point
A € X, we have X(A) € TyX.
We may consider an analogous situation where we consider a covector field, w. This means
that for every A € 3, wy € TiX. To be explicit, at a point A on X, there is a linear function
wy defined on the tangent plane 74X and at another point B on X, there is another linear
function wp defined on the tangent plane TgY. So, a covector field specifies a linear function
on each tangent space. A covector field is often called a differential 1-form.
Remark. If X is a vector field and w a differential 1-form, then w(X) : ¥ — R is a function
satisfying

wW(X)(A) =wa(X4) €R

where wy € ThY and X4 € TyX. It appears that this is simply linear algebra at different
points up until now, but there are new operations on surfaces.
Notation. We call Q'(X) the space of 1-forms on X.

Definition. Differential

A differential d : C*(X) — Q!(X) of a function f is a differential 1-form df such that

df (X) = Ox f
Proposition. Let u!,. .., u"* be local coordinates on a surface 3. Take e; = 1, ..., €, = Iy
as a basis in the tangent vector fields. Then du!, ..., du* form the dual basis in the differential
1-forms.
Proof. Observe that _
i — 9 U= ou' 5

du'(rys) = 0, ju' = 57 = i

So we have shown that du’ is the set of coordinate functionals relative to 7,1, ..., 7, satis-

fying the definition of dual basis. Note that du’(X) = X* while u'(A4) = A'. O



4.2 Application to Surfaces and Manifolds 82

Corollary. If w € Q!(X), then
w=wdu! + ...+ wpdu® = w;du’

Proposition. We may write the differential as

af of aof .
df = ——du' + ...+ ——du* = ZZdu’
4 dut ™ * +8uk R e

Proof. Since df € QY(X), it follows that df = w;du® for some coefficients w;. How do we

determine these coefficients? Notice that

wj = wibh = w; - du'(ry;) = df (1) = o, f= %
O
Remark. This is the formula we have learned in multivariable calculus. One difference is
that in calculus, this was a formula only in a flat (Euclidean) space, rather than on a surface.
However, now the meaning is clear: we have a 1-form which is represented using a linear
combination in the basis for the space of 1-forms, where du’ are the basis vectors and % are
the coefficients. It has nothing to do with infinitesimals. At each point in the corresponding

cotangent space, it is just an expression of the covector in the basis.

Definition. k-form

A field of skew-symmetric polylinear functions of k& arguments on 74X is called a
differential k-form. Again, the degree of the form refers to the number of arguments.
This space is denoted as QF(X)

So, we know that A : QF(2) x QI(X) — QF1(X) and that du® A ... Adu'* is a basis in QF(%).

Hence, for w € Q%(X), we may write

w = Z Wiy iy, * du™ A ... A du'*

11 <...<ig

Example. For w € Q?(R?), we may write
w = wia dul A du® + wis dut A du? + wos du® A dud
Traditionally, this is notated as
PdyANdz+ Qdz Ndx+ Rdx Ady

But, these are the same thing.

Remark. In linear algebra, we have R = A°V* V* = AV* and for two arguments
A2V*. What happens on a surface? We have smooth functions which are the 0-forms,
C>(2) = Q°%2), and after that we have 1-forms Q!(X), 2-forms Q*(X), and so on. Is it
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possible to define the differential in a way that each time we apply it to a k-form, the result
is a (k + 1)-form?
QD) 5 Q1(D) 5 0X(D) 5 Q¥(D) = -

The answer is yes, which the next theorem demonstrates.

Theorem. There exists a unique operator
d: Q) = QD)
such that
1. For smooth functions f, we have df (X) = Ox f
2. d(c+71)=do+dr

3.d(cAT)=do AT+ (=1)¥%G Adr

4. d’c =0

Proof. The proof is shown in the exercise class. 0

4.3 Pullback and Push Forward

The following statements apply not only to surfaces but more also generally to smooth

manifolds. Let M, N be two surfaces. Suppose we have amap F : M — N, where u', ..., u™
are local coordinates in M and v!,...,v" are local coordinates for N. We may think of F
as being given by

Ul — Ul(ul, 7um)

vt =" (ut, . u™)

When we have a map of two surfaces (or manifolds), then all objects are travelling in some

direction, that is from M to N or vice versa. Objects consist of
1. points, p — F(p)

2. functions, consider
MENSR
for some ¢ € 6€°°(N). There is also the composition F*¢ = po F' € €°°(M). We have

an induced map of functions
¢>(M) & 6=(N)

The function F*p is called a pullback of a function ¢ € €°°(N) by a map F.
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3. vectors. We consider velocity vectors of curves on the surface. Vectors travel in the

same direction as points, from one tangent space to another.

We call v(0) = A as our point on the surface and 4(0) = X as the tangent vector to the
point. Since points are mapped between surfaces by F', the curve 7(¢) is also mapped into
the surface NV as the image of these points F(y(t)). Since F(v(0)) = F(A), it follows that

d

o F(y(t)) € TpayN
t=0

Definition. d4F'(X)

This is called the differential of a map F' at a point A. The function maps between

tangent spaces as below

TaM &5 TN

We define
d

T dt
Note that this is well-defined: it does not depend on the curve 7.

daF(X) F((t))

t=0

Exercise. We show that d4F(X) is well-defined. If 7,(0) = 72(0) = A and 4,(0) = 42(0) =
X, then

|, Fen = 5| Foutt)
Exercise. On M we have chosen local coordinates u!,...,u™. Thus, there is a basis
Moo rd € TAM. Then, X € T4M has coordinates (X, ..., X™) in this basis. Similarly,
there is a basis rﬁ, e TrayN associated with the local coordinates vl .. v Also,

daF(X) € Tpa)N has coordinates (daF(X)',...,daF(X)") in this basis. Now, we may

write

doF(X)! w(A) L2 (XD
daF(X)" ar(d) o gm4)) \ X"

Corollary. d4F is a linear map Ty M — Tp4)M with a matrix equal to the Jacobian matrix

of a map F.
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From last lecture, we discussed the differential of a function, now we have discussed a differ-
ential of a map, how are they related?

Suppose we have a function f: M — R and we choose t as coordinate on R, then
dAf TAM — Tf(A)R ~ R

So, since T't(4)R is isomorphic to R, we may consider d4F" as a covector, since it is a map

from a vector space to the scalars. Also, recall that the formula is

of
ou’

In fact, this shows that the differential of a function is simply a particular case of the

dAf = dul

differential of a map, they are the same thing.

Let us now consider what happens to the object of differential forms. Recall that smooth
functions, elements of 6> (M) = Q°(M) or 6>°(N) = Q°(N) in our case, are 0-forms because
the do not depend on the tangent vector. We have stated earlier that functions travel in the

opposite direction as points via pullbacks, but in the language of forms, we have
Q°(M) £ QO(N)
This is true for forms of any degree:

OF(M) £ QF(N)
Consider that w € QF(N) — F*w € QF(M). The expression F*w is called the pullback of w
by amap F. If Xq,..., X, € TyM, then
(F*w)A(Xl, c. ,Xk) = wF(A)(dAF(Xl), ce ,dAF(Xk))

This is a very important and common notion in mathematics. In linear algebra, we have
seen something similar in the form of the conjugate operator. Let V' A W be a linear map
and V* <= W* be the conjugate map of A. Let A*¢ € V* and & € W*. Notice that

(A7) (v) = £(Av)
(A%, 0) = (€, Av)

Exercise. Properties of F™.
1. F*(O'l —|—0'2> = F*O'l —l—F*O'Q
2. F¥*(o NT) = F*o N F*r

3. F*(dw) = d(F*w)
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Definition. Differential Algebra

Let

QM) = P k(M)

Then, Q(M) is a vector space with addition on forms and multiplication via A € R.
When we add on forms, we are considering it as a formal sum where only forms with
the same degree are added together - it is not possible to add forms of different degrees.
Next, it is a ring via the wedge product A. With both these structures together, we
have an algebra of differential forms on M. With the operation d : Q(M) — Q(M)

added to the previous structure, we have what is called a differential algebra.

Observe that the pullback F™ preserves all the operations of the ditferential algebra. Thus,
we may say that [ : Q(N) — Q(M) is a homomorphism of differential algebras.
Corollary. A practical way to find F*w is to just substitute. We explain the meaning of
this with the following example.
Example. Consider F' : R? — R? where we map from z,y coordinates to u, v coordinates.
Suppose that F'is given by
u = 2%+ 9>
v=1xy
Consider some w € Q%(N) given by
w= (u®+v)du A dv
How do we compute F*w?
Fro = F*((u* +v)du A dv) = F*(u* + v) F*(du) A F*(dv)
= F*(u* + v)dF*u A dF*v
Here, we have reduced everything to the pullback of functions. We then use the definition
F*w = w o I and make a substitution to see
F*(u® +v)dF*u A dF*v = ((2° + y*)* + 2y) d(2* + y*) A d(zy)
= (2" + 2% + y* + 2y) 2udr + 2ydy) A (ydx + zdy)
= (' + 227 +y* +2y)(22° — 29°) dx A dy

One very important particular case of a pullback is change of coordinates.

Id
M =

m
yeees U v

M

1
oo, U

u 1

Here, we are mapping one set of local coordinates to another. The identity transformation

means that points are mapped to the same point, but they are represented in different
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coordinates now. With functions, we will obtain how these functions are expressed with a

new set of coordinates.

Example. Consider R? 19 R2. We have the usual mapping x = rcosp and y = rsine.

T!‘p x’y
Now, consider the form

w=dzx Ndy
How do we write this in polar coordinates? We simply consider
d'w=w
We have
dx A dy = d(r cos p) A d(rsin p)
= (cos @ dr — rsinpdp) A (sinp dr + 1 cos pdp)
= rcos? pdr A dp — rsin® pdp A dr
=rdr Ndyp

which is the familiar factor we get when we switch to polar coordinates during integration.

4.4 Integration of Differential Forms

The Riemann integral is an important operation and it may be generalized in many different
ways, one of these ways which is germane to differential geometry is that we are integrating
differential forms of degree equal to the dimension of the space.

Let us recall the formula of change of variables in an integral from calculus
/f(ul,...,un)dul...dun = flor, ... v,) - |det J| dvy ... do,
Q o

Suppose we have M, a surface, with local coordinates u', ..., u". Since the dimension of the

space is 1, we know that any form is proportional to
fa' . u™)ydut AL A du”

Now, we perform a change of variables:
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So, we substitute to get
flt @t ) (o) s dut (oot AL A du (o)

1 1 n n
=f(...) <aldv1+...+a—%dv">/\...A(au dv1+...+au dv”)

ovt ov ovt ovm
ou! ou™
_ m(1) m(n)
=f(..)) <W€S 8@”(1)dv AT G dv )
ou' ou™ ) .
=f(...) <W€ES sgn(w)am(l) . 87}“(")> dv' A ... A dv

:f(...)-detJ~dv1/\.../\dU”

where the equality when we distribute sums over the wedge products follows since any wedge
product of linearly dependent vectors is 0. So, the only way to obtain something nonzero is

to have some permutation of dv’.

Aside. It is a famous equality that the complete expansion of the determinant of an

n X n matrix A with entries A;; is given by

det A = Z Sgn(ﬂ-)Al,ﬂ'(l) T An,ﬂ(n)

TESK

Observe that this formula is precisely the same as the formula we are familiar with from
calculus, except for the absolute value. To account for this, we choose local coordinates such

that the determinant is always positive.

Definition. Same Orientation

The local coordinates u',...,u™ and v!, ..., v™ have the same orientation if det J > 0

Definition. Oriented Surface

A surface M is oriented if we choose one of the two classes for local coordinates with

the same orientation.

Suppose we have two systems of coordinates. The change of coordinates matrix is nowhere
degenerate because it is identity transformation. Thus, the determinant of the Jacobian
matrix is nowhere zero as we move along points on the surface. So, by continuity, the
determinant must be either positive at each point or negative at each point. Thus, all
coordinates are divided into two classes, and coordinates belonging to the same class have

the same orientation. By fixing one of these classes, we have an oriented surface.
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Definition. Integrating over forms

Let M be oriented and ', . . . | 2™ be positive oriented. Then for w = f(z!, ..., 2") dz'A

... Adz"™ we define
/w: f(xl,...,a:”)dxl/\.../\dx”::/f(xl,...,x”)dxl...d:c”
M M

So we have defined it as the integral from calculus.

Why is the above definition reasonable? Because if we perform change of coordinates and

our coordinates are positive definite then the form and the integral change in the same way.

4.5 Stokes’ Formula

We consider smooth surfaces and boundaries

We also allow for the boundary OM to be piecewise smooth.

Theorem. Stokes’ formula. Integrating over the differential of a form over a surface

is the same as integrating the form over the boundary

/dw:/ w
M oM

We must discuss several concepts to help explain Stokes” formula. The first is the restriction

of a differential form. Recall that the concept of a restriction of a function just involves
restricting that function to some subset of its domain. Given Y C X and f : X — R, the
restriction is f}y :Y — R. Let us consider ¢ : Y < X as the inclusion (or injection) map.
Then, notice that

fly=for=1f
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Thus, the restriction is just the pullback of a function using the inclusion map. We can

apply this concept of restriction to differential forms. Then, for Y C X we have
OF(Y) < QF(X)

where 1*w = w|, € Q¥(Y) and w € QF(X). This is important because we frequently use
restrictions when we integrate functions.
Example. Consider an example from calculus. Suppose we are in R? and we are integrating

the circle, v as below

/Pd:zH—Qdy

v
where Pdx + Q dy € Q'(R?). How is it possible that we are integrating a 1-form on R?? In
fact, we are integrating the restriction. More generally, suppose that Y C X, w € Q*(X)

and dimY = k. Then we define
/w::/i*w:/w‘y
Y Y Y

Thus, the expression involving the integral above means we are integrating the restriction of
our form onto the circle. We need to consider the restriction because otherwise integrating
over the curve does not have meaning: we would be integrating over a 1-form that is defined

on R2 rather than on local coordinates of the curve.

1. We recall Green’s formula.

Theorem. Green’s formula. Suppose we have a region 9 in R? and that its

boundary is described by some closed curve v = 09 travelling counterclockwise.

O Ny =2

=

The following equation holds

]{Pda:—FQdy:// <8_Q_%) dz N\ dy
y g \0r Oy
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Let w = Pdx + @ dy. We compute the differential

dw = d(Pdx + Qdy)
=dPAdx +P APz +dQ Ndy+ Q A d*y

= dP Adx +dQ A dy
_ap or . Q0 . 90
aQ ap

We obtain exactly the expression in the theorem. Remember that v = 09 as well. So,
we see that Green’s theorem is exactly a specific case of Stokes’ formula in a planar

domain.

2. We also know more versions of Stokes’ formula in the form of Gauss’ divergence
theorem. Given some enclosed volume V and a boundary 0V = ¥ which is some

surface, we have

//deAdz+de/\dx+RdxAdy—/// (aP g@+(23) dr ANdy Ndz
Y z

Joe= 111

3. Consider also the Classical Stokes’ formula which is the case where we are in R3

and we have some surface ¥ and some curve 0% = 7.

4.6 More on Differential Forms

We may consider vector fields as vector-valued functions.

Xl
X :
X’I’L
in the standard basis for R® and where X', ..., X™ are smooth functions.

We want to consider vector-valued forms. The idea is that we have a differential form
w(Y1,...,Ys) whose inputs are vector fields and whose output is a vector field. Recall that

we usually obtain a function when plugging in vector fields into a differential form.

wl

W<
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where w' € QF.

Remark. Recall the formula

df = %dﬂ

of
Oxt

Consider a basis e, ..., e; in vector fields. Let e! ..., e* be its dual, it is a basis in 1-forms.

where we noted that du’ were the basis vectors of the dual space and the coefficients.

In the previous examples we discussed, we chose e; = r,1,...,e, = 7,4, which had the
corresponding dual

el =dul,. .. ef = du”

consisting of coordinate functionals. In certain situations, it may be more convenient to
consider other bases. For instance, the basis above is not often orthonormal.

Proposition. We may write
df = ei : a@if
Proof. Observe that
(€' 0, /)(X) = e'(X) - Oc, f
= X0, = 0xf = df(X)

where X7 is the i** coordinate of X in the basis e, ..., ey

We turn our attention back to the Gauss-Weingarten derivational formulae
O €5 = Ffjep + bfjnu

O,y = =907 ep + K100

Let us multiply both equations by €. Also, we denote

P .__ TP Mmoo, i
[ :=e'l';; and b; = e'by;

Then, after multiplication and substitution, we have
dej = Te, 4 bin,

This is an equality between vector-valued 1-forms. Notice that I} and b/ are 1-forms, and
since we are multiplying them with vectors e, and 7, and summing, they are vector-valued

1-forms. The same holds for the second equation. We introduce the notation

and our equation is
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Recall the property that d? = 0. Let us apply d to the equation involving de;. We have
0= de; = d(Te, + bin,)
= (dle, — T Adep) + (dbn, — b A dn,)

Observe that we can find de, and dn, using the equations we just derived above. However,
we would like to look only at the tangent part. We can conclude that both the tangent and

normal components are 0 because they are orthogonal and their sum is 0.
0 = dle, — ' Ade, — b Ndn,

= dlMe, — T ATTeq + 05 AN b5 guag™e,p

=dle, — Y AT e, + b5 Abgguag™ e,

= (U5 =T AT, 405 A bG guag™ e,
Since this vector is equal to 0 and e, forms a basis, we know that each coordinate is 0

_ 's % 's 12 T

This is an identity for 2-forms. By rearrangement, we have

dl + T AT = b5 guag™ AU}

Aside. Consider the formula for matrix multiplication
(AB); = A, B}

These operations are possible whenever we have multiplication and addition, as in the
structure of a ring. So, we may think of matrices with entries belonging to some ring,
i.e. (X). Further, note that

. J

Let us consider a matrix I' of 1-forms with elements F; Given this consideration, we may

rewrite
dl'+ T A F);

We note that we use A instead of multiplication because the elements of the matrix are

differential forms. On the left, we have a k& x k matrix consisting of 2-forms, where £ is the
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dimension of the surface 3.
Considering the picture from the aside, we want to produce a k x k matrix on the right-hand

side using 0§ g.ag9?" N b;‘. Let us consider b;L as the elements of a 1 X k row
V= (bY,...,0%)
Let us consider 0§g,.9?" as the elements of a k x 1 column

b3 Gua g™
b, = ;
b9 G g™

Based on this interpretation, we may write

(A0 + T AT); = (b A V),

This is called the Gauss equation. In fact, this is called the Riemann curvature tensor,
but we are not able to discuss this in detail. So, we have recovered the matrices based on

previous equation, which we may understand as describing the elements of the matrix.

Let us consider a special case of a 2-dimensional surface in Euclidean space, R?, (k =2, n =
3). Consider an orthonormal basis e, e; in the tangent vector fields and the basis 7, = m

the unit normal vector. Then, we have
9ij = (€i,€5) = i
Guv = <771/7771/> =1

The equations above follow from orthonormality of the vectors.

Let us consider the ej5 element of the Gauss equation
1
(Z b A b”) = (b A D))}
K 2
= bigrrg” A by
— Bl 1§ A
=b; A by
Recall that b}’ = ¢/bf;. By substitution
bt ADL = (e'bl, + €®bl)) A (e'Dl, + €2bL,)

Recall also that we proved
B(X,Y)=1I(X,Y)-m
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From this equality, we see that bl, = L, b}, = bl = M, and b}, = N. Substituting again,
we see _ i} - _
(e'b, + €*by)) A (e'byy + €%byy) = (e'L + M) A (e' M + €*N)
=LN-e' ANe*+e2 Aet - M?
= (LN — M?)-e' A é?

I1
= det et et = Ke A e
detI

Recall that we derived a formula which describes Christoffel symbols in terms of the metric.
| R E—— . 7Y Y
i = oY ((9uZ oud * ou
Notice that I'}; depends on metric that only involves the first fundamental form. So this
means that in the Gauss equation, the left-hand side dI' + I' A I' depends only on the

first fundamental form. Thus, the right-hand side, which we have derived as the Gaussian

curvature K, also depends only on the first fundamental form.

We arrive now to the Gauss’ Theorema egregium.

Theorem. The Gaussian curvature K is completely defined by the first fundamental

form.

Previously, we defined Gaussian curvature as the product of principal curvatures, which
themselves depend on the first and second fundamental form. From our result above, we see
that it only depends on the first fundamental form.

To determine the explicit formula, we consider
Ke' Ne? = (dl +T AT);
=dly + T} AT

However, this holds only in an orthonormal basis.

4.7 Simple Case of Gauss-Bonnet

Consider a surface with a closed loop v that encloses a region 9. We want to determine the

angle of rotation « resulting from the parallel transport of a vector along this closed loop
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Using Gauss’ theorem egregium and the relationship we have discovered between the Gaus-

sian curvature and the first fundamental form, we want to show the equation

ozz//KdA
9

dA =vVEF — F2du N dv

If we have ey, e5 as an orthonormal basis, then we have

We know that

dA = Vdetl- et Ne? =el Ne?
Thus, for an orthonormal basis, we have on the right-hand side

//KclA—//Kel/\e2
9 9

To interpret the angle o, we remark that it is in fact the integral of the expression we

obtained in the preceding section. By substitution for K e! A €2, we have:

a—//dr;w}m;
9

We return to parallel transport.

We have a points A, B on some curve «, which lies on a surface ¥. We have an initial tangent
vector Yy at A = v(0) and a parallel vector field with these initial conditions. We have some

final vector Yi, the result of the parallel transport. Given this setup, we can consider a map

IT I PIEEYY

A B
This is a linear map because the equation of parallel transport is a linear equation. We can
also think of the preservation of lengths and angles (i.e. if we multiply the initial vector by

some scalar, the end result is also scaled by the same amount). Now denote

H(t) Y PIEE Tw(t)E

= HA'lM(t)
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Consider a basis ey, ..., e, in the tangent vector fields. We have
Y (t) =11(t)Yo W
Yi(t) = I (t)Yy

where H; is a matrix. Above, Yj acts as an input to the map specified by TI(¢).
For the above equations, we consider the Cauchy problem for parallel transport. Recall that

the Cauchy problem for parallel transport has the following form:
V.Y (t)=0
("o
and in coordinates it is . }
Yi(t) + T, 0"Y(t) =0

{ Y'(0) =Yg

Let us plug Equation (1) into the above system, we obtain
{ﬂ;(t)lf()j + T arT9(t)Y] =0
IT5(0)Yg =Yg

For the first equation, we can divide through by the constant Yoj and for the second equation,

we can deduce that it is the Kronecker delta
IT(t) + TY, @ T(t) = 0
——
=T% ()
H;(O) = 5;-
Note that
Il (0) = (e’T) )(0) =T, - eP(iley + ... itey) =T i
The above is the equation for the operator of parallel transport. Finally, we may write
1= —T'(a)II
I1(0) = 1Id

Aside. We consider a rudimentary ODE

{ = —a(t)y
y(()) = %Yo

Using separation of variables, we see that

dy dy B
i ay:>/y— /adt:ln(y)— /adt
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So the final solution is
y(t) _ yoe* fo a(t)dt (2)

The solution in the aside holds because the following equation holds

%(emw) _ ieAD
Notice that this works for scalars, but not in general for matrices. Recall that
A2 A3 At
A _
e —I+A+§+§+E+...
d, 4 N ,
— = A+ —=(AA+ AA)+ ...
dt(e ) =0+ +2!( + AA) +

Notice that if we have numbers, then the expression commutes and AA + AA = 2AA, but
this equality does not hold generally for matrices.
Observation. Orthogonal and skew-symmetric matrices of dimension 2 x 2 commute.

Example. We compute

cosa —sino 0 t B tsino  tcosao B 0 t cosa —sino
sina  cos« —t 0 —tcosa tsinao —t 0 sina  cos«
If e1, e5 is an orthonormal basis, then

Ffj = —T

ip
Recall the following justification, since the basis is orthonormal, we have (e;, e,) = d,, and
O, (ej,€p) =0
(Veiej,en) + (e, Veep) =0
<ngeq, ep> + <ej, F;’peq> =0
Iy +T5, =0
Based on this, we have
[P =-T) & I"=-TJ < IT=-T

This shows that the matrix ' inside the equation II = —I'(u)IT is skew-symmetric. As a

result, we may apply formula (2) to obtain the matrix exponential

TI(t) = exp (— /Otr@) dt) _ T

Since I' is skew-symmetric, it may be represented as

b0 T
~TL 0
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Now, we continue our computation to see

o -Ti 0 —['r}
II(t) = exp/ . ) =exp| ., ) 0" 2
o \I'; 0 fo Iy 0

Aside. From linear algebra, we know that

(O —:L‘) (cos r —sin x)
exp =1 .

z 0 sinx cosx
To see this, consider that

V- ﬁ(zsz(f o)
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Thus, it follows that

oo [0 %) = —T ... —z+I ..
x 0 x—@—?:l:... —%i...

and our asserted equality follows.

Using the aside, we conclude that

t ¢ ot
exp ( 0o -/ F%) _ (cos Jo T3 —sin [ F%)

f(f r} 0 sin fot Iy cos fg r}

Now, consider the setup below. If we have II(1), then the result must be a rotation because
of parallel transport preserving lengths and angles, and since II(1) maps the original vector
into the same tangent plane. Since I1(0) has determinant 1, as the identity matrix and II(?)

is continuous, the determinant remains 1. So, the transformation is an orthogonal rotation.
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Finally, comparing the operator we have derived with the fact that parallel transport along

a loop results in an orthogonal rotation, we see that

a:]{Fé
v
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5 Special Topics

Placeholder: Lecture 12 covers Triangulation of Surfaces and Euler characteristic. Lecture
13 and the end of Lecture 12 cover the idea of Variation. We will fill in these notes later.
5.1 Smooth Manifolds

We have some examples of smooth manifolds below. The sphere, the torus, and the double

torus (informally, the pretzel).

N

These are examples relevant to our prior discussion of the Gauss-Bonnet formula. However, it
turns out that the setting of smooth, regular, parameterized surfaces is not very convenient.
This inconvenience results from a lack of a global parameterized description. For instance,
when we compute the integral, we have to cut these shapes into pieces. The sphere is cut
into the Northern and Southern hemisphere during such a computation. This motivates the
definition of a manifold, which we will proceed to in parts. Recall the idea of stereographic

projection and stereographic coordinates, shown in the diagrams on the next page.
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g—tévoongL&c be—m/ﬁuh—@ I h S \Ab’g
g2 Xz )C(I/:,d”\
) 4 = a(u,gf)

3 = »2{la«0)

g—u,ywomw(/«;c Con il Th S \ASB

Xz K(Qf&\
9= a(s,(‘)
3 = 2L5.%)

The idea here is we associate every point on the sphere with some point on the equato-
rial plane, based on either a line which passes through the North pole, or the South pole.
If we consider this process of association, we note that we get a 1-1 correspondence for
all points on the sphere, except the Northern pole. In the above description, we see that
our sphere is covered by two maps, what will be called charts. In both of these charts
we have local coordinates, (u,v) for one and (s,t) for the other. A change of (local) co-
ordinates exists, for instance u = u(s,t), v = v(s,t). So, in this example, we see that
when we have a surface, we may consider covering the surface with parametrized surfaces.
To be explicit, S? is covered by the parametrized surfaces S? \ {N} and S? \ {S}. At a

more basic level, the reparameterization of a curve is also a change of local coordinates.

With the concrete example of stereographic coordinates which describe parameterized sur-
faces covering the sphere in mind, we now consider a more general situation. In this setup, we
begin with a k-dimensional surface in R™ (in the sense of the shape, not the map). Further,
we have two systems of local coordinates which parameterize the surface, (u!, ..., u*) and
(vh,...,v*). These coordinates are mapped by , 7, which are smooth, regular, k-dimensional

surfaces in R".
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Suppose that the images of r and 7 coincide. Then, it is possible to express one coordinate

in terms of the other. Since r is regular, the rank of the Jacobian matrix is k. We may write

by the inverse function theorem. Since the surface is expressible in terms of local coordinates

in v, we see that

Hence, there always exists a smooth change of coordinates (the above is a composition of

smooth functions).

Definition. Smooth Manifold in R™

A smooth manifold of dimension & embedded in R" is a subset M C R"™ such that
for any point p € M, there exists a neighborhood U such that p € U C M and a a

regular, smooth parametrized surface r : V' — U (where V' C R*) which is a one-to-one

Correspondence.

Using our example from before, if we pick a point on the sphere that is not one of the
poles, we can just consider the stereographic coordinate to get the surface from R"™ to some
neighborhood of that point on the sphere. If the point is one of the poles, say the North
pole, we should consider the map from R? to S?\ {S} instead.
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Above, we see the abstract idea. Our manifold M is covered by some parameterized sur-
faces, and on the sets where the surfaces intersect, regularity guarantees that a change of
coordinates exists. This change of coordinates, from v to u is given by r~! o 7. Further, the

parameterized surfaces indicated by U in the definition are often called coordinate patches.

Now, we move to an even more general topological setting.

Definition. Manifold

An (abstract) manifold M is a Hausdorff, second countable topological space.

. J

Definition. Coordinate Chart

A coordinate chart is (U, @), where U is an open subset of M and ¢ : U — R* is a

homeomorphism.

The difference between this definition and the example given for surfaces is that the
map is in the other direction. However, this is not an issue because it is a homeomor-

phism, so the continuous inverse exists.

When we have multiple coordinate charts, there exists a change of coordinates between

sections on the manifold where these coordinate charts overlap. The situation is similar to
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that of the smooth manifold in R™. We show a diagram of this general setting.

U"ﬂﬂ( wrw ALocel Coordinle, in rup

(eot'o(((\s( i\ e Wb?de’( Comel LT

One difference between our situation in R™ and this abstract situation is that we cannot say
anything about smoothness. We have only continuity since the functions are homeomor-

phisms.

Definition. Compatible

We say that charts (Us, o) and (Us, ¢s) are “6*-compatible if ¢, 0 p5' : R — R is
“6*-smooth.

Definition. Atlas

The collection of charts A = {(U,, @)} is called an atlas of class 6% if

1. The charts cover the manifold M, that is
Utva=m

2. For all a, 3, the charts (Uy, ¢o) and (Us, @) are 6*-compatible.

One example of an atlas is its namesake, the globe.
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Definition. Smooth Manifold

A smooth manifold is a Hausdorff second-countable topological space M with an atlas.

Definition. Equivalence of Atlases

We say that atlases A; and A, are equivalent if A; U A, is also an atlas. This condition

is really saying that the charts from both atlases are all compatible.

The above definition provides us with equivalence classes of atlases. It turns out that on the
same M, it is possible to have atlases that do not belong to the same equivalence classes.

The same set can have different smooth structures.

We now consider smooth functions on a manifold M of class 6%, where dimM = n. A
problem that we face is that M is some arbitrary topological. While we are able to say
that f is continuous since we have the structure of the topology, we cannot say more about

smoothness (i.e. differentiability).

Referring to the picture above, we see that we can use the coordinate chart to get a com-
position f o p~!: R" — R, which allows us to work with smoothness in the context of real

spaces.

Definition. Smooth function

A function f is smooth of class €', | < k if for all charts (U, ¢) we have

fop l:R*" R is <6

Now, there is a question of whether this definition makes sense (i.e. does not lead to a

contradiction). Resume at Lecture 14, 39:00
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